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Ground-Power Equipment for the 


Support of Air Force Weapons 


T. B. HOLLIDAY 


FELLOW AIEE 


a Ries MATERIAL that is presented in 
this paper was gathered during an 
engineering study on the same subject 
which was made for the Air Research and 
Development Command of the United 
States Air Force. The objective of the 
study was preparation of recommenda- 
tions for needed development in the area 
_ of ground support for secondary power. 
In aviation terminology, secondary power 
is defined as that power which is used for 
purposes other than the propulsion of air- 
craft and missiles. Aircraft and missiles 
are defined as weapons, and a weapon 
system includes everything that is needed 
for maintenance, calibration, testing, and 
training during operational use of the 
weapon. ‘Ground power” substitutes 
for air-borne secondary power during 
tests. The familiar secondary power 
systems are electric, hydraulic, and 
pneumatic. During the study, it was 
found desirable to treat air conditioning 
as a fourth and newly important type of 
secondary power. 

Comments were obtained from all 
combat and technical Commands of the 
Air Force, from all weapon manufacturers 
who serve the Air Force, from engine 
manufacturers, from manufacturers of 
secondary power-generating equipment, 
and from some manufacturers of equip- 
ment that uses secondary power. In all, 
more than a half million items of informa- 
tion were gathered. The summary and 
collation of these data revealed a pattern 
_of future needs and suggested desirable 
solutions to those needs. 

In order to make a prediction of the 
probable needs in ground power, it is 
first necessary to predict the trends of the 
air-borne secondary power systems. 
These trends cannot be estimated without 
first making some assumptions, if not 
predictions, as to the trend of aircraft and 
missiles, This was the approach that 
was used during the Air Force study, and 
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it produced much information of indirect 
value, which was to contribute to the 
planning of ground power. The results 
as they pertain to secondary power and 
the support thereof are presented here. 

This article is limited to a discussion of 
ground electric power. It was found that 
weapons of the future can be served by 
five familiesof powerunits: (1)rampunit, 
(2) trailer-mounted mobile unit, (3) 
stationary or portable unit, (4) fixed 
base power unit, and (5) electric motors. 
Of these, all but one are primarily sources 
of electric power. The second item will 
be found most useful as a hydraulic power 
unit. It became apparent that the tur- 
bine prime mover will rapidly supplement 
and then supersede the reciprocating 
engine. Thus, it was concluded that 
future developments should be based on 
the turbine drive. 

There are two primary problems in any 
effort to plan ground power support. 
First, the effectiveness of the weapon 
must not be impaired. Second, and to 
save costs, as many common items as 
possible should be developed to conserve 
development time, personnel, and funds. 


General Predictions 


About the only safe prediction that can 
be made with regard to aviation develop- 
ment is that any given period will yield 
about twice the technological develop- 
ment which was accomplished during the 
same length of time in the immediate past. 
It is becoming increasingly apparent that 
there is no limit to the flight altitude and 
speed that will be achieved. The thermal 
barrier will be overcome by developments 
in materials, or by flight at higher 
altitudes. The developments in missiles 
will lead the way into outer space, but 
soon afterward, the missile will be con- 
verted to a manned aircraft of essentially 
similar performance. 

Flight into outer space will advance 
the limits of environmental conditions. 
Higher flight speeds brings increased 
aerodynamic forces and the need for 
greater power in secondary power systems 
for the servo controls. Contributing to 
the achievement of higher speeds will be 
more compact designs of fuselage and 
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wings. Yet more and more secondary 
powered equipment will be installed in 
the reduced space. Heat losses from that 
power must be carried away. The result 
indicates a much greater importance for 
air conditioning in the future. Develop- 
ment of components that can operate in 
higher ambient temperatures will reduce 
the power required for air conditioning, 
but the need will probably continue. 

The higher speeds of the future will 
bring new problems in precision. Navi- 
gation, whether by human skill or by 
missile robot, will need greater precision. 
The necessary accuracy starts in the 
secondary power system, particularly in 
the electric system. It is evident that 
there will be a constant demand for more 
and more preciseness of control in the 
future. It is not likely that the aviation 
industry will ever be satisfied, because 
still more accuracy will always be sought 
in guidance equipment. Additional and 
supplementary precision is now built into 
the electronic subsystems. If more ac- 
curacy can be provided for the input 
secondary power system, less will have to 
be added by electronic means, Hereto- 
fore, only the electric system has been the 
subject of the demand for greater pre- 
cision, but it is likely that other types of 
secondary power will tend toward greater 
precision in the future. . 

The hydraulic system will be the next 
to feel the pressure toward better control. 
Hydraulic power is the ideal means for 
servo control, as it provides ample 
power with light weight, is well suited to 
exerting lineal forces, is reasonably fast 
in response, and is not resilient or soft. 
Electric devices do not lend themselves 
to lineal actuation through any but very 
short distances, and most of them are too 
slow to be used as servo controls. The 
pneumatic system has too much resiliency 
to be used in continuous-duty servo 
applications, although it is very good for 
one-time applications. 

The transistor will reach a major 
plateau of its usefulness by 1962. It has 
not brought all the blessings hoped for. 

It will permit a great reduction in the 
size and power consumption of many 
electronic systems, particularly digital 
computers. This will reduce the amount 
of air conditioning that is needed to re- 
move electric heat, but it will demand 
more precise temperature control. Many 
transistors have given characteristics over 
asmall range of temperature. To achieve 
the ultimate precision in the electronic 
system, it will be necessary to control 
temperature around the transistors to 
quite narrow limits. 

The power rating of the electric system 
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will continue to grow despite the advent 
of the transistor, but its advance in size 
will not be as dramatic as in the last 10 
years, nor willit keep pace with the growth 
in weight and speed of aircraft. Rela- 
tively, the electric system will lose ground 
in quantity of power. 

The hydraulic system will have a rapid 
growth in the next 10 years. Aircraft are 
now reaching speeds at which manual 
control is out of the question. Power 
boost must be used. Until now, it has 
been possible to use aerodynamic forces to 
counterbalance control forces, so that 
manual effort could control the flight. 
Power boost has been added to make the 
job easier. Now that aerodynamic forces 
are too large to use in this manner, and 
since power boost is always available, the 
aircraft designers may elect to design 
instability into the aircraft deliberately 
in order to attain still higher performance, 
This will increase the power rating of the 
secondary power system, and will force 
installation of a dual system in many 
types of aircraft, in order to have a safety 
factor for emergencies. A tenfold growth 
of hydraulic installed power in the next 
10 years is predicted. Much of this will 
be due to the increased weight and speed 
of the aircraft, and some from increased 
uses for hydraulic power. Where three 
or four hydraulic subsystems have been 
used in the past, e.g., wheel brakes, land- 
ing gear retraction, flap actuation, and 
autopilot servos, as many as 12 can be 
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gross weight and square of speed using indicated air speed 


expected in the next 10 years. Some of 
these will be continuous-duty applications 
in which hydraulic motors do work similar 
to that done by electric motors. 
Low-pressure pneumatic power has 
been tried in the past 5 years and seems 
to be settling into a place of usefulness, 
It is tempting to use bleed air from the 
turbine engines through a pneumatic 
coupling to drive generators of secondary 
power. Although it is not an efficient 
coupling, it does remove accessories from 
the engine and permits a reduction in the 
frontal area of the engine. Advantage 
could also be taken of the ducts for deicing 
air as a path for pneumatic power. But, 
it is likely that deicing will be omitted 
on any aircraft that can cruise at altitudes 
beyond icing conditions. Todays’s piston 
engine aircraft which are not able to evade 
all icing conditions, use deicing equipment 
for less than 3% of the total flight hours. 
Military aircraft need only pass through 
icing conditions enroute to or from iceless 
environment, and do not need deicing 
equipment at all. This means that the 
deicing ducting which could convey 
pneumatic power will not be installed, It 
is anticipated that the low-pressure air- 
turbine-driven devices will be restricted 
to emergency power generators and to 
missiles. The free turbine drive within 
missiles can use hot gases bled from the 
rocket engine, or ram air pressure. 
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High-pressure pneumatic power can be 
used in many special one-shot jobs, and as 
stored energy in the smaller missiles, 
This is a very economical way in which to’ 
carry stored power. The maximum pres-— 
sure in such storage is likely to exceed 


10,000 psi (pounds per square inch) in the : 


next 10 years. The foregoing has given 
some general predictions as to air-borne 
secondary power systems. Some de- 


tailed characteristics are now considered. : 
The air-borne auxiliary power unit will 


have new importance in the future. 


Trends in weapon propulsion show that a 
static device may be the source of thrust _ 
in future designs, thereby removing the 


7 


source of rotary power for electric genera- 


tors. The rocket engine in missiles and 


the experimental aircraft is a forerunner | 


of this trend. The increased use of the 
tam-jet engine is another. Space travel 
will bring entirely new operational con- 
cepts. A separate and independent source 
of electric power is and will be needed in 
such aerial vehicles, 


Detailed Predictions 
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It was found that the total of secondary — 


power has a relationship to the weight and — 
speed of the weapon. In military air-— 


craft, there is a small amount of power, as 
for radio communications, that may be 
said to be common to all aircraft without 
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Fig. 3. Trend of operating altitude for 
manned aircraft (solid line) and air-breathing 
missiles 


regard to size. However, the amount of 
such power is almost negligible and is 
considered to be a part of the total for this 
estimate. The total power that is to be 
considered includes electric, hydraulic, 
pneumatic, and air conditioning. Any 
attempt to predict the amount of any one 
type of secondary power will result in 
confusion, because there are matiy ac- 
cessory tasks that can use different types 
of power, and the various weapon manu- 
facturers will choose different types of 
power for these. For example, the motor 
that drives an air-borne electric inverter 
can be electric or hydraulic. 

It is necessary to consider only the 
power delivered by the secondary power 
generators. An evaluation that is based 
on the input power to these generators 
would be made erratic by the differing 
efficiencies of driving couplings. For ex- 
ample, two alternators might deliver 75 
kw, which is an output power of approxi- 
mately 100 hp (horsepower). A direct 
driven alternator might deliver this out- 
put with an input of 125 hp. The addi- 
tion of a variable speed drive could de- 
mand an input power of approximately 
140 hp, and the use of a pneumatic 
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around some items of air-borne electric equip- 
ment 
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FREQUENCY DEVIATION, CPS 


Fig. 5. Trend in reduction of frequency 
deviation (half of total tolerance) 


coupling to a driving turbine could re- 
quire still higher input power. To avoid 
these several choices, only the output 
power of the secondary generators and 
pumps is considered. 

The first attempt to make this analysis 
used Secondary power as a function of the 
product of weapon weight and speed. 
The equation 


P=kWV 


where & is a constant, was used. The 
results of a plot of many aircraft is shown 
by Fig. 1. The ordinate of this plot is the 
total secondary power in horsepower. 
The abscissa is the product of gross weight 
in thousands of pounds and of velocity 
in Mach numbers. Two paths of correla- 
tion appear. Most of the supersonic 
aircraft lie on the upper line. It is 
obvious that this approach is not satis- 
factory, and that secondary power is 
dependent on an exponent of the velocity 
factor. 

To bring better correlation, three steps 
were taken. First, indicated air speed 
was used instead of Mach number; 
second, the square of the velocity was 
used; and finally, some allowance was 
made for differing practices among 
weapon manufacturers with regard to 
hydraulic servo control systems. When 
dual systems were installed, the power 
for only one of them was counted. These 
changes brought the two curves together 
as shown by Fig. 2. This correlation 
is a reasonably straight line that can be 
projected into the future with some de- 
gree of certainty. This prediction of total 
power is important in the planning of 
ground power units, because the power 
rating of the servicing power unit will 
have some relation to the installed 
secondary power. After studying the 
highest single loads of the systems com- 
bined with the air-conditioning require- 
ments that would accompany testing of 
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VOLTAGE REGULATION, % 
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Fig. 6. Trend in reduction of voltage regula- 
tion {half of total tolerance) 


those loads, it was decided that the ground 
power electric servicing unit would need 
to have about half the power rating shown 
for the total secondary system. 

The air-conditioning loads of conmmer- 
cial transports cause their position on the 
plot to be high in the case of the older 
designs. As we move into the era of jet 
transports, the secondary power require- 
ments come into line with those of military 
aircraft. This shows that the human 
factor becomes of less importance with 
higher performance in so far as air con- 
ditioning is concerned. In the future, 
the air-conditioning needs of the weapon 
itself will far overshadow those for the 
personnel in the weapon. 

The operating altitudes of weapons 
directly concern the environment for 
which secondary air-borne power equip- 
ment must be designed. These are of 
indirect interest in the ground power 
unit, for it will often be required to drive 
air-borne generator units in the servicing 
of the weapon. A projection of the trend 
in operating altitude of weapons is shown 
by Fig. 3, where the solid line represents 
aircraft, while the dotted line represents 
missiles. This plot shows an operational 
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Fig. 7. Trend in teduction of factors that 
affect wave shape 
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Fig. 8. Trend in reducing factors of voltage 

surges. Solid line is amount of surge in either 

direction and dotted line is time to recover 
to regulated values ’ 


prediction, and not that of test and experi- 
mental flights and weapons. 
mental flight of today may be operational 
in another 10 years. It is already being 
required that air-borne secondary power 
generators be designed to be free of en- 
vironment, and it is apparent that many 
more items of the secondary systems 
must follow suit in the next 20 years. 

The environmental temperatures around 
critical pieces of equipment, particularly 
generators and pumps, will increase 
steadily, approximately as shown by the 
chart of Fig. 4. The temperature en- 
vironment for most other items of 
secondary equipment will be less severe. 
Many of them will be located in space 
that is air conditioned. Others will be 
installed in space that is not close to heat 
generating sources of power. 


Electrical Characteristics 


The problems facing the designer of 
air-borne electric-power-generating equip- 
ment can be summed in one word, “‘pre- 
cision.” For basic power, the accepted 
standard is 3-phase alternating current at 
208/120 volts and 400 cps (cycles per 
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Fig. 9. Trend in reduction of differences 
between phase voltage of 3-phase system 
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Fig. 10. Trend in pressure of air-borne 
hydraulic system 


second). Generation of d-c power is 
rapidly fading out, although the need for 
direct-current isnot. The d-c power that 
is needed will be delivered by transformer- 
rectifier units. There are some interesting 
possibilities for the direct generation of 
electric power, and they are likely to 
produce direct instead of alternating cur- 
rent. A technical breakthrough of this 


“nature could radically alter air-borne 


electric systems. 

Some consideration is being given to 
higher voltage systems that may be needed 
in larger aircraft of the future. The in- 
dustry has tentatively agreed on a 3-phase 
440-volt system for the proposed applica- 
tions. There are several applications for 
other and higher frequencies, and they 
are brought about by the need for faster 
response from magnetic amplifiers. These 
frequencies have included 800, 1,200, 
1,600, 2,000, 2,400, and 4,800 cps. If 
such special frequencies continue to be 
needed, it should not be a multiple of the 
basic power frequency, 400 cps. One fre- 
quency that should be avoided is 2,400 
eps, for that is the ripple frequency of a 3- 
phase transformer rectifier unit. Success- 
ful development of power transistors that 
can replace the function of magnetic 
amplifiers will reduce or eliminate the 
need for special frequencies. 

The preciseness of frequency control 
was one of the great debates encountered 
during the survey. There are four schools 
of thought. The first believes there is 
limited application on turboprop engines 
for variable-frequency alternators to 
supply raw or basic power. The second 
calls for a system basic power in which the 
frequency is controlled in a total range of 
20 cps, 400 +10 cps. The third group 
wants better control, and it is the pre- 
diction of this group that is shown by the 
plot of Fig. 5. The graph shows the 
permitted variation in each direction, 
half the total variation. All of these 
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Fig. 11. Trend in hydraulic fluid temperature 


for normal operation 


groups are fully aware of the need for 
very precise frequency control in critical 
electronic systems, but they believe that 
the refinement can and should be done in 
the power supply of the electronic equip- 
ment. The group contends that it is 
just as easy to refine all of the power at 
the outset, rather than a part of it. 

Where the drive for precision in fre- 
quency will end is not easy to predict. 
Temperature-controlled crystals can de- 
liver a precision in the order of 107%, 
which means of precision of 0.2510 
cps. The demand of the precision school 
today is for 0.01 cps, but there is little 
reason to doubt that the ultimate in pre-— 
cise control will be wanted eventually. 


‘The extreme precision is needed in missile 


guidance systems which cannot be 
countered. Such precision in a reference — 
signal from the electric system can take 
the place of other references and is much 
easier to adapt tothe guidance equipment. 
Greater accuracy in the control of — 
voltage will also be sought. The goal of 
weapon manufacturers is shown by the — 
Fig. 6 graph. Such precision can be © 
realized at only one accurate voltage con- ~ 
trol is not high, and is not a factor. 


PRESSURE REGULATION — % 


Fig. 12. Trend in pressure regulation (total 
tolerance) 
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Fig. 13. Suggested design of ramp vehicle to provide electrical power 
to weapons 


1—Turbine prime mover 


2—Gear box and driven units such as 
alternator, generator, and pumps 


3—Control space 


Fig. 14. Suggested arrangement of stationary electric generating set 


1—Turbine drive 
2—Free piston compressor 


3—Alternator and gear reduction 
4—Exciter 


5—Mounting base 


4—Tanks for various fluids and ballast 


5—Air-conditioning unit 


Wave shape of the output voltage will 
be more accurately limited in the future. 
The trend in the reduction of any devia- 
tion from a sine wave is shown by Fig. 7. 
These reductions apply to harmonics, 
single or multiple, and to crest factor. 
They are of particular importance to the 
ground power unit since it must match the 
quality of the air-borne units. Modula- 
tion is an undetermined factor in this 
trend at this writing. Modulation can 
occur to both voltage and frequency. The 
variable speed drive is a major source of 
modulation, particularly in voltage and to 
a lesser extent in frequency. Oscilla- 
tions within the drive can vary frequency 
at about 1 cps per second, and apparently 
this is not detectable by the instruments 
that are normally used. Better instru- 
mentation will permit its detection and 
may also lead to a campaign to reduce the 
modulation. The matter of exactly 
matching the quality of air-borne alterna- 
tors could force the adoption of variable 
speed drives on ground power units. 

The modulation of frequency can cause 
a considerable pulse of voltage. Meas- 
urements by one weapon manufacturer 
with the co-operation of an electrical sup- 
plier have shown these pulses to be more 
than 10% of line voltage, far exceeding 
- the permitted variation of regulated volt- 
age. Again, these pulses of voltage have 
_ not been the designated cause of any diffi- 
culty in load equipment, but it is feared 
that if instrumentation is made available 
that will detect the pulses, there will follow 
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an effort to reduce or remove the pulses 

Recovery from surges caused by the 
addition or subtraction of unit load is also 
scheduled to tighten as shown by Fig. 8. 


A single surge of power in an airborne 


system is not particularly disturbing but 
periodic surges can be very disturbing. A 
single surge will throw the pip of a radar 
scope off limits, but it soon recovers. 
Repetitive surges can be troublesome. 
In missile flight, the electrical loading can 
be scheduled so that surges are not 
troublesome. 

As more experience is gained with 3- 
phase electrical systems, more of the 
individual loads go from single to 3-phase 
operation. The weapon manufacturers 
are very careful to balance single-phase 
loads by distribution among the three 
phases. With this progress comes a 
demand for less and less difference in 
phase voltages. The trend is shown by 
Fig. 9. 


Other Secondary Power 


The comparable trends in hydraulic 
systems will be of interest to the electrical 
engineer, particularly one who is con- 
cerned with ground power. The trend 
in system pressure is shown by Fig. 10. 
The greater power demands that are 
coming in the next 10 years would justify a 
still higher growth in pressure, but the 
zone of diminishing returns is reached at 
about 5,000 psi and even less in smaller 
aircraft. Beyond this critical value, the 
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weight of heavier tubing offsets potential 
gains. 

The trend in fluid temperature within 
the hydraulic system is shown by Fig. 11. 
The growth in temperature is due to two 
factors; the demand for more power, and 
the proximity to sources of great heat. 
Silicone fluids will permit a rise to about 
800 degrees Fahrenheit from the current 
values of 275 degrees Fahrenheit. To 
achieve the maximum limits that are 
forecast, it is likely that lessons will be 
drawn from nuclear experience to use 
liquid metals as the fluid. Hydraulic 
fluids face another hazard of the nuclear 
era. Neutron radiation will damage 
many of the hydraulic fluids that are 
known today. 

There will be an increasing demand 
for more accurate control of system pres- 
sure, and the possible trend is shown by 
Fig. 12. This requirement is not as 
severe as that which has been imposed on 
the electric system. At the same time 
that the regulation is reduced, it is likely 
that suppression or reduction of ripple 
will be required. As pump operating 
speed grows from the current rating of 
approximately 4,000 toward 12,000 rpm in 
the next 10 years, it is likely that the 
amount of ripple will decrease. 

Pneumatic power will follow the same 
trends as hydraulic with regard to pressure 
and ripple in high-pressure air-borne 
systems. The pressure in stored systems 
is likely to more than double those for 
operating systems in the same time pe- 
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riod. Pressures as high as 12,000 psi can 
be expected for use in missiles during 
the next 10 years. This can be impor- 
tant to the ground power units which 
will service such missiles, and will be 
used to recharge the storage bottles. 


Families of Ground Power Units 


The foregoing discussion lists some of 
the factors that are concerned in the 
planning of ground power. After apprais- 
ing the many major needs for power within 
the Air Force operations, it appears that 
they can be met with five families of 
power units, each of which will need two 
or more ratings within the family. They 
are the following: 


1. A self-propelled ramp vehicle to supply 
electric (and other) power for servicing and 
maintaining aircraft or missiles. This 
vehicle can take two forms; the first a 
conventional vehicle that can be transported 
in cargo aircraft, and the second, a “‘pod”’ 
mounted on but separable from the tactical 
aircraft that it supports. 


2. A trailer-mounted unit for nonperiodic 
use. These will be single purpose units as 
for hydraulic power or air conditioning. 


83. Portable (skid mounted, stationary) 
electric generating sets of higher power 
tating than that of the mobile vehicle. 


4. Electric motor drives. 


5. Fixed power plants, electric, of rather 
large ratings to service detection and missile 
control centers. 


The first family has been of greatest 
interest to the Air Force and to weapons 
manufacturers. The concept of a ramp 
vehicle has grown steadily in recent years, 
and several designs have appeared. To- 
day we are faced with the need for still 
more power from such a power unit, and 
we have a chance to do some planning 
around a turbine prime mover within that 
vehicle. The turbine is ideally suited to 
driving an alternator at constant speed, 
as it is essentially a constant-speed de- 
vice itself. Since a turbine is used, it 
gives a capability of delivering low-pres- 
sure pneumatic power in considerable 
amounts, and this bleed air can be used 
for other purposes. Today this air can be 
used for pneumatic starters on the weapon 
engines, for ground testing of free-air or 
ram-air driven power units within the 
weapon, and as a source of pressurization 
and of ventilation, since the output air is 
harmless. 

When electric power is delivered and 
used within a weapon, the excess heat, 
virtually all of that power, must be with- 
drawn by means of cooling air. This 
means that the power unit must have an 
air conditioner to generate that cooling air. 
The air conditioner can use air cycle tech- 
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niques since compressed air is available 
from the turbine compressor section, or 
it can use a shaft-driven compressor. 


Self-propulsion will be provided by an 
air coupling to a separate turbine unit. 
Four-wheel drive is desirable, because the 
unit can serve as a tow vehicle also. The 
over-all weight of a combined unit of 
approximately 250-hp rating need not 
exceed 4,000 pounds. If higher dead 
weight is needed to improve towing ca- 
pability, ballast can be added. 

A possible layout of a suitable vehicle 
is shown by Fig. 13. It will be noted that 
a surprisingly low silhouette can be main- 
tained. The vehicle as sketched is 15 
feet long, 6 feet wide, and little more than 
4 feet high. The secondary power sec- 
tion of the vehicle has been located at the 
rear of the unit, to make it easier to meet 
the needs of the weapon system concept. 
This concept as practiced by the Air 
Force and the aviation industry has 
accelerated the development of advanced 
weapons. Itis very jealously guarded by 
both the military and the industry, and 
yet both agree that a reasonable amount of 
standardization is to be desired. For that 
reason, those elements of the ground power 
unit that are concerned with matching 
the secondary power system of a weapon 
exactly are kept to the rear of the unit. 
The four wheels, propulsive means, air 
conditioner, and turbine drive are not 
concerned with any particular weapon, 
and are portions of the vehicle that can 
be standardized. The secondary power 
alternator (and generator, if used) are 
directly involved in the matching of air- 
borne characteristics, and they are located 
to the rear of the vehicle where they can 
be readily interchanged. Some designs 
of alternators do not use Army-Navy 
standard mounting flanges, and it is pro- 
posed that the reduction gear box which 
receives power from the turbine and drives 
the alternator, also be readily removable. 
Now, by changing a module at the rear of 
the vehicle to another similar unit that 
matches the airborne equipment, an exact 
matching of the air-borne system can be 
made. Associated equipment and con- 
trols should also be removable through 
the modular concept of design. 


In the sketch of Fig. 13, the space 1 has 
been allocated for the turbine prime 
mover. Inlet and exhaust are on the 
upper surface of the vehicle. Space 2 is 
for the reduction gear box and driven de- 
vices, alternators, generators, pumps, and 
air-conditioning compressor, as needed. 
Space 3 is for the control of the secondary 
power system. Space 4 represents ballast 
tanks which can carry a variety of fluids. 
Fuel for the turbine is an obvious need. 
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If ballast is needed, other tanks can be 
filled with water. 
served for hydraulic fluid reservoir if the 
weapon needs it. If the weapon has a 
ram-jet engine, one or two tanks can be 
used as a storage for the simulated fuel 
that is needed for ground tests of the 
engine. The air-conditioner unit is lo- 
cated at space 5. By treating the gear 
box and its generators of power as a re- 
movable module, it is possible to design the 
vehicle to use or to deliver more than one 
type of secondary power. There is no 
reason why a hydraulic or pneumatic 
pump unit cannot be driven at the same 
time as the electric generator and air 
conditioner. 


A tank can be re- 


In the second family of power units, the — 


first type that is likely to reach power 
values which justify a turbine drive is the 
hydraulic power unit. Within 10 years, 
a unit to deliver 50 gallons per minute at 


5,000 psi will be needed. This will re- — 


quire a 200-hp prime mover. It should 
be designed with the module concept also, 
because it is apparent that in the rapid 
development of hydraulic systems, many 
pumps and fluids will emerge. 


 * 


One | 


weapon may have systems of differing : 


pressure ratings, and systems that use 
different fluids. 


After 10 years, there 


may be a need for external cooling during ' 


the ground checking of hydraulic systems, — 


and this will require an air conditioner 
unit as well. 


A suggested form for the stationary 
power unit of the third family is shown by 
Fig. 14. Again, the turbine is selected as 
the prime mover. This type of unit may 
be the successor to the familiar diesel- 
engine-driven alternator. 


As shown, the 


unit is driving a 400-cps alternator, and — 


this is to be recommended for all Air 
Force power around weapons and their 
associated controls. In this type of unit, 
fuel economy is to be sought, since it will 
be called on to operate continuously. It 
is suggested that the unit be able to 
operate without shutdown for 9,000hours, 
or one year, to meet Air Force needs in its 
remote stations. 


A free piston compressor appears to be 
a promising source of the hot gases to 
drive this turbine. It can use a great 


variety of fuels, and with diesel oil, it is — 
able to exceed the performance of the 


diesel engine in regard to fuel economy. 
A very conservative design of a 500-kw 
unit to deliver power at 400 cps should not 
weigh more than 3,000 pounds. The 
combination should offer fuel economy, 
long life between shutdowns and over- 


haul, and weight low enough to make 


transportation by air very easy. Among 
the disadvantages, this compressor is still 


NOVEMBER 1957 


ee ee ee a ne 


a reciprocating device, although it is sim- 
pler than its diesel engine counterpart. 
It also needs cooling, usually liquid, which 
adds to its complexity. Filtering of the 
inlet air will be just as important as for 
the reciprocating engine it supplants. 

In line with the thought that the sta- 
tionary power unit deliver 400-cps power, 
it is also suggested that the last family to 


be considered in this paper, the electric- 
motor drives, also be designed to use 400- 
cps power. They can use higher speeds 
and this, with the higher frequency, will 
give great reductions in unit weight. The 
higher speeds are more suitable to the 
driving of many of the pump units that 
are forthcoming. 

The fixed power plants for missile 
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Synopsis: In many closed-loop systems 
in which a human operator forms a link, 
the operator adds a special component to 
the error signal in continuously monitoring 
the system transfer function. Such a 
signal component, known in cybernetics 
as informative feedback, was found to be 
characteristically present in the control- 
stick motion of jet-airplane pilots. It was 
found, furthermore, that the amplitude of 
this feedback signal is subject to a learning 
process and that the over-all phenomenon, 
which falls within the scope of both control 
engineering and psychology, is amenable 
to quantitative analysis. 


HE DESIGN of any block in a 

closed-loop servo system is dependent 
on all the blocks of the system. Wherever 
a human being is involved, as in a 
manned control system, the over-all 
design is generally prejudiced by lack 
of precise information on the human 
block. It is in this light that the in- 
creasing studies of the human organism 
in terms of a transfer function or, since 
nonlinearities are involved, a ‘‘describing 
function,’ which recent years have 
witnessed, are fully justified. The pos- 
sible usefulness of such a concept in- 
creases yearly with the difficulty of the 
human operator’s role in handling ma- 
chines of greater complexity and speed. 
Rising costs and added safety hazards 
of such machines also heighten the need 
for more accurate performance prediction 
prior to construction. 

In the specific case of piloted high- 
speed. aircraft, the availability of an 
adequate analog of the pilot would pro- 
vide a highly desirable tool for both air- 
frame and flight-trainer design. 

A number of pilot simulators have 
been built and tried both in the United 


NOVEMBER 1957 


States and abroad. However, the novelty 
of the art and limited knowledge of the 
human organism, viewed as a highly 
nonlinear and extremely complex mech- 
anism, have hindered the success of 
simulating the physiological and psycho- 
logical functions of the prototype. 
Nevertheless, in combination with ac- 
cepted statistical methods they con- 
stitute probably the only effective means 
for evaluating the adequacy of the 
mathematical models constructed to 
represent analogs of human functions. 
This paper deals with one specific aspect 
of the human-analog study: the phenom- 
enon of informative feedback in pilot 
control behavior. . 

An airplane simulator designed at 
Goodyear Aircraft Corporation for pilot 
control-efficiency evaluations made pos- 
sible the observation of a highly interest- 
ing feedback phenomenon in pilot control- 
stick hand action. This action was 
evoked as follows. The pilot was placed 
in a mock-up cockpit whose horizontal 
position was disturbed by a simulated 
wind. The pilot’s task was to keep the 
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detection and control centers, are too 
large a subject to be a part of this paper. 
They too will present some notable prob- 
lems in quality of power, reliability, life, 
and security. Ground power for the sup- 
port of weapon systems has grown in 
20 years from a unit comparable to power 
lawn mower to a fixed power plant that 
can supply the needs of a small city. 


ship flying level at a constant altitude 
and speed. The action thus evoked 
was, for practical purposes, similar to 
what would occur in actual flight under 
similar atmospheric conditions. Meth- 
odologically the investigation was based 
on a parallel study of the performance 
of the human operator and his analog, 
which was built of electronic components 
on an analog computer.1? To avoid the 
possibility of physiological crosstalk, 
only one degree of motion, pitch, was 
simulated. 


Principles 


A neuromuscular action such as the 
motion of a pilot’s hand on the control 
column must be initiated by a command 
from the central nervous system. In 
the pilot and simulator situation such 
a command was evoked by the amplitude 
and rate of motion of the artificial hori- 
zon and by the acceleration of the seat. 
These visual and motional stimuli in- 
formed the pilot that a disturbance was 
taking place that he was to correct by 
making the proper control-stick motion. 

Such a signal flow from the sensor 
units through the central nervous system 
to the motor units is influenced by the 
two well-known physiological discon- 
tinuities of threshold and reaction time. 
These two inherent characteristics of the 
human servo act as a gate in the path 
of the information transfer between 
input and output. 

The input signal received by this 
servo is further modified by other charac- 
teristic parameters of the system. Such 
parameters are attributable to both the 
neurophysiology of the central nervous 
system, and the nature of the sensor 
and motor elements. Their effect is a 
proportional and derivative one (rate). 
For instance, when the apparent move- 
ment of the actual or artificial horizon 
indicates airplane displacement, the eyes 
send a signal to the brain that is related 
to the amplitude of the displacement. 
Acceleration will cause a signal to be 
generated in the vestibular organs of the 
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Fig. 1. Block diagram of closed-loop system 


inner ear and the proprioceptors of the 
muscles, tendons, and joints. Rate 
information is provided by the ear canals 
through endolymph flow, and by the 
eyes through peripheral vision resulting 
from the successive stimulation of the 
rods of the macula. In the case of the 
motor elements, it is known that the 
muscles involved contract or relax and 
at the same time move with their sup- 
porting bones in carrying out the com- 
mands of the brain. Consequently, it 
is seen that displacement and its time 
derivatives are important as causes of 
inertial forces, muscle elasticity, and 
fluid damping. 


Apparatus 


The apparatus used in the study of 
the feedback occurrence in question was 
simply a pilot seat mounted rigidly on 
a platform hydraulically driven about 
a horizontal axis. A visual display and 
a control column were placed on the 
platform. The display consisted of a 
5-inch laboratory cathode-ray tube 
masked to the size and shape of a gyro- 
horizon instrument. The trace was de- 
flected vertically as the platform was 
moved. In this manner the movement 
of the seat during actual airplane pitch 
as well as the related movement of the 
artificial horizon could be represented. 
Only pitch-control investigation was 
attempted to restrict the measurements 
to a single degree of freedom. 

A 24-inch length of pipe having an 
actual airplane-handgrip served as the 
control column. The column could be 
moved about a horizontal axis located 
under the platform floor and was made 
to work against an inertial load, an 
adjustable spring, and viscous-friction 
forces. A damper cylinder with a con- 
trol valve produced the viscous damping. 
Control-stick motion was translated into 
a proportional electric signal by a po- 
tentiometer, which was located under 
the platform. This signal was fed back 


244 


STIMULUS THRESHOLD 


REACTION 
TIME 


(een 


FILTERING 


é. D 
CENTRAL ! 
NERVOUS ee KINESTHESIS Lt 
SYSTEM 


[_ searon_| 


AIR PLANE 


Fig. 2. Block diagram of physiological closed-loop system 


into the mock-up and display to over- 
come the original disturbance. 

Fig. 1 shows the closed-loop system 
as formed by its four basic components 
of mock-up and display, pilot, stick, and 
airplane. Since the three nonhuman 
components were defined in advance, 
the problem was to study the make-up 
of the pilot block. The role of input 
D is discussed in the appendix. 

For the study, an electronic analog 
of this physical loop was constructed of 
operational and recording units of a 
GEDA* analog computer. In the ana- 
log the display’s function of supplying 


the stimuli was performed by a simulator. - 


Electronic analogs of the control column, 
the airplane, and the human operator, 
the latter perceiving and correcting for 
disturbances, were incorporated. The 
fact that the task of this study was simple 
enough as to be practically automatic 
made this last device feasible. 

Fig. 2 translates Fig. 1 into physio- 
logical terms. The basic principles in- 
volved are discussed in the appendix. 
It should be noted that random noise 
effects are neglected and that the pilot 
block includes search in addition to the 
basic processes of stimulus, threshold, 
reaction time, and kinesthesis (neuro- 
muscular action). 

Search was introduced to enable the 
simulator to match the performance of 
jet-interceptor pilots. When a pilot 
was called upon to keep his plane flying 
level against random pitch disturbances 
caused by turbulent air, his stick motion 
contained a very pronounced oscillatory 
component, around 1.4 cycles per second, 
which at first was present even in periods 
of quiet atmosphere. The oscillation, or 
dither, phase-modulated to some extent 
by the main stick motion, persisted as 
long as the pilot anticipated pitch dis- 


* GEDA is a registered trade-mark of Goodyear 
Corporation, 
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turbances. When this dither was 
brought to the attention of the pilots 
at the end of the test series, they at- 
tributed it to the fact that they wanted 
to be certain of having continuous control 
of the aerodynamic situation, so as to be 
able to handle the next disturbance. 
According to the pilots, this type of 
control is particularly accentuated in 
situations where they are constantly 
under tension, e.g., formation flying and 
landing approaches. 

Fig. 3 shows a partial recording of an 
experienced jet-interceptor pilot’s test 
run. Channels 1 and 2 of the figure 
record air turbulence and the resultant 
airplane pitch angle, respectively. Chan- 
nel 3 records the pilot’s corrective mo- 
tions. The oscillatory motion is obvious 
in this last channel, superimposed on 
what, without it, would have been a 
motion closely resembling that of chan- 
nel 2. 

The frequency of the oscillatory mo- 
tion is of considerable interest in itself. 
In an ideal case, where the pilot at- 
tempts to follow a step input while the 
control loop is open, i.e, 62=0 (see 
Fig. 2), and the step amplitude is much 
greater than the threshold level so that 
the threshold effect need not be con- 
sidered, the two parameters characteriz- 
ing the response will be the previously 
mentioned reaction time, 7, and the 
muscular-lag time constant, 7». The 
latter being the predominant kinesthetic 
factor. 

When typical values for the two time 
constants, 7=0.25 second and 7)=0.125 
second,’ are used and the pure gain 
factor is disregarded, a transfer function 
between input (stimulus) and response 
(control-force output of the arm) can 
be presented as the following equation 

e058 : 
As) = 736541 (1) 


where s is the Laplace operator. 
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Fig. 3. Partial recording of pilot's test run 


In the frequency domain, the reaction 
time factor, exp (—0.25w), becomes 


770-54 — cos (0.25) —7 sin (0.25) 
=1/¢=—0.250 (2) 


which means that the phase shift, ¢, 
is proportional to the frequency. Simi- 
larly, the muscular-lag factor, (0.125s-+ 
1)“, becomes 


1—70.1250 
TAO Os ee 
(190.1250) = 0 135a)8 


1 
~ V/1+(0.125w)? /¢o= —tan—(0.125w) 


(3) 
Therefore, the total phase shift is 


$=9$+¢4o= — [0.250+tan—1(0.125w)] 


in radians. When w=22f and #°= 
180/7 © are substituted, the function 
can be presented as 


@° =57.29[1.570f-+tan-"(0.785f)] (4) 


The plot of 6° versus frequency in cycles 
per second of Fig. 4 shows that the phase 
reversal, ®°=180, occurs at about 
f=1.5 cycles per second which is prac- 
tically the center of the observed dither 
frequency range. 


Informative Feedback 


In the study conducted, the presence 
of dither was unmistakably observed 
during the performance of jet pilots. 
Its cause can be looked for in the way 
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high-speed aircraft have to be flown. 
Piloting depends on the knowledge of 
the ship’s performance as influenced by 
its high speed, that is, on the knowledge 
of the performance characteristics of the 
plane-air system. In continuously ac- 
quiring this knowledge the pilot imparts 
a succession of small fast impulses to 
the control column. Though these do 
not deflect the airplane from its course, 
they are quite sufficient to give the pilot 
a kinesthetic sense of whether the plane 
is in danger of getting out of hand. This 
source of pilot awareness and its control 
effects are known in cybernetics as 
informative feedback.‘ 

The relationship between feedback 
and control output permits a planned 
variation of what in servo terminology 
would be called the pilot’s transfer func- 
tion. The pilot superimposes a weak 
high-frequency input, 6;, on the control 
signal 6,, and takes from input @ a partial 
output, 6, of the same high frequency 
separated from the rest of @ through an 
appropriate filtering process; see Fig. 2, 
He explores the amplitude-phase relations 
of the high-frequency output component, 
6, to the input 6;, to obtain the per- 
formance characteristics of the plane-air 
system. What he learns allows him to 
modify his own transfer function for 
optimum control, very much in the 
manner of a self-adjusting servo. 

The advantage of this type of feedback 
is that the resulting adjustments can 
give stability for every type of constant 
load within the limitations of both opera- 
tor and machine. If the characteristics 
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of the load change slowly enough in 
comparison with the changes of the 
original input and if the reading of the 
load condition is accurate, the system 
is prevented from going into instability. 
It is assumed, of course, that the load 
characteristics at high frequencies are 
the same as, or at least give a good 
indication of, the load characteristics 
at low frequencies. 

The aspect of the plane-air system 
that chiefly interests the pilot of a high- 
speed airplane is the g force caused by 
changes in the velocity vector that occur 
when the stick is deflected or the throttle 
setting changed. A high g force en- 
dangers both the airplane and pilot. 
The dither observed in the performance 
of the jet-interceptor pilots who co- 
operated in this human-dynamics study 
at Goodyear Aircraft Corporation was 
apparently the informative feedback 
necessary to inform the pilot as to how 
many g’s he could safely pull at any 
moment and, therefore, how great a 
stick deflection he could afford without 
danger, 

From the flight-simulation results pilots 
could be placed into three categories: 
those who applied no dither, those who 
did, and those who did but learned not 
to after repeated runs. The subject for 


‘whom no_ informative feedback was 


apparent (see Fig. 5) had nothing but 
conventional aircraft experience. All the 
jet pilots carried the informative-feed- 
back habit of their normal flight ex- 
perience to mock-up flight, see Fig. 6. 


One of the jet pilots exhibited no tendency 


Fig. 4. Phase shift versus frequency in 
open-loop system 
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Fig. 5. Mock-up flight test record of conventional-aircraft pilot 
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Fig. 6. Mock-up flight test record of jet-aircraft pilot 
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Fig. 7. Mock-up flight 5 showing presence of dither habit 
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Fig. 8. Mock-up flight 50 showing loss of dither habit 


of abandoning the habit, even after 
80 10-minute trials. It is possible, of 
course, that even in his case dither would 
diminish or disappear entirely if the num- 
ber of runs were sufficiently increased. 
Two other jet pilots started with dither 
motion but eventually learned that it 
was unnecessary for flying the mock-up 
where no actual g forces appear to en- 
danger their personal safety, see Figs. 
7 and 8. 

Once the gradual dither extinction was 
ascertained, the runs of the next jet 
pilot were watched closely from that 
standpoint. A simulated pilot incor- 
porating a dither oscillator and operating 
in parallel with the human pilot facili- 
tated day-to-day measurements of the 
dither present in the subject’s stick 
motion. Fig. 9 shows the gradual 
elimination of informative feedback as 
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the subject’s subconscious awareness 
of its uselessness increased. The ex- 
perimental data represented in the figure 
could become the nucleus of a study in 
itself. The points on the plot show the 
dither amplitude for the last run of each 
successive day. It should be emphasized 
that these points were determined by 
visual comparison of the stick motions 
of human and dummy pilots operating 
in parallel and for the same @ input. No 
statistical approach was attempted. 


Experimental Extinction of Dither 


The gradual elimination of dither 
is a study to which psychological learning 
theory may be quantitatively applied. 
Since it is also a control-process phenom- 
enon it is worth further analysis if 
for no other reason than that it may 
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permit the interrelationship of two very 
different fields, namely, control engineer- 
ing and psychology. 

The decrease in the amplitude of in- 
formative feedback shown by the experi- 
mental points in Fig. 9 is a clear example 
of the behavioral principle known as 
“experimental extinction,’ which is the 
inverse of the habit-formation process. 
In the field of behavior dynamics it is 
assumed that an act that has been 
followed by a need reduction in a given 
situation will be reinforced to form a 
habit. 

Actually, the acquisition of the dither 
habit can be related to the essential 
nature of the learning process. Just as 
inherited reaction tendencies consist of 
receptor-effector connections, so the proc- 
ess of learning ‘consists in strengthening 
certain of these connections or establish- 
ing new connections.’ It should be 
emphasized that physical pathways, 
which the term connection might repre- 
sent to an electrical engineer, are not 
hereimplied. What is meant, ultimately, 
is a functional association between cause — 
and effect. Neither psychology nor 
physiology has yet provided conclusive 
proofs as to what the physical representa- 
tions of these associations are or where 
they are located in the brain. Further- 
more, while organic evolution rigorously 
tends to eliminate redundant organs or 
their functions, it.often makes a single 
organ adaptable to a number of func- 
tions.’ Thus, the nervous system is 
sufficiently plastic to allow (although 
not always) the transfer of learned 
reactions. For these reasons it becomes 
questionable whether such reactions can 
be sufficiently localized at present to 
permit accurate physical representation. 


In controlling a high-speed aircraft, 
inherited tendencies cannot be con- 
sidered dependable, since the human 
machine was never meant to fly by its 
own power nor to participate in sonic 
or supersonic motions with its own 
unaided controls. Therefore, a great 
many of the adaptive acts necessary for 
the undertaking of this biologically 
strange adventure must be learned. The 
use of informative feedback is quite 
patently such a learned act. It is the 
outcome of the process of habit formation. 

In a jet-interceptor pilot the habit is 
probably acquired as follows. Con- 
fronted with the task of controlling the 
vehicle either for the first time or under 
tense conditions, the pilot does not pos- 
sess as part of his evolutionary endow- 
ment the means of direct and instant 
“feel” of the aerodynamics involved. 
Yet he knows that these aerodynamics’ 
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— Fig. 9 (left). 
Elimination of 
dither by experi- 
mental extinction 


are varied continuously by the inter- 
action of such factors as airplane charac- 
teristics, air speed, and air density and 
that his survival depends on his ability 
to alert himself to every change. 

Apprehension of physical injury is 
the drive that evokes pilot action. Under 
the circumstances, dither is the action 
best suited to gain the knowledge re- 
quired to allay his apprehension by 
providing continuous information on the 
plane-air system. Although the innate 
stimulus originating dither might be 
entirely casual at first, the dither re- 
action takes place in temporal contiguity 
with a stimulus energy that is followed 
by a diminution in the drive. That is, 
the output motion filtered and com- 
pared with the initial dither input pro- 
vides the reassuring information being 
sought. The hypothesis of primary re- 
inforcement suggests, therefore, that the 
tendency of the original stimulus to 
occur is likely to be incremented on sub- 
sequent occasions. Thus, a beneficial 
habit is gradually established and the 
threat to survival diminished accordingly. 

In mock-up flying the informative 
feedback stimulus is not actually critical. 
The pilot, however, has no inner monitor 
to tell him in advance which stimuli, 
simple or complex, are associated with 
the critical causal factors of his dither 
reaction. Inevitably he reacts to the 
reinforced stimulus element associated 
with the dither. 

Although the dither learning process 
is characterized by the setting-up and 
strengthening of specific receptor-effector 


JET FLYING 


MOCK - UP NEED FOR 
FLYING — TRANSFER 
FUNCTION 

KNOWLEDGE 


Fig. 11 (right). Logarithmic 
plot of experimental ex- 
tinction 


connections, its effect is not limited to 
reinforcing these connections only. Con- 
nections are in fact mediated between a 
great many other receptor-effector proc- 
esses. By no means are all the factors 
of any reaction situation critical to the 
extent that their presence is required in 
bringing about need reduction. In other 
words, the reaction involved in the 
original conditioning becomes connected 
with a considerable zone of stimuli other 
than, but adjacent to, the stimulus con- 
ventionally involved. This phenomenon, 
known as stimulus generalization, was 
certain to manifest itself in the experi- 
ment under discussion where the strong 
environmental similarities between actual 
and mock-up flying were bound to result 
in the overlapping of stimulus continua. 
The mock-up contrasts with the plane- 
air system in one important respect: 
its transfer function remains fixed. 
Consequently, stimuli that previously 
evoked the informative feedback are 
divested of causal relationship to the 
critical factor in the reinforcement 
process. Although these stimuli con- 
tinue to evoke the dither reaction, the 
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Fig. 10. Dynamics of habit 
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reaction is not followed by reinforcement. 
Since the dither effort becomes wasteful 
and unadaptive, its gradual abandon- 
ment can be expected. The psychological 
axiom upon which this hypothesis is 
based is that a habit not followed by 
reinforcement can invariably be forced 
into experimental extinction. 

A habit, functionally considered, is 
formed by receptor-effector connections 
set up by reinforcement. Likewise, the 
process of habit extinction consists of 
physiological subtraction of a series of 
discrete decrements, each decrement 
resulting from a distinct receptor-effector 
conjunction closely associated with the 
process. 

Like that of any other habit, the 
strength of informative feedback can- 
not be determined quantitatively by 
direct observation. There are, however, 
two groups of measurable associated 
phenomena that make possible indirect 
measurement of feedback extinction: 
(1) the antecedent conditions that lead 
to the extinction and (2) the behavior 
persisting within the organism as de- 
termined by these antecedent conditions. 
The first group is the number, 7, of pre- 
ceding trials; the second is the dither 
amplitude, R, left in the stick motion. 
The fact that antecedent conditions 
persist within the system means that 
some sort of biological storage is involved. 

The symbolism, S+s--—r-R, ex- 
presses the fact that a stimulus energy, 
5 acting on a receptor, initiates an 
afferent receptor discharge, s, that ini- 
tiates an efferent discharge, 7, which in 
turn enters the effector system and 
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produces a reaction, R. It can reason- 
ably be assumed that there is a one-to-one 
correspondence between S and 5 as well 
as between r and R. Hence, S--—R. 
Obviously the habit organization, sHp, 
is represented by the broken-shaft arrow, 
and thus 


S—sHp>R (5) 


This symbolic relation, although ac- 
cepted in psychology, does not convey 
the notion of habit reinforcement. The 
foregoing discussion makes it plain that, 
from the standpoint of control engineer- 
ing, habit formation and extinction are 
a closed-loop process. The habit mech- 
anism is represented by the forward 
branch of the loop and the drive reduc- 
tion by the feedback. Besides the afore- 
mentioned storage element, c, which is 
present in the mechanism, a dissipative 
element, p, should be included in view 
of the rather low efficiency characteristic 
exhibited by all biophysical functions. 
Consequently, in the way of a very rough 
approximation, the dynamics of the 
habit can be modeled as shown in Fig. 
10, where the gains, k; and k2, measure, 
respectively, the vigor with which the 
habit is acquired and the drive reduced. 
The response of the loop when the switch 
is in the JET FLYING position represents 
the formation of the dither habit. With 
jet training considered a step input to 
the drive complex of the pilot and with 
the transfer function of the foregoing 
oversimplified habit dynamics known 
from the diagram to be 


ky 1 (s+ ee 1 +he) (6) 
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several facts can readily be observed. 
Ro is the value of R at the beginning of 
the experiment. For instance, in the 
habit-formation stage the habit strength 
increases exponentially up to an upper 
physiological limit, beyond which no 
further increase is possible. The nature 
of the informative feedback suggests 
that there is a maximum value of dither 
amplitude, beyond which the airplane 
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will begin to show an objectionable « 


oscillatory motion. Clearly, this maxi- 
mum amplitude will be the starting 
point, Ro, for the experimental extinction 
of the habit when the switch is thrown 
to the MOCK-UP FLYING position. More- 
over, the greater & and fk, are, the 
greater the speed with which the dither 
is learned and abandoned. Factors such 
as the unconditioned stimulus and the 
amount of work involved in the habit 
mechanism influence the magnitude of 
the gains. It should be noticed that 
when the inverse Laplace transform of 
equation 6 is taken, the dither amplitude, 
R, is expressed as a function of the time, 
t, that has elapsed between the start of 
the experiment and the present. From 
a psychological standpoint, though, this 
time is effectively equivalent to the 
number, u, of trials performed during ?. 
This is especially so when the trials are 
similar and of equal duration, rr. Hence, 
in the present experiment, #+8nrz. 
The parameter 8 depends on the design 
of the experiment. The greater the 
intertrial interval is, the smaller B is. 
Thus, the physical solution of equation 6 
for mock-up flying, S=0, becomes 
R=Re (7) 
where 
Hee (1+hike)Brz 

pe 


Since the data of Fig. 9 were plotted 
in per cent of the sixth run, .=6, Ro= Re, 
we find that the normalized dither 
amplitude, A as a function of the number 
of trials will be 

Rn 


A way e o%-6) (8) 


) 


The derivation of ‘equation 8, strictly 
speaking, should be based on the as- 
sumption that m increases continuously 
instead of by steps as it actually does, 
eg., 2=6, 7, .... This is true during 
a particular run. The mathematical 
difficulty with the time interval between 
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Fig. 12. Actua 
analog of closed- 
loop system 


runs can be overcome if it is postulated 
that parameter 8 compensates for the 
effect the interval might otherwise have 
on the learning process. To calculate 
the constant, a, the experimental data 
were plotted on logarithmic paper (see 
Fig. 11) and, from the slope of the straight 
line best defined by the data, the value of 
a was derived as a=0.0496. Thus, 


A = 67 0.0498(-8) (9) 


A plot of equation 9 is given by the solid 
line of Fig. 9. 
From equation 7 we find 


(AR) = —aR(An) (10) 


That is, the decrease in dither amplitude 
is proportional to both the number of 
antecedent trials, An, and the amplitude, 
R, at the beginning of An, This is a 
rather common empirical fact in many 
extinction experiments. Also significant 
is the fact that the model of habit dy- 
namics, shown in Fig. 10, provides for the 
investigation of the relations between the 
response and each independently manip- 
ulatable environmental variable as well 
as the manner in which these variables 
interact. From an over-all point of view, 
equation 9 relates an actual instance of 
habit extinction to the theory that experi- 
mental psychologists have adduced on the 
basis of laboratory experiment. 


Discussion 


The results outlined indicate that ana- 
log simulation of psychological phenomena 
in real time could be a powerful tool in 
conducting controlled tests on the validity 
of models based on the biophysics of the 
human organism. Such a tool with an 
appropriate statistical design could even- 
tually produce the quantitative expres- 
sions needed for objective description of 
the psycho-physiological activities of 
the human operator-expressions that are 
necessary to the study of control systems 
involving human participation. The 
limitations of the present analysis of in- 
formative feedback, though, are clearly 
recognized. The foundations upon which 
an approach of this type may be built are 
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none too firm at the present time, and of 
necessity a certain degree of speculative 
reasoning has been employed. The anal- 
ysis will require ampler and more diversi- 
fied experimentation. 


Appendix 


A pilot associates a certain stick force 
per g with the operating characteristics of 
the airplane that he is flying, i.e., speed, 
altitude, weight, and center of gravity. 
Therefore, the flight path attitude, y, could 
be selected as the primary forcing variable, 
since the stick-load-factor increment is 
Vy/g. Inthe simulated situation, however, 
the mock-up stick force was not affected by 
the flight path attitude since aerodynamic 
forces on control surfaces were absent. 
Consequently, the pitch attitude, 0, had 
to be selected as the primary variable in 
supplying the pilot with response cues. In 
other words, a function of @ constitutes the 
stimulus complex initiating the response. 

In general terms, the transfer function for 
the stimulus block, G;(s), was based on 
the fact that the pilot is perceiving signals 
proportional to the actual airplane pitch, 
a0, and its first two derivatives, rate, 
450, and acceleration, a2s7@. Consequently, 


G(s) =ags?-++a;s +a 


The control-column transfer function, 
G(s), is the familiar second-order one of a 
system comprising inertia, J, compliance, 
1/k, and viscous damping, c: 


G,(s)=Is?+cs+k 


The airplane transfer function, G,(s), 
for the pitch-angle response, 02, to elevator 
motion, 6, is fairly simple since only one 
input is involved. For rapid tracking 
motions it can be further simplified by 


omitting the phugoid, or long-term pitch 
oscillation. Thus, for the particular jet 
plane simulated, this transfer function is 


K( 718+ 1) 
S(722s5?-+-2¢r25 +1) 


For the building blocks involved in the 
pilot simulator, no Laplace form for the 
threshold transfer function is possible since 
it involves a nonlinear operation. The 
pure time delay, however, which represents 
the physiological reaction time, 7, is known 
to have a transfer function of 


Grr(s) = Gare 


The kinesthetic operation representative 
of the biomotor mechanism of arm and hand 
again involves elasticity, damping, and 
inertia in limb, muscle, and ligament. Its 
transfer function, therefore, can be given 
to a first approximation by a second-degree 
polynomial, k’/(ms?+ns+1), if open-loop 
performance is assumed. However, in a 
normal organism stich performance will 
lead to ataxia, a cessation of communica- 
tion between effector elements and the 
central nervous system. In this state the 
effectors, while remaining healthy, are no 
longer monitored. But such open-loop 
performance is not the case in a normal 
person. As a matter of fact, the proprio- 
ceptors throughout the muscles and joints 
of the body continuously monitor the 
effector organs. Their feedback signals are 
subject to a transmission time lag that can 
be approximated by an operation ko/(1s-++1) 
in the feedback branch. Thus, the over-all 


Ga(s)= 


kinesthetic transfer function becomes 


k’ 
Gils) =F pg 
Is+1 
lm m+nl n+1 
3 2 1 
eh Te eee 


Finally, since virtually nothing is known 


about the search block, a 1.4-cycle-per- 
second oscillator, k:/(wi?-+s?), was sub- 
stituted. The oscillation represents 6; as 
an independent input into the kinesthesis. 
On the other hand, the output of the 
Grr(s) block is 6¢(s). Fig. 12 is the actual 
analog used in this study. Control of the 
gain factor, ki, by potentiometer adjustment 
permitted the dither amplitude of the analog 
to be matched to that of the human pilot, 
R. Thus the potentiometer readings pro- 
vided a quantitative measure of R. The 
dither force resulting from 6; is illustrated 
in Figs. 1 and 2as input D to the control 
stick. 


References 


1. INVESTIGATION OF CONTROL “‘FEEL’’ EFFECTS 
ON THE DYNAMICS OF A PILOTED AIRCRAFT SYSTEM. 
Goodyear Engineering Report-6726, Goodyear Air- 
craft Corporation, Akron, Ohio, 1955. 


2. APPLICATION OF GEDA to Human DYNAMICS 
Strupizs, R. J. Mead, N. D. Diamantides. Aero- 
nautical Electronics Digest, Institute of Radio 
Engineers, New York, N. Y., 1955, p. 200. 


38. Friicut Controts Human Dynamic RESPONSE 
Srupigs. Report AE-61-6, Bureau. of Aeronautics 
U. S. Navy, Washington, D. C., Nov. 1953. 


4. CyBERNETICS (book), N. Wiener. John Wiley 
& Sons, Inc., New York, N. Y., 1955, p. 133. 


5. PriIncrptes oF Brenavior (book), C. L. Hull. 
D. Appleton-Century Company, New York, N. Y., 
1948, p. 258. 


6. SIGNIFICANCE OF INFORMATION TO NEURO- 
PHysIoLoGy, J. A. V. Bates. Transactions, Pro- 
fessional Group on Information Theory, Institute 
of Radio Engineers, New York, N. Y., Feb. 1953, 
p. 140. 


7. PosstnL=e FEATURES OF BRAIN FUNCTION AND 
THEIR ImiTATION, W. Grey. Jbid., p. 134. 


8. THe Kentucky Sympostum ON LEARNING 
THEORY, PERSONALITY THEORY AND CLINICAL 
RESEARCH (book). ‘Interpretations of Learning 
Data and Some Recent Developments in Stimulus- 
Response Theory,’’ K. W. Spence. John Wiley & 
Sons, Inc., pp. 3-4. 


Flat Work-Coil Design 


B. E. MATHEWS 


NONMEMBER AIEE 


N RECENT YEARS, aerodynamic 
heating, or air-friction heating, has 
become one of the major problems in 
increasing aircraft velocities. Since little 
is known concerning the effects on air- 


Paper 57-493, recommended by the AIEE Air 
Transportation Committee and approved by the 
AIEE Committee on Technical Operations for 


presentation at the AIEE East Central and Middle. 


Eastern District Meeting and Air Transportation 
Conference, Dayton, Ohio, March 7-9, 1957. 
Manuscript submitted March 5, 1956; made avail- 
able for printing February 21, 1957. 


B. E. Martuews is with the University of Florida, 
Gainesville, Fla. 


The author wishes to thank Prof. Roger W. Samp- 

‘son and Fred R. Sias of the Electrical Engineering 
staff at the University of Florida for their constant 
encouragement and for their invaluable assistance 
in preparing this manuscript. 


NovEMBER 1957 


craft structures heated in this fashion, 
experimental data must be obtained 
which will indicate necessary design pro- 
cedure. It is desirable that the experi- 
ments be conducted under laboratory 
conditions to eliminate the necessity for 
flight, to give greater ease in instrumen- 
tation, and to give the greatest control 
of test conditions. 

Since 1950, the University of Florida, 
under contract with the United States 
Air Force, has been conducting experi- 
ments to determine the feasibility of 
simulating aerodynamic heating of air- 
craft structures by induction heating. 
At present, a commercial 200-kw radio- 
frequency induction heating unit is 
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being used as the primary power source. 
The results of these experiments will be 
applied to a test facility that will simulate 
both air friction heating and aerodynamic 
loading of aircraft structures. This paper 
is concerned with an analysis of the elec- 
trical characteristics of the work coil 
used to couple power into aircraft struc- 
tures. 


Description of Work Coils 


Using induction heating to simulate 
aerodynamic heating of aircraft structures 
imposes unique requirements on work 
coils and their design not usual in the 
more common uses of radio-frequency 
heating. Among the more important 
considerations are: 


1. Surface materials are generally non- 
magnetic and have low electrical resistivity. 
Therefore close coupling is necessary to give 
good efficiency. 


2. Tosimulate effectively the spatial power 
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INSULATION 


Fig. 1. 


Cross section. of assembly 


distributions resulting from aerodynamic 
heating, surface power should be as uni- 
form as possible. 


3. In a combined test using simulation of 
aerodynamic loading, much of the structure 
surface may be covered by pressure pads. 
Coils must fit under these pads. 


4. Surface power should not change with 
warping of the structure. 


Experience has indicated that the 
work coils consisting of wide, flat con- 
ductors lying close to the structure give 
good results. These coils have effi- 
ciencies which approach the maximum, 
produce fairly uniform power distribu- 
tions, will fit beneath pressure pads, and 
when under pressure will follow changes 
in surface contour. In present testing, 
typical conductors may vary in width 
from one inch to 1/4 inch depending on 
the power density required and the cur- 
rent available. In most cases the coils 
are cut in one piece from copper sheet. 
Fluid cooling is not generally used and, 
sinee sufficient air cooling is difficult to 
obtain, the thermal capacity of the coil 
largely determines the amount of power 
which can be transferred to the structure 
without melting the coil. The thickness 
of the conductors is determined by a 
compromise between ability to follow 
changes in surface contour and thermal 
capacity. Generally, conductors with a 
thickness in the order of 0.050 inch are 
used. 

Because of the voltage drop across the 
work coil, the coil is separated from the 
structure by sheets of insulation. Since 
close coupling is desired, the insulation 
thickness is kept to a minimum as deter: 
mined by the voltage between the coil 
and the structure. A cross section per- 
pendicular to the conductor axes of a 
complete assembly is represented in 
Fig. 1. 

There are two general types of coils: 
the zig-zag and the spiral as shown in 
Fig. 2. The important difference be- 
tween these is the relative direction of 
current flow in adjacent conductors and 
the resulting difference in the magnetic- 
field configuration. Applying a voltage 
across the zig-zag coil will cause a current 
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which will be flowing in opposite direc- 
tions in adjacent conductors. In the 
spiral coil the current will always be 
flowing in the same direction in adja- 
cent conductors. These two types of 
coils have different electrical character- 
istics due to the difference in field con- 
figurations. The zig-zag coil and the 
spiral coil will, in general, take the form 
shown in Fig. 2 when heating one side of 
a structure. If two sides of a specimen 
are to be heated (or if the specimen is a 
figure of revolution), the spiral coil may 
take the form of a helix and encircle the 
specimen. 


Method of Solution 


POTENTIAL ANALOG 


The work-coil characteristics (such as 
power density transferred, efficiency, or 
inductance) are determined by the dis- 
tribution and magnitude of the fields 
produced by the work-coil currents. 
Therefore the work-coil analysis must 
begin with a description of these fields. 

In general, if conductors are carrying 
current and are surrounded by an infi- 
nite, uniform dielectric and if the system 
is lossless, then the transverse electro- 
magnetic (TEM) waveis propagated. In 
a TEM wave the electric and magnetic 
field are everywhere orthogonal and lie in 
the transverse plane (plane perpendicu- 
lar to direction of propagation, or in this 
case, perpendicular to the axes of the 
conductors). The electric and magnetic 
fields are solutions of Laplace’s equation 
and must satisfy certain boundary con- 
ditions at conductor surfaces. 

In induction heating, the fields are 
not those of a true TEM wave because 
the conductors and dielectric are not 
perfect. However, a close approximation 
to a TEM wave exists when the following 
two conditions are met :1 


1. Displacement currents in the conductors 


Fig. 2. 
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Two general types of coils, zig-zag and spiral 


t 


are negligible compared to the conduction 
currents. 

2. The intrinsic impedance of the dielectric 
is much greater than the skin effect surface 
resistivity of the conductor. 

Most metallic conductors and dielec- 
trics in common use satisfy these con- 
ditions. 

In practice, the region surrounding 
the conductors consists of a solid dielec- 
tric on which the current-carrying con- 
ductors are placed, and an air region or 
other dielectric above the conductors. 
Since this involves a composite dielec- 
tric, a pure TEM wave cannot be sup- 
ported. Nevertheless, since in the flat 
coils with close coupling most of the field 
is concentrated in the dielectric between 
the work coil and work, the assumption of 
a single infinite dielectric introduces little 
error.” 

The foregoing discussion leads to the 
conclusion that the field distribution pro- 
duced by the work coils is, to a close 
approximation, the same as the distribu- 
tion of a TEM wave. Also, the electric 
field produced by static electric charges is 
a solution of the same equation (Laplace’s 
equation) and satisfies the same boundary 
conditions as the electric field in the TEM 
wave. Therefore the same electric field 
will be produced as in the TEM wave if 
the conductors are assumed to have static 
charges rather than to carry currents. 
In the construction of the electrostatic 
analogy the relative signs (positive or 
negative) of the charges correspond to the 
relative direction of the currents in the 
conductors, i., if adjacent conductors 
have currents which always flow in the 
same relative direction (spiral coil) the 
conductors will be given static charges of 
the same sign. If adjacent conductors 
have currents with opposite direction of 
current flow (zig-zag) the conductors will 
be given static charges of opposite signs. 
The electrostatic analogy will be used in 
this analysis to aid in visualizing the fields 
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Fig. 3. Assumption of zero-thickness con- 
ductors 
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Fig. 4. Assuming wide strips 


and because the analytic method used in 
the solution is more conveniently applied 
to the static case. 

It should be understood that this elec- 
trostatic (or potential) analogy is used 
purely for convenience in describing the 
spatial distribution of the electric field in 
the TEM wave. In the actual case 
the fields are varying with time as 
the current varies, in this case sinu- 
soidally. At any instant of time, how- 
ever, this time-varying field has the 
same spatial distribution as the potential 
analogy. The potential analogy is used 
to describe the relative spatial field dis- 
tribution but the magnitude and effect of 
this field will be based on the true time- 
varying conditions. The magnetic-field 
distribution follows from the electric 
field distribution since in a TEM wave 
the two fields are everywhere orthogonal 

- and their magnitudes are related by the 
intrinsic impedance of the medium. 

Now, consider an assembly cross sec- 
tion as that shown in Fig. 1. For the 
purpose of analysis it will’ be assumed 
that there are no field variations in the 
z-direction. This reduces the problem to 
a 2-dimensional case in the plane per- 
pendicular to the direction of current flow. 
This assumes that the fields in the trans- 
verse plane are not being influenced by 
variations of the configuration in the z- 
direction such as corners where the con- 
ductor strips change direction, abrupt 


Ly is the total inductance 


Re is the resistance of 
work coil 


Ry is the reflected resist- 
ance due to the work 
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changes in the width of the strips, and 
variations in insulation thickness. The 
analysis on the basis of the 2-dimensional 
case will be the solution for all areas which 
have this cross section and which are not 
influenced by nearby discontinuities. 


SOLUTION PROCEDURE IN ELECTROSTATIC 
POTENTIAL PROBLEM 


The field distribution of the 2-dimen- 
sional electrostatic potential analog can 
be described with the aid of the theory of 
functions of a complex variable.? This 
method results in general equations that 
indicate broad design principles. 

First a representation of the 2-dimen- 
sional configuration is drawn in the z- 
plane (s=x+jy). The conductors are 
then given appropriate potentials which 
will result in the desired field distribution 
as determined by the currents in the 
actual TEM wave. The next step is to 
determine the complex-potential function 
P(z) which describes the field distribution 
This complex-potential function is an 
analytic function defined as 


P(z)=®(x%, 9) +j¥(x,y) (1) 


where curves of constant @ are equipoten- 
tial lines, and curves of constant W are 
flux lines. Both ® and W satisfy the 
Cauchy-Riemann and Laplace equations. 

The electric field in the g-plane is 
given by 


P(e 5 C2) 


E(z)=Ex+jEy = -( a a 


(2) 
The total derivative of the complex- 


potential function is defined as 


EI Ne ace NL 3 
dz Ox 4 oy (3) 


Therefore from equations 2 and 3 


(4) 


where the bar indicates the complex 
conjugate. Returning to the actual TEM 
wave, the magnetic field H(z) can be 


Fig. 5 (left). Representation 
of loaded coil 


Fig. 6 (below, left). Assembly 
cross section 


Fig. 7 (right). A—Simplified 
zig-zag cross section. B— 
Equivalent representation of A 
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determined from the electric field since 
the two fields are orthogonal and related 
by the intrinsic impedance of the medium. 
The relationship is 


Ha)=+2 na) -42 FO 
v) n dz 


(5) 


where 7 is the intrinsic impedance. The 
sign of equation 5 depends on an arbi- 
trary choice of the direction of power 
flow. 

Equation 5 indicates that if the com- 
plex-potential function P(z) is known, the 
magnetic- and electric-field distributions 
can be determined. For many simple 
configurations, the function P(z) can 
be written by inspection. However, for 
complicated cases a transformation pro- 
cedure can be used. Consider the con- 
figuration under study drawn in the 2z- 
plane. By the Swartz-Christoffel trans- 
formation, the configuration in the z- 
plane is transformed into the w-plane by 
a relation 


z= F(w) ; (6) 
where sz=x-+jy, and w=u-+jv. The re- 


sulting configuration is drawn in the w- 
plane, and the complex-potential function 


P(w)=P(u ,v)+70(u,0) (7) 
which describes the fields in this plane can 
be determined by inspection. Due to the 
conformal transformation 

dP(2) dP(w)/dw as 

dz dz/dw 
Therefore from equations 5 and 8 
n ) 


dz/dw 


The electric and magnetic fields are now 
easily determined with equation 9 and 
the relationships of equations 6 and 7. 
For the method of analysis as just out- 
lined, it is convenient to make certain 
assumptions which simplify the actual 
configuration in the z-plane in order to 
reduce the mathematical complexity of 
the Swartz-Christoffel transformation. 
In general, simplification takes the form 


=----~ 
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of reducing the number of “‘corners’’ in 
the z-plane. 

First, the work coil and the work 
(structure) together are assumed to have 
zero thickness in constructing the poten- 
tial analog. Fig. 3(B) represents the 
resulting cross section after this ‘‘zero- 
thickness” assumption is applied to the 
original cross section, represented in Fig. 
3(A), This assumption is a good approxi- 
mation because in the TEM wave, due 
to proximity effect and skin effect, the 
currents flow in very thin areas at the 
upper surface of the work and at the lower 
surface of the coil strips. It should be 
meritioned that after the field distribu- 
tion has been described at the surface of 
the conductors with the use of the zero- 
thickness assumption in the analog, power 


calculations for the actual TEM wave are. 


based on the assumption that all conduc- 
tors are at least three skin depths thick. 
This is obviously necessary since power 
calculations based on zero-thickness con- 
ductors would be meaningless. These 
two seemingly inconsistent assumptions 
introduce little error since the field dis- 
tribution based on zero-thickness con- 
ductors is approximately the same as the 
distribution based on small finite-thick- 
ness conductors. This is especially true 
for the flat-type, close-coupled coils. 
The next simplification is based on the 
width of the work-coil strips being large 
compared to the spacing between the coil 
and the work (instillation spacing). Since 
this is true, the fields at the underside of 
the strip away from the edges will be uni- 
form and therefore will have the same field 
distribution that would result if the strip 
were infinitely wide. Practically, this 
assumes that one edge does not affect 
the field distribution at the other edge or 
that one edge does not ‘“‘see’’ the other 
edge. This assumption enables one to 
limit the section under investigation in the 
z-plane to include only two edges of 
adjacent strips while the other two edges 
are assumed to lie an infinite distance 
away. In Fig. 4 the broken lines border 
the area under investigation. The as- 
sumption is that in this area the field 


252 


Fig. 8 (left). 
Cross section in 
z-plane 


Fig. 9 (right). 
Cross section in 
w-plane 


distribution in (B) is the same as the 
distribution in (A). The fields in other 
areas of (A) follow from symmetry. 

Therefore, using the simplifying as- 
sumptions in the foregoing discussion, 
Fig. 4(B) represents the configuration in 
the z-plane. After the field distribution 
has been described, the various character- 
istics of the work-coil circuit can be 
determined. 

Unless otherwise indicated, all ex- 
pressions used are in the meter-kilogram- 
second practical system of units. In this 
system, the permeability of free space is 
427X107 henrys per meter. 


POWER CALCULATIONS 


If a sinusoidally time-varying magnetic 
field of rms value H(x) exists at the sur- 
face of a plane conductor of infinite thick- 
ness, the time-average power density at 


any point on the surface is given by 
P=H(x)?Rs; watts per meter? (10) 


where R; is the surface resistivity defined 
as 


Rs=V xfup ohms (11) 

where 

f=time-varying frequency, cycles per 
second 

w=permeability of conductor, henrys per 
meter ; 

p=electrical resistivity of conductor, ohm- 
meters 


The magnitude of the current in the 
conductor decreases exponentially with 
penetration into the conductor. The 
depth at which the current has decreased 
to 1/e (about 36.9%) of its value at the 
surface is termed one “skin depth’ and 
is defined as 


p 
6=4/ — meters 
\2 


Equation 10 can be used to approxi- 
mate the power density in conductors of 
finite thickness with an error of less than 
1.0% if the conductor is at least three 
skin depths thick. In the following 
analysis it will be assumed that the con- 
ductors (work and work-coil) meet this 


(12) 
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criterion, and equation 10 will be used 
in power calculations. 

After equation 9 has been solved (it 
describes the magnetic field H(z) every- 
where in the z-plane), the expression for 
H(z) along the conductor surface is 
substituted into equation 10 and the 
resulting equation integrated over the 
area under investigation. The resulting 
expression for the total power is then 
divided by the total area which gives 


the average power density over the 


area. This procedure can be applied to 
the work surface and the work-coil sur- 
face and will give the power coupled, the 
power loss, and the efficiency. 


IMPEDANCE CALCULATIONS 


The equivalent impedance of the 
loaded work coil may be represented by 
the series circuit shown in Fig. 5. Expres- 
sions for the resistive components R, 
and are obtained by dividing the power 
expressions by the square of the current. 

The total inductance L7 may be divided 
into two parts: the inductance due to 
fields outside the conductors, referred to 
as the external inductance L,, and the 
inductance due to the fields inside the 
conductors (work and work coil), re- 
ferred to as the internal inductance Ly. 

The external inductance L, is calculated 
with the use of the equation which relates 
the instantaneous current in the conduc- 
tor to the instantaneous stored energy 
in the magnetic field. This equation is! 


H\2 
lope [ee dv (13) 
0 4 


2 2. 
The expression for H from equation 9 is 
substituted in equation 13, and the ex- 
pression integrated over the area in the 
z-plane (assuming unit depth). This re- 
sults in an equation for Le. 

The inductance due to the fields inside 
the conductors L; can be easily calculated 
on the basis of semi-infinite conductors. 
For a semi-infinite plane conductor there 
exists an inductive reactance which is 
equal to the skin-effect resistance. In 
other words, the internal impedance has 
a phase angle of 45 degrees. Since the 
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Fig. 10 (above). 


Fig. 11 (right). 


work coil is assumed to be approximately 
a semi-infinite conductor (at least three 
skin depths thick) its internal inductive 
reactance will be equal in magnitude to the 
resistance of the work coil. Also it can 
be shown that, assuming the work is a 
semi-infinite plane conductor, the in- 
ductive reactance due to the fields in the 
work is equal in magnitude to the reflected 
resistance due to the work. Therefore, 
the magnitude of the reactance due to Li 
is equal to the resistance ‘looking into’ 
the loaded work coil. 

The impedance of the loaded circuit is 
now fully defined. For many purposes 
it is convenient to define a quantity Q as 


wLp 
Re+Ru 


a= (14) 
In the following analysis an equation 
for Q is derived in terms of the work-coil 
dimensions. Although the author has 
analyzed both types of work coils (zig- 
zag and spiral), the analysis of only the 
zig-zag coil is included in this paper. 


Zig-Zag Work Coils 


CONSTRUCTION OF POTENTIAL ANALOG 


Fig. 6 represents the cross section of 
the work-coil assembly and shows the 
notation which will be used to indicate 
the dimensions of the configuration. In 
the simplified cross section of the zig-zag 
coil, Fig. 7(A), the conductors are given 
appropriate potentials @ to result in the 
desired field distribution. The work-coil 
strips are given equal and opposite po- 
tentials and the work is at zero potential. 
The dashed lines indicate probable 
electric-flux lines. 
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Curve of equation 16 


Field and power profile for zig-zag coil 


To make the problem even simpler 
consider the case of one work-coil con- 
ductor in a zero-potential corner; see 
Fig. 7(B). The field distributions in the 
upper-right-half planes of Fig. 7(A) and 
(B) are the same because of the image 
effect produced by the corner in Fig. 7(B). 
The field distribution in the upper-left- 


half plane follows from symmetry. 


The configuration of Fig. 7(B) is now 
drawn in the z-plane (Fig. 8). Trans- 
forming the configuration by the Swartz- 
Christoffel transformation into the w- 
plane (Fig. 9) gives the transformation? 


AR yey fey et Ye 9 
12 Vetitin ver | (15) 


where m is defined by the correspondence 
of point 6 in both planes and is given by 


Equation 16 is plotted in Fig. 10. 
Note that the numbers in Figs. 8 and 
9 represent points which correspond in 
both planes. Also corresponding flux 
lines are represented in the two planes. 
The complex potential function in the 
w-plane is by observation:% 


P(w)=—2 &, In w (17) 


MAGNETIC-FIELD DISTRIBUTION 


Differentiating equations 15 and 17 and 
substituting in equation 8 gives for the 
magnetic field 


Hs) _& mV/wt 


(18) 
Although the magnitude of & is purely 
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arbitrary, it can be shown that %,/yh is 
the magnitude of the constant (space- 
wise) magnetic field which appears be- 
tween the work-coil and the work as x 


approaches infinity in the z-plane. Prac- 
tically, however, this is the value of the 
field in the region of points 3 and 5. 
For convenience let 

®, 


Hy=— 


oh (19) 


where A is the magnitude of this constant 
magnetic field. 

It is of interest to examine the fields at 
the surface of the work. In the w-plane, 
the work surface (point 2 to point 4, (Fig. 
9) is along the w-axis from wu equal to 
negative unity to w equal to zero. There- 
fore an expression for the surface field 
H, can be obtained from equation 18 by 
letting w equal uw and using the identity 
of equation 19. Equation 20 gives the 
ratio of H, at any point to the maximum 
field Hp as x approaches infinity. 


Hz _ mvV/u+i 


Hy (u—m) Mae 


The ratio H:/Hy can be plotted as: a 
function of x (distance along work sur- 
face) with masa parameter. (Fig. 9 has 
shown that m is a function of the ratio 
2a/h.) However, equation 20 expresses 
H,/Hp as a function of u, the distance 
along the conductor in the w-plane. The 
transformation equation 15 relates x to u 
since at the work surface z=x and w=—u, 
but it is impractical to express u as a func- 
tion of x from this equation. Therefore 
the best procedure is to pick values of u 
(from —1 to 0) and solve for the corre- 
sponding values of H,/H from equation 
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Fig. 12 (left). Coupled power 
| density for zig-zag coil, curves 


Z h=0.015" | 
| 
6 
h=00;30 P'in watts per sq. inch 
1 in amperes (rms) 
5 ; Rs in ohms 
h=0.045 


2a= 0.125" 


of equation 34 


02 04 06 
b (inches) 


20, and the corresponding values of x 
from equation 15. Then a curve of 
H,/Ho versus x can be plotted for each 
value of 2a/h (which determines m). In 
Fig. 11 curves are plotted for 2a/h equal 
to 2, 4, and 6 that give an understanding 
of how the field at the work surface 
varies as a function of x and 2a/h. 


POWER CALCULATION 


As indicated in equation 10, the power 
varies as the square of the magnetic field. 
Therefore, assuming constant surface 
resistivity, the ratio P:/P (the ratio of 
the power at any point on the surface to 
the constant power as x approaches in- 
finity) varies as (Hz/Hy). These curves 
also appear in Fig. 11. 

To make calculations of the actual 
magnitude of power, the value of Hp 
must be expressed in terms of the coil 
dimensions and the current flowing in the 


conductors. Consider the well-known 
equation 
fH -d=I (21) 


which states that around any closed path 
the integral of the dot product of the 
magnetic-field intensity and the elemental 
distance at each point on the path is 
equal to the current enclosed inside the 
path. Now, consider half of a work- 
coil strip as represented in Fig. 8. Point 
7 represents a point on the top surface of 
the strip at x=a+5b/2, and 5 is a point on 
the lower surface at x=a+0/2. A 
closed path along the surface of this half 
strip would be followed by going from 
point 5 to point 6 and then to point 7 
since the conductor has zero thickness. 
This same path in the w-plane is the 
straight line from point 5 to point 7. 
For this half-strip, equation 21 becomes 


SE Hudx =I; (22) 


where J, is the current in the half-strip. 
From equation 20 


mr /u+i 


sy (u—m) 


(23) 


Differentiating equation 15, while let- 
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08 io. —- Fig. 13 (right). Zig-zag coil; 
curves of equation 35 


ting z=x-+jh (position of strip in z-plane) 
and w=u (position of strip in w—plane), 
results in 

h (u-—m)au 
dx=x— 

rm uUur/util 
Substituting equations 23 and 24 into 
equation 22 gives 


(24) 


(25) 


Performing the integration in 25 results 
in 


i= (In| 271 —In | 2s] ) (26) 
where In |u| is the natural logarithm of 
the absolute value of u at point 5 and In 
|u7| is the natural logarithm of the abso- 
lute value of ~ at point 7. 

Now, us and uz must be expressed in 
terms of the configuration dimensions a 
and h. From correspondence of points 
5 and 7 in the two planes as expressed in 
the transform of equation 15, us and 27 
both must satisfy the equation 


ve) 
Vuti-l 
(27) 


For 6>>h, us is much smallet than unity 
so that 


Vusti~1 


hf{2 Be es 
a+b/2=- (vari In 


(28) 
Therefore, when expressing u;, equation 


27 may be written as 


Vustiti] r(a+b/2) 2 
reser res 
(29) 


In 


Since us is much smaller than unity, 
equation 29 can be simplified (by using 
the first two terms of the series expan- 
sion of (u5+1)”2) to 


r(a+b/2) 2 (30) 


It can be shown that when b= 6h and 2a 


S0.6h, the logarithm term in equation 
27 is insignificant when expressing wz. 
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1035 “foes 
Curves of | Equation (35) 
1030 Filia 
Sool p in ohms—|inches | 
P in henrys per inch where 


free space permeability 
is 3.2x]0°8 hy/in 


L020 =i 


1.010 


(0) 015 ,030 
h (inches) 


.045 


With these restrictions In |u| is approxi- 
mated by 


™m Ls 
In |u| =In |= (o+0/2) -1} (31) 


By trial it was discovered that the sum 
of equations 30 and 31 does not have a 
restriction on the value of 2a/h for a good 
approximation of In |w|—In |us|. Al- 
though there is a restriction on equation 
31 of 2a<0.6h, In |207| becomes much 
smaller than —1n |u| at values of 2a/h 
where the error in equation 31 is signif- _ 
icant. Therefore there is very little per- 
cent error in the sum when the approxi- 
mations are used. “With only the restric- 
tion b= 6h, the sum of equations 30 and 
31 


In | uz| —In | us| 


=I {) = co /2) [1p 


mat hia) 2a 4 (eC 
h m 


gives a good approximation of In |u| —In 
lus] (equation 32). 
Equation 26 may be rewritten 


Ir 1 


oa: (In| w7| —In| us| ) 


(33) 


where J=2;, the total strip current, 
and In |1|—In |us| is determined from 
equation 32. When equation 32 is used, 
it should be kept in mind that the 
approximations of equations 30 and 31 
must be valid. If the approximations 
are not valid, us; and uw; must be obtained 
from equation 27. 

The average power density developed 
in the work is obtained by substituting 
equation 23 into equation 10, integrating 
equation 10 over the area from point 2 to 
point 3 (assuming unit conduction length), 
and then dividing by the area between 
points 2 and 3. The resulting equation 
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2 $= 


= 


is as follows: 

- R; [2x 

4 © 4h?(2a+b)(1n| uz| —In!| us| 2 
[w(2a+b) —2ar~/m+1+4h] 


watts per unit area (34) 


where P’ is the average power density 
developed in the work, R; is the surface 
resistivity of the work, and J is the rms 
work-coil current. (Note: In deriving 
equation 34 it was again convenient to 
make the approximation of equation 28. 
_ The author considers that this approxima- 
tion will be good for all practical cases.) 

Fig. 12 shows the nature of equation 34. 
Here the width of the strip 0 is the in- 
dependent variable with # as a parameter. 
The distance between strips was chosen 
to be 0.125 inch. 


EFFICIENCY 


The power lost in the work coil can be 
obtained in the same manner as was the 
power in the work by integrating from 
point 5 to point 7. The expressions for 
the power coupled in the work and that 
lost in the coil may express the ratio 


1g McPec it 3) 
ieee ea q iets 
Pw (= ) +5 


where 


(35) 


P,=power lost in work coil 

P.,»=power coupled into the work 

c=permeability of work-coil material 

fw =permeability of work material 

po = electrical resistivity of the work-coil 
material 

pw=electrical resistivity of work material 


and 


' = _ [Ah\/m+1 
: a=4hy/m+1 tanh-! (A) (36) 
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equation (52) | 


Pin ohms-inches 

fin cycles per second 

Ain henrys per 
permeability is 3.2 x10~8 hy/in 


oid 


inch where free space 


- oloo o 
w)ot on 


Fig. 14 (above, left). 


Fig. 15 (left). 


and 


B=2(2a+b)—2arv/ m+1+4h 


Curves of equation 35 are plotted in Fig. 
13 as a function of the spacing h with 
2a=0.125 and b as the parameter. 

The efficiency of the work coil is given 
by 


(37) 


. ier i! 
efficiency =— = 
LB aepi ee (38) 
Py» 


and may be calculated by using the results 
of equation 35. 


THE QO 


As discussed in the section ‘‘Impedance 
Calculations,’’ the external inductance 
is determined by the energy stored in the 
external magnetic field. Consider the z- 
plane represented in Fig. 14. All of the 
magnetic field produced by the half-strip 
is included in this area since the electric- 
field lines 3-5 and 7-7’ determine the 
outer limits. of the field. In the w-plane 
(Fig. 15) this area lies between two 
semicircles. 

As implied by equation 13, the ex- 
ternal inductance is given (assuming unit 
conductor length) by 


af 6 
5 belt f { | H(z)| %dxdy 


Due to the conformality of mapping, the 
energy is also given by 


(39) 


1 


pee 2 
5 bel js i | H(w)| %dudr (40) 


Differentiating equation 17 as in equation 
5 and using equation 19, the magnetic- 
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Area occupied by magnetic field from half-strip 


Fig. 16 (above). External Q for zig-zag coil 


field distribution in the w-plane is given 


by 
(41) 


Taking the absolute value of equation 41 

and squaring it gives 

Jats i 
1” u?+y2 


| A(w)|2= (42) 
Substituting equation 42 into equation 
40 and changing to polar co-ordinates 
results in (noting that total energy due to 
current in the entire strip is twice that 
due to the half-strip): 


1 Heh? (*™ (7 drde 
tiara lel co 
2 7 ows ¥ 


__ Ma lto*h? (In| u7| —In| us|) (43) 


TT 


where In |z7|—In [us| is defined by equa- 
tion 32 and ya is the permeability of the 
dielectric material. Substituting equa- 
tion 33 into equation 43 and solving for 
L., and dividing by the work surface area. 
for one strip (2a+5) gives 


Ae Tee 
2(ta | wz| —In | us| )(2a-+b) 
henrys per unit area (44) 


. LI," 


where L,’ is the average external induct-. 
ance per unit of work-surface area. 

An expression for the resistance due to- 
the work can be obtained from equation 
34 by dividing by the squareof the current, 
or 


P' 
Ru’ =F) ohms per unit area (45): 
where R,’ is the average resistance per 
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unit area of work surface due to the power 
developed in the work. From equation 
38, the resistance due to the losses in the 
coil is 
R,' =Ry'(1/eff (efficiency) —1), 

ohms per unitarea (46) 


As discussed in the section ‘Impedance 
Calculations,’’ the reactance due to the 
internal inductance L; is equal in magni- 
tude to the total resistance of the circuit, 
or 


wL,y’=Ry'+R,.’=Ry'/eff, 
ohms per unit area (47) 


The Q of the circuit is 


Ped be Py 
Sn peg 


wl,’ 


pee (48) 


From equations 44, 45, 34, 35, and 38 


-| 4h paV xf (1n| uz| —1n| us| ) 


——— —= 1 
BC V nw pw +V cee) +a wc he | 
(49) 


Since in most cases (see Fig. 13) 6 is much 
larger than a, Q can be approximated as 


402V wfug( In| u7| —In| 205| 
ga Pe eine alee) +1 (50) 
BCV to po +V uc pc) 
Equation 50 can be written 
Q=Qe+01 (51) 


where Q; is the ratio of the internal im- 
pedance to the total resistance and is 
equal to unity, and Q, is the ratio of the 
external reactance to the total resistance 
and is equal to 


Aha af (In| 2¢7| —1n| ws] ) 
BOY wop+V wee ) 
Equation 51 is plotted in Fig. 16 as a func- 


tion of h with 2a=0.125 and b as the 
parameter. 


Qe= (52) 


Application 


CONFIGURATION REQUIREMENTS 


The equations derived in this analysis 
can be applied to any flat-type, close- 
coupled, zig-zag work coil whose con- 
figuration and application fit the de- 
scription in the previous discussion, The 
most important configuration require- 
tment is 


b2=6h (53) 


In general, strips that satisfy equation 53 
form a wide, close-coupled work coil 
which validates the wide-strip assumption 
and satisfies the requirements for the 
approximations in the analysis. 
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ACCURACY 


Several work coils have been con- 
structed and their resistances and effi- 
ciencies measured with the use of a special 
low-frequency (around 300 ke) bridge. 
This measured data was, in general, 
within 10% of the calculated values for 
work coils of approximately 2 square feet 
in area. The greatest errors were en- 
countered with small-area (one square 
foot) coils where the end effects (places 
where conductors change direction) con- 
stitute a large percentage of the total 
area. Very good correlation between 
measured values and theory was obtained 
with large-area (4 square feet) work coils. 

The measured inductances were usually 
greater than the calculated values be- 
cause of the added inductances of the 
leads. At present, there are insufficient 
experimental data to determine definitely 
the accuracy of the analytic expressions 
for Q. 


SAMPLE CALCULATION 


For an example, consider the case 
where 2 square feet of magnesium alloy 
is to be heated with a power density of 
500 watts per square inch with a genera- 
tor used which is capable of producing 800 
amperes and operating at a frequency of 
400 ke. It will be assumed that the work 
material is at least three skin depths 
thick. A copper, zig-zag work coil will be 
used. . 

The following information is given: 


Pw =3.5X10-* ohm-inches (magnesium 
alloy) 
pc=6.7X107 ohm-inches (copper) 
My =e =ea =3.2X10-% henrys per inch, 
meter-kilogram-seconds, nonmagnetic 
(54) 


First, a value for the spacing between 
conductors (2a) is chosen. Past experi- 
ence has indicated that 2a=1/8 inch 
(0.125 inch) is a good choice for most 
applications. Also, the necessary insula- 
tion thickness h is estimated considering 
the probable voltage across the coil and 
dielectric strength of the insulation. In 
this example, h=0.030 inch is used. 

The surface resistivity of this magne- 
sium alloy at 400 ke is 


Rs; =(afup)!!? = [7(4X105)(3.2X10-8) x 


(3.5%X10-8)]1/2 (55) 
=3.7X10~* ohms 
In Fig. 12, the ordinate is 
Jen 500 
2.1 (56) 


T?R; (800)*3.7X10-4) 


From Fig. 12, using the curve for 2a= 
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0.125 inch and 4=0.030, the conductor 
width 6 for the ordinate 2.1 is 


b~0,50 inch (57) 


Therefore the coil should be constructed 
with 0.50-inch conductors. 
From Fig. 13 for this configuration 


1/2 
Ze( ute =1.013 


(58) 
Pw Bc Pe 


Using the given values from equation 54 


-7\ 1/2 
Fe m1. o13( 220) =0.44 


59) 
Ds 3.5X10~% se 


Then, from equation 38 the efficiency is 


a 
=f 60) 
Bere. 69% (60) 
From Fig. 16 
OAV Bw hw +V/ were) 9 19 (61) 


ua f 


Substituting the values from equation 54 
into equation 61 gives 


ea a 


Qe=5.5 (62) 
From equation 51, the total Q is 
Q=5.5+1=6.5 (63) 


With this information, the character- — 


istics of the work coil are completely de- 


fined. The reflected resistance due to the 


work is given by 


_ (power density )(area) 


R 
gs current? 
The total resistance Rr is 
Re O23 
=F 0.69 0.33 ohm (65) 


The total inductive reactance is 
oLp = RrQ =0.33(6.5) =2.1 ohms 
The total inductance is 


oLr Paail 


La = 
eet Wes 27(4X105) 


=0.84 millihenrys 
(66) 
The total voltage across the work coil is 


V=1|Z| =IRp(1+0%)¥2 
=800(0.33)[1+(6.5)%]1/2 
=1,700 volts — 


(67) 
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The Role of Analog Computers in 


Propeller Control Design 


ROY K. FRICK 


NONMEMBER AIEE 


N THE PROCESS of designing and 
developing a dynamic system, pro- 
vision should be made for analysis of the 
performance of the system while it is still 
in the design stage. One method of anal- 
ysis is to write the equations of motion 
of each moving part, then combine these 
equations in such a manner that a means 
of solution is possible. This method is 
satisfactory if the system has few moving 
parts and thereby does not require many 
equations to describe its behavior. Fora 
highly complex system this will prove to 
be very laborious by longhand methods 
and should be submitted to machine 
computation for solution. The motion 
of the parts of the system may be such that 
an equation describing the behavior of any 
one part may be difficult to write unless 
approximations are made. They may 
have to be directly simulated by a device 
which has the proper dynamic character- 
istics built into it. 

The analog computer is especially suited 
to the analysis of control problems be- 
cause it can compute the solution of differ- 
ential equations and also simulate non- 
linear phenomena directly. There are 
many forms of analog computers, some 
of which work by mechanical principles 
and others which work on electrical 
principles. The type of computer in 
widest use is that called the d-c electronic 
differential analyzer. It combines all 
the good features of the other types, such 
as flexibility, compactness, accuracy, and 
ease of maintenance. ; 

The computer circuitry is wired in such 
a manner that the circuit equations are in 
the same form as the equations of the 
system under study. The voltages at 
various points in the circuit are analogous 
to the motions or positions of the parts of 
the system being studied. Because of 
these analogous voltage operations, the 
machine is called an analog computer. It 
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is also called a simulator, although this 
term is generally applied to a special-pur- 
pose analog computer. 


Nomenclature 


I=moment of inertia 
N=rotational speed, rpm 
AN=change in speed 
8=propeller blade angle 

AB =change in blade angle 
wr=engine fuel flow 
Awy=change in fuel flow 
Qp=propeller load torque 
AQp=change in load torque 
Qe= engine torque 
AQe=change in engine torque 
PLA =power lever angle 
APLA =change in PLA 
T,=turbine inlet temperature 
7 =time constant 

(s) =Laplace operator 
ei=amplifier input voltage 
é)=aimplifier output voltage 
Zr=feedback impedance 
Zi=input impedance 
4=instantaneous current 
v=instantaneous voltage 
X,=capacitive reactance 

J =advance ratio 

V=air speed 


Propeller Control Problem 


A propeller is a device for converting 
mechanical shaft power into a propulsive 
force called ‘‘thrust.”” Thrust is a func- 
tion of many variables, among these being 
the pitch of the propeller blades, the rota- 
tional speed of the propeller, and the air 
density. There are other variables, but 
these depend on the particular propeller 
being used. With the variable pitch 
propeller, a control system must be 
devised so that proper operating blade 
angle may be maintained. The type of 
control system most widely used governs 
the rotational speed of the engine by vary- 
ing the propeller blade angle. By doing 
this, the control matches the propeller to 
the power of the engine. 

With such a control system, the pro- 
peller governor must be able tosense an off- 
speed condition and then translate this 
into terms of blade angle. If an over- 
speed condition exists, the governor must 
increase the blade angle, which in turn 
will cause the load of the propeller on the 
engine to increase. This increase in load 
will cause the system to decelerate until 
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such time as the rpm is again down to the 
desired value. If an overcorrection, or 
““andershoot” in this case, results, the 
propeller governor must reverse the 
process to bring the system back up to 
the desired value of rpm. The amount 
of succeeding corrections before the 
rpm settles out to its final value will 
depend on the characteristics of the 
propeller control and the flight condition 
of the aircraft. 

In the design of propeller control 
systems, it is imperative to define the 
proper values of parameters, such as 
governor sensitivity, so that good per- 
formance will result. If a propeller 
governor is too sensitive to changes in 
rpm, excessive oscillating or “hunting” 
will result. If the governor and/or 
control system is too sluggish, excessive 
excursions in rpm may result. The 
sensitivity of the control must be a 
compromise such that all flight conditions 
of the aircraft are taken into account. 
For instance, a given change in pro- 
peller blade angle results in a change in 
propeller load torque which is larger at 
high air speeds than at low, and larger 
at low altitudes than it is at high alti- 
tudes. 

The fuel control of the engine has 
certain dynamic properties and these 
must be recognized when a propeller 
control system is designed. Of course, 
the propeller control will have inherent 
characteristics of its own which the fuel 
control designer must appreciate. In 
any case the propeller control and the 
fuel control must be compatible. There 


“must not be undesirable interactions or 


conditions under which the propeller 
control and fuel control have such un- 
satisfactory phase relationships that each 
control can oppose the corrections of the 
other. 

The parameters which will determine 
proper compatibility of the propeller 
and engine control systems are such 
factors as time constants of servo systems 
within the propeller control, backlash 
in gears, true time lags of components, 
and dead zones of actuators. 

To determine the proper values for 
the various parameters of the propeller 
control, the designer must make an 
analysis of the effect of each on the 
performance of the system. Methods of 
analysis generally involve approxima- 
tions, but these are at a minimum if an 
analog computer is utilized for this 
purpose. 

The gas turbine, or turbo-prop, engine 
is considered throughout this paper 
because this type of engine is in use in 
the latest propeller developments. 
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Discussion 


ANALOG COMPUTER FUNDAMENTALS 


To understand the principles of analog 
computation, one must start with the 
fundamental concept of the transfer 
function. In Fig. 1 is shown the stand- 
ard symbol of a transfer function. The 
transfer function G is said to operate 
on the input quantity e; in such a way 
as to produce the output @. The relation 
is such that 


€9 = Ge; 


The transfer function concept is ap- 
plied to an operational amplifier (Fig. 2), 
the basic component of a d-c electronic 
analog computer. The amplifier has 
input and output terminals which are 
accessible so that impedances may be 
wired into the circuitry of the amplifier. 
If an impedance is wired across the input 


Fig. 1. Transfer function 


Fig. 2. Computer amplifier 


and output terminals, it is referred to as 
a feedback impedance. If an impedance 
is wired only on the input of the amplifier, 
it is referred to as the input of the 
amplifier. The theory of the circuit 
design of the amplifier is such that the 
transfer function of the amplifier is equal 
in magnitude to the ratio of the feedback 
and input impedances and is opposite in 
sign. The transfer function G of the 
amplifier can be written 


where Zy,s=feedback impedance, and 
Zi=input impedance. 

Depending on the types of impedances, 
in this case capacitive or resistive, an 
amplifier can serve as an integrator, a 
differentiator, or it may multiply by a 
constant. By wiring in various input 
impedances in parallel, an amplifier may 
serve as a summer, i.e., the various input 
quantities can be added. When the 
feedback impedance is capacitive and 
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the input is resistive, the amplifier is an 
integrator. If the process is reversed, 
ie., if the input is capacitive and the 
feedback resistive, the amplifier becomes 
a differentiator. By making both the 
feedback and input impedances resistive, 
the amplifier merely multiplies the 
input signal by the ratio of the feedback 
and input impedances. The theory of 
the transfer function of an operational 
amplifier is discussed in Appendix I. 
By utilizing the transfer function prin- 
cipal of the amplifier, one may proceed 
to set up a circuit which will solve linear 
differential equations with constant coeffi- 
cients. 


Basic MATHEMATICS OF PROPELLER 
CONTROL SYSTEM 


A simplified engine and propeller 
system may be represented by a set of 
equations, some of which are differential 
equations. The equations given are 
representative of a propeller with a gas 
turbine engine. 

The engine torque must accelerate the 
polar mass of the system and overcome 
the load of the propeller: 


d 
ae ip N-+Qp (1) 


or if only increments of torque and rpm 
are considered and equation 1 is re- 
arranged 


d 
AQe—AQp=2rI Fae (2) 


The engine torque may be expressed 
as a function of fuel flow and rpm and 
the incremental equation for engine 
torque is 


i OOF AN Qe 


A 
Qc OMy 7 Ow gly 


Aw ys (3) 
Similarly the incremental propeller 
torque equation may be written with the 
knowledge that propeller torque is a 
function of blade angle and rpm. 


O0p Op 
=—— AN 
oN  Sely 


Equations 2, 3, and 4 may- be combined: 


20 20% 2020p 
(22 ae DN chins (a TAA 


AQp Ag (4) 


d 
=2xI —A 
oars INEG5) 


The following equation is generally used 
to express the operation of the propeller 
governor: 


AB=A f' ANdt+BAN (6) 


One extensively used practice is to 
draw a block diagram of the system 
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before proceeding with the setup of the 
analog circuit. A block diagram of the 
system which has been described by the 
previous equations is presented in Fig. 3. 

This block diagram is a collection of 
transfer functions connected together 
to form an over-all control loop. The 
advantage of the block diagram is that 
it shows the relationship of all the 
parameters and is a guide in setting up 
the analog circuit. The circuit after 
being set up is generally a duplicate of 
the block diagram. In Fig. 3, it is 
seen that each block is a transfer function 
and that these are determined from the 
coefficients of equation 5. The computer 
diagram for this block diagram is pre- 
sented in Fig. 4. In Fig. 4 the plain 
triangular figures are summing amplifiers 
and the triangular figures with a double 
line are integrators. In many analog 
computers, the input and feedback 
impedances are internally wired and one 
has a choice of feedback and input 
combinations on a terminal board. 
When this is the case, symbols for sum- 
mers and integrators are as those used 
in Fig. 4. 

Fuel flow, rpm, and blade angle are 
multiplied by the appropriate partials 
in amplifier 1 which in turn produces 
a signal proportional to rate of change of 
rpm with a change in sign. Amplifier 2 
integrates this signal and produces rpm 
increment with another change in sign. 
Rpm is integrated in amplifier 3 and 
changed in sign in amplifier 4. These 
two outputs are added in amplifier 5 to 
produce positive blade angle increment. 
Since negative blade angle increment is 
needed for an input signal to amplifier 1, 
amplifier 6 is needed to change the sign 
of the output of amplifier 5. To com-— 
plete the loop, rpm increment with the 
proper sign is fed from the output of 
amplifier 4 into the input of amplifier /. 
A check on the circuit for stability can 
be made by following the rule that there 
must be an odd number of amplifiers 
in any one loop. Reference to Fig. 4 
indicates that this is true. 

Fig. 4 shows that the fuel flow incre- 
ment is the independent variable and 
that increments of blade angle and rpm 
are dependent variables. Other inde- 
pendent variables such as the change in 
rpm desired can be added to the circuit 
if appropriate for the particular system 
under study. 

The computer circuit in Fig. 4 is a 
simulation of a propeller and engine 
system. It is a simplification, but one 
can use it to study the effects of the 
propeller and engine partials on the 
stability of the system at various flight 
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conditions. 
not complex, the propeller designer can 
find satisfactory values for the partials 
of propeller torque to blade angle and 
rpm, and thereby influence blade charac- 


Even though this circuit is 


teristics. Satisfactory values for con- 
stants A and B can be found for equation 
6 and this in turn will determine the 
proper governor design. 

The circuit in Fig. 4, even though a 
simulation in probably its simplest form, 
is a far more effective tool in solving 
the equations than manpower alone. If 
equations 5 and 6 are combined, a third- 
order differential equation results and 
although not impossible to solve, would 
nevertheless consume quite a bit of 
effort. In addition, the solution would 
have to be tabulated and plotted and 
would not be quite as accurate as the 
computer solution. 


FURTHER CONSIDERATIONS . 


The simulation and analysis which 
has been explained to this point is called 
a linearized or perturbation type of 
study. This is so called because the 
equations are linear, i.e., constant coeffi- 
cients, and the variables are treated as 
increments about a steady-state operat- 
ing point. This type of study is valuable 
for evaluating the system for stability 
under various conditions. A high degree 
of accuracy is possible in studying the 
effect of the parameters on the stability 
of the system. 

If extending the operating range of the 
variables is desired, a linearized system 
can no longer be considered. However, 
it may be desired to retain a fair degree 
of accuracy in studying the stability of 
the system, but to study the effect of 
various nonlinearities on general system 
operation may not be wanted. In ad- 
dition, it may be desired to determine 
the transient characteristics to a higher 
degree of accuracy than is possible from 
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a linearized computer setup. To pro- 
ceed with this type of study a set of 
equations may be written which are 
based on available engine and propeller 
data. The equations will be empirical 
and will have no standard form from 
engine to engine and propeller to pro- 


peller. The following equations are illus- 
trative. 
The engine and propeller torque 


balance will still accelerate the system. 
d 
Qe—Op=2al 7 N (7) 


The engine torque may take the form 
Qe=(KitKeTs)N+KsTs+Qe, (8) 
and the turbine inlet temperature 
Ts=K3;N+Kews+Tx, (9) 
and the fuel flow 
«wr=KePLA+op (10) 
and the propeller torque 
Qp=K6?+KsN+Qp, 

and the propeller governor action 


B=K, Sf" N.dit+KywNe+Bo 


(11) 


(12) 


The speed error is equal to the difference 
between the actual speed and the desired 
speed: 


Ne=N—WNo (13) 


and the desired speed is a function of 
power lever angle: 


Np=KuPLA+Np, (14) 


The quantities with zero subscripts 
are initial conditions. Most makes of 
analog computers have special amplifiers 
incorporated which provide for setting 
and maintaining initial conditions. 

The block diagram resulting from the 
previous equations is presented in Fig. 5, 
As before, the block diagram is the 
transfer function collection derived from 
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Fig. 3 (left). 


Fig. 4 (above). 


Linearized block diagram 


Linearized computer circuit 


a set of equations. The block diagram 
in Fig. 5 is similar in style to that in 
Fig. 3, but the circuit diagram in Fig. 6 
is different in several ways from the 
diagram in Fig. 4. First, the diagram 
is much more extensive and, in an effort 
to simplify reading and setting up on 
the computer, the circuit schematic is 
broken up into segments. Labels such 
as encircled numbers are put on the 
various inputs and outputs;  corre- 
sponding labels, in this case numbers, 
are joined together or are put at a 
common point when the circuit is being 
wired. One can see that if the labels 
were omitted on the drawing and solid 
lines were used for showing connections, 
the schematic would be harder to read 
and harder to follow when wiring the 
computer was attempted. 

Second, the initial condition amplifiers 
are shown in the circuit. This is indi- 
cated by a triangular symbol which 
encloses the initials fC. Third, the 
symbol of a box with a diagonal is used 
to indicate a multiplier. A multiplier 
can multiply two or more variables or 
raise a variable to a power. 

With this circuit, the engine and 
propeller system is very accurately 
simulated for purposes of studying 
transient operation over a reasonable 
degree of power excursions. It can also 
serve to study the stability to a reason- 
able degree of accuracy, though not as 
well as the linearized circuit. 

Each amplifier which produces a 
signal in which one may be interested, 
say, rpm, may have the output utilized 
to drive a recording instrument such as 
an oscillograph. The various channels 
of the oscillograph will then record the 
variables as a function of time. 

To simulate completely an engine-and- 
propeller system, the circuit in Fig. 6 
would have to be further expanded. An 
expanded circuit is not shown, but the 
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Qp 


anos Tp 
+ enl/_ dt 


Fig. 5. Expanded block diagram Fig 


additional equation and circuit com- 
plexities are discussed in succeeding 
paragraphs and in Appendix II. A lot 
depends on judgment as to how detailed 
a system should be simulated. It will 
depend on the factors in which one is 
interested and on the complexity of the 
system, These expanded operations will 
be necessary if, in the judgment of the 
engineer, the various second-order effects 
and nonlinearities are to be considered 
in evaluating the turboprop system per- 
formance. 


ADDITIONAL COMPLEXITIES IN PROPELLER 


Equation 6 describes the propeller 
governor action which selects the proper 
blade angle to maintain the desired 
rpm. This equation is a close approxima- 
tion for some types of propeller governors 
over the entire operating range. For 
other types of propeller governors, 
equation 6 will be valid only for per- 
turbation-type studies where rpm and 
blade angle excursions are limited to 
small values. One feature which prac- 
tically every propeller control possesses 
is the use of a servo system to translate 
the output motion of the governor into 
a blade angle motion. In this case, 
equation 6 is actually one which describes 
the desired blade angle instead of the 
true blade angle. The relation between 
the desired blade angle and the actual 
blade angle may be written as a first- 
order lag with a gain G so that 


B (15) 


ee 
“A4H6)"° 
This is assuming that such characteristics 
as dead band or backlash in gears is not 
significant. 

In addition to this added complexity, 
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the governor itself may employ servo 
systems of its own in generating the 
necessary terms in equation 6. When- 
ever these servos are employed, they 
may also be expressed by a first-order 


lag.23 Equation 6 could become 
Ast ANdt BAN 
ABp = 16 
aE ean BIE i} 
combining equation 16 with equation 15 
AStANdt. BAN 

Qo 17 
(AGM = ea 


As has been stated previously, equation 
6 was valid for the entire operating range 
when some types of governor designs 
are considered. For other designs this 
is not true because the coefficients A and 
B are not constant. As an example, 
in many hydraulic propellers coefficients 
A and B are determined by the flow of 
fluid through a valve versus the valve 
displacement. The valve configuration 
may be a plunger which is enclosed by a 
sleeve with a circular hole. In equilib- 
rium conditions, the plunger will com- 
pletely cover the hole, but when dis- 
placed will uncover an area of the hole 
so that this exposed area is a function 
of the square of the displacement. The 
flow of fluid through the valve is directly 
proportional to the plunger displacement. 
This flow may be used to operate a servo 
system in generating coefficient B or 
may determine coefficient A. 

Coefficients A and B in equation 6 
are slopes of the curves depicting the 
relation of blade angle rate to rpm error 
and blade angle position to rpm error 
respectively. When A and B are non- 
linear, it is simpler to write an empirical 
equation directly in terms of blade angle 
and rpm rather than trying to determine 
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-PLA 


(3) es +PLA -PL 
te ES 
“Ndo 


. 6. Expanded computer circuit 


the slopes of the curves and in turn 
multiplying these by rpm error. 

Equation 17 may turn out to be a power 
series in terms of rpm error and integral 
of rpm error. 


(1 +711(s)) AB 
_S(A AN? +A,AN?+A;AN)dt 
te 1+7:(s) 
B,AN3+ BoAN?+B3AN 
1 +7:(s) 


_ The computer circuitry for this equa- 

tion would be much more complex 
than that portion in Figs. 4 and 6, 
which simulate the governor action. 
If such things as dead band in governor 
or blade angle movement or backlash 
in gears are considered, the computer 
circuit must be further expanded to 
simulate these characteristics. 

To raise a variable to a power such 
as that in equation 18, a multiplier is 
necessary. To generate a lag, a complex 
network is used for the feedback im- 
pedance of an amplifier. This feedback 
network consists of a capacitor and re- 
sistance in parallel. The development 
of this relation is left to the reader. 

A circuit which can simulate dead 
zone is shown in Fig. 7. If the variable 
X is positive, but less than the absolute 
value of the constant A, amplifier 1 will 
have a positive output and the diode 
tube V, will not conduct. When the 
value of X exceeds the absolute value 
of A, amplifier 1 will have a negative 


(18) 


F(X) if X>A 


Fig. 7. Dead-band circuit 
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A 
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Fig. 8. Basic and equivalent system block diagrams 


output and thereby allow tube V, to 
conduct, Amplifier 2 will then generate 
a function of X provided X exceeds A, 
the dead zone. 

The various complexities such as lags 
and nonlinearities which have been 
mentioned can be added to the computer 
circuitry to simulate the system more 
accurately. The complexity is only 
limited by the equipment on hand and 
if the available equipment is limited, the 
system must be simplified. Valid ap- 
proximations must be made for most 
problems, but made depending on the 
conditions of the problem. For instance, 
if to determine stability is desired, the 
equations may be linearized and charac- 
teristics such as dead band included. 
If it is desired to determine accurately 
the transient performance, empirical 
equations in the form of power series, 
may be written but such things as dead 
band approximated. 

To evaluate properly the control per- 
formance of an engine and propeller 
system, a device such as an analog 
computer is a necessity. This is mainly 
because a highly nonlinear system such 
as an engine and propeller simply cannot 
be analyzed by longhand methods. 
Even if the equations are linearized, 
the analysis would possibly require the 
solution of a high-order differential 
equation which would be at best ex- 
tremely long and laborious. Another 
method of analysis sometimes used for a 
system such as presented in equations 1 
through 6 is called the step-by-step 
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method. With this method values are 
calculated for each of the variables 
over a series of time increments such as 
1/10 second. The initial torque un- 
balance between the engine and propeller 
is used to cclculate the acceleration which 
in turn determines the rpm at a time 
interval later. The rpm is used to 
calculate the blade angle and in turn the 
engine and propeller torques. The new 
torque unbalance determines a new 
acceleration and the process is repeated. 
This repetition goes on until the rpm and 
blade angle settle out at a final value and 
the torque unbalance and thereby the rpm 
acceleration is equal to zero. 


Use oF ANALOG COMPUTERS IN 
COMPONENT TESTING 


If a set of equations can represent a 
system such as an engine and propeller, 
it can be reasoned that one or more of 
these equations can be replaced by the 
actual component or subsystem it repre- 
sents. 
made to Fig. 8. The analog computer 
essentially takes the place of the whole 
system with the exception of the com- 
ponent under test, in this case, the 
governor. Stated another way, the whole 
system is being simulated except the 
governor. If the computer works in 
terms of voltages, suitable transducers 
must be provided to translate the actual 
motions of the governor into voltage 
signals to the computer and to translate 
the voltage signals of the computer 
into suitable inputs to the governor. 


To illustrate this, reference is © 


Most transducing systems have at least 
a first-order lag, so care must be exer- 
cised so that compensation is made for 
these lags in the over-all control loop. 
Fig. 8(A) represents in a general way the 
operation of a propeller control system. 
The governor accepts a signal which 
represents rpm and compares this to 
the desired rpm. The governor then 
translates this into an output which is 
proportional to the blade angle which is 
necessary to maintain the proper rpm. 
Whenever the blade angle changes, the 
load on the engine is changed which 
causes a change in rpm. Fig. 8(B) is 
a block diagram of an engine-propeller 
control system. The block representing 
the engine and propeller show that this 
part of the system acts as a time lag in 
relation to the blade angle and the rpm. 
This is actually a simplification, but for 
the purpose of this discussion, the as- 
sumption is valid. To provide good 
control performance, i.e., good transient 
and steady-state characteristics, the 
governor compensates for this lag by 
putting a lead term into the system. 4 
Also to provide isochronous operation, 
the governor possesses an integrating 
term. The block representing the gover- 
nor is equation 6 in the form of a transfer 
function. In Fig. 8(C), an attempt is 
made to build up a configuration which 
is dynamically similar to (A). As has 
been stated before, transducers introduce 
lags and compensations must be made 
for these lags. Fig. 8(D) shows the 
over-all loop where an analog computer 
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is used to compensate for the various 
lags and to simulate the dynamics of the 
engine and propeller. This setup is 
equivalent to Fig. 8(B). 


Conclusions 


Analog computers may be used in the 
propeller control design and development 
program for the study of dynamic per- 
formance, and they may be used in 
conjunction with component functional 
testing by simulating the flight charac- 
teristics of the engine and propeller. 

Dynamic performance may be studied 
by solving the differential equations which 
describe the system performance. These 
equations may be solved by longhand 
methods provided the equations are of 
low order and are not highly nonlinear. 
Analog computation methods of analysis 
are superior to longhand methods because 
the time and manpower required are 
less and because fewer approximations 
are necessary. Solution of the equations 
results in establishment of criteria for 
satisfactory transient and steady-state 
control performance under all expected 
flight conditions. 

The number of necessary differential 
and empirical equations in describing 
the system is determined by the number 
of unknown variables. Each of the 
equations describe the behavior of a 
particular subsystem or component. If 
one of these equations is deleted, a 
physical article which is described by 
this equation may be put into the simula- 
tion provided the proper transducers are 
available. When this is done, the over- 
all system dynamics remain essentially 
the same, and control components can 
be subjected to simulated flight condi- 
tions. The analog computer can simulate 
the characteristics of the airplane, the 
engine, and the propeller blades, as well 
as the rest of the control system not under 
test. 

A proper propeller control design will 
be possible only if adequate analysis and 
testing are accomplished. Analysis by 
use of analog computers results in the 
establishment of the proper values for 
all of the important parameters without 
having to resort to large-scale approxi- 
mations, guesswork, or trial-and-error 
methods. Testing of components under 
simulated flight conditions will result in 
better ultimate performance and higher 
reliability. 

Judicious use of analog computers in 
the design and development of propeller 
control system yields results in reduction 
of costs. These costs may be incurred 
from repeated engineering and design 
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Fig. 9. Computer amplifier schematic 


changes resulting from unsatisfactory 
control performance during the develop- 
ment program and in service. 


Appendix | 


Fig. 9 is used to derive the transfer 
function of a computer amplifier. If it 
is assumed that there is no flow of grid 
current, the sum of the currents at point 
is zero, and it consists of the currents 
through the feedback and input impedances 
so that 


u+t=0 (19) 
but eo (20) 
2 
Go—€ 
diy= 21 
and 7, Li ( ) 


The output voltage is equal to the gain 4 
of the amplifier times the grid voltage e. 


e=Ae 


& 


and e= 7 (22) 
combining (20), (21), and (22) 

eo 1 0 1 
(« #) 7 = (an) 2 (23) 
and 
& Lfe . e@& C4 
Zara (2+2) a7: hea) 


The gain A is generally a very large 
number on the order of 108 so that to an 
approximation 


deen An 

Zi Z2 

or 

Zi Zs (25) 


If the impedances are pure resistances, the 
transfer function of the amplifier is merely 
the ratio of the feedback and input re- 
sistances. If one of the impedances is a 
reactance and the other is a resistance, 
the amplifier will serve as an integrator or 
differentiator, depending on the combina- 
tion. To illustrate this, consider the case 
of the feedback impedance of an amplifier 
being equal to a capacitive reactance and 
the input impedance equal to a resistance. 


Frick—The Role of Analog Computers in Propeller Control Design 


The charge on a capacitor is equal to 
the capacitance times the impressed voltage 
so that 


q=Cv (26) 
d : 
but 7 a=4 
1 t 
or mcf idt Cs) a (27) 
V 
But —=X, 
4 
thas (28) 
so a sy 


where (s) is the Laplace operator.*® 
Substituting equation 28 in equation 25 
gives 


&o il 


&j RC(s) 


(29) 


where R is the input impedance or, re- 
stated 


Mey f= oes 
u=—ge | et ; 
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(30) 


The engine torque expressed by equations 
3 and 8 is satisfactory for the intended 
purpose of these equations. However, in 
them the assumption is made that the 
engine torque which is delivered to the 
propeller shaft is instantaneous in response 
to the variables expressed. In other words, 
it is assumed that the engine torque follows 
the same relation to time as the fuel flow 
or rpm or turbine inlet temperature. For 
most propeller studies, it has been found 
that this assumption is valid and that a 
proper propeller control design will allow 
for variations in the engine torque dy- 
namics. However, if one desires to simu- 
late the engine more accurately, he must 
consider the dynamics of all the stations 
such as inlet duct, gear box, compressor, 
burner, turbine, and nozzle. Such things 
as pressures, air flows, temperatures, and 
specific heats would have to be considered 
and equations would have to be written 
to describe the various parameters in terms 
of known variables. A complete set of 
equations describing the thermal cycle of a 
turboprop engine is beyond the scope of 
this paper. One may consult any standard 
reference on gas turbine power plants to 
appreciate the complexity involved.45 For 
the study of propeller control systems, it 
has been found that higher-order effects of 
the engine station are relatively insigni- 
ficant. The dynamics of the fuel control 
should be considered, however, as experience 
has shown that interaction effects of the 
fuel control and propeller are very sig- 


_ nificant. 


The fuel control of a typical turboprop 
engine is designed to maintain the fuel 
flow so that a nearly constant turbine inlet 
temperature exists for all flight conditions. 
This may be accomplished by a direct 
turbine inlet temperature controller or 
may be synthesized by sampling other 
quantities which the turbine inlet tem- 
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perature depends on. The fuel control 
must also protect the engine from over- 
speed, surge, or overtemperature conditions 
and must provide the engine with satis- 
factory response characteristics. The fuel 
control is made sensitive to such things 
as ambient temperature and compressor 
inlet or outlet pressure. This is done so 
that the fuel-air ratio will remain essen- 
tially constant for a given power setting 
and thereby cause the turbine inlet tem- 
perature to be indirectly controlled. 

The nature of the fuel control is such 
that a simulation by an analog computer 
involves special devices such as switching 
circuits and limiting circuits. A detailed 
explanation of these circuits will not be 
presented here, but it may be seen that 
these circuits would be necessary to simulate 
fuel flow limiting at overtemperature and 
surge conditions, and fuel cutback whenever 
the rpm exceeds at certain value.! 

The fuel control in sensing various param- 
eters such as rpm, PLA, temperature, 
and compressor inlet pressure may employ 
servo loops to achieve a certain output. 
These servo loops probably will have 
transfer functions which are equivalent 
to a first-order lag.2? If each of the 
parameters is characterized by a lag term 
where significant, the equations describing 
the fuel flow become very complex. From 
these considerations, it is seen that a true 
simulation of the fuel control is very com- 
plex and goes considerably beyond the 
circuit presented in Fig. 6. However, the 
circuit can be made highly representative 
of the actual fuel control operation, pro- 
vided the necessary equipment to do the 
job is available. 

The propeller torque relationship, if 
simulated accurately, can be the most 


Discussion 


Irving A. Peltier (Wright Air Development 
Center, Dayton, Ohio): The author ap- 
parently sacrifices mathematical rigor for 
simplicity of presentation. Some examples 
follow: 

He defines a transfer function G as the 
ratio between the output and input voltages 
of a system without defining these voltages 
adequately. If G=e/e; and e and e; are 
functions of time, then G is defined in the 
real time domain and its form is not par- 
ticularly useful if the system contains 
time constants. A common method of 
expressing transfer functions in algebraic 
form is to assume that both the input and 
output voltages expressed as functions of 
time are Laplace transformable and 
then G(s)=F)(s)/Ei(s) where E£y(s) and 
E;(s) are the Laplace transforms of the 
output and input voltages respectively. 
The transfer function G(s) is in the complex 
frequency or s domain and is in a much 
more useful form since it describes the 
behavior of the output in response to many 
types of inputs readily. 

Equation 27 is inconsistent. 


Bis (it palin 
Pc ij ~ Cs) 


It should be written in two parts: 


(27) 
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complicated equation in the whole simula- 
tion and thereby result in circuitry which is 
quite elaborate. The propeller aerody- 
namic characteristics can be simulated to 
a high degree of accuracy and this is only 
limited by the availability of the necessary 
computing equipment. 
The propeller torque can be expressed as 


Qp =Cp pIN?D5 
where 


Cp=coefficient of torque 
p=air density 

N=rpm 

D=diameter 


This equation can be rewritten as 


Cp = @ 
Pp N2D5 


For any given propeller, the diameter 
is a constant so that 


To determine cy for a particular pro- 
peller, at a given set of conditions, the 
propeller may be calibrated for torque in 
terms of rpm and blade angle. In prac- 
tice, the torque coefficient is determined 
for various blade angles, diameters, rpm, 
and forward airspeeds by using dynamically 
similar propeller models in wind tunnels. 
The torque coefficient is generally expressed 
as a function of blade angle and a term 
called ‘‘advance ratio.’’®§ 


Cp =f(BiJ) 


where the symbols represent the following: 


where V(s) and J(s) are the Laplace trans- 
forms of v and 7 respectively. 

Equation 30 is correct if the initial value 
of @ is zero but the method of arriving 
at this equation is not convincing. 

If the transfer function of a computer 
amplifier is derived with the use of Laplace 
transforms and the author’s assumptions 
about grid current and output impedance, 
then 


Ens) __ AZ;(s) 
Es) AZi(s)+Z7(s)+Zis) 
If A is very large, the approximation 


Z4(s) 
Zi(s) 


G(s) = 


G(s)=— 


is good over a large region containing values 
of s. However, if it is desired to differen- 
tiate e; by making Z;(s) =1/Cs and Z;(s)= 
R, difficulty is encountered when e is 
changing rapidly with time. If it is desired 
to integrate e; by making Zy(s)=1/Cs and 
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J=V/ND=advance ratio 
V=forward air speed 


The torque coefficient may be presented 
as a family of curves with advance ratio 
and blade angle as independent variables. 
By a curve-fitting process, one may write 
an empirical equation for the torque 
coefficient. The resultant equation for 
propeller torque will involve at least a 
second power term in J, the advance ratio, 
and may involve higher orders of blade 
angle and rpm. This equation can be 
generated to a high degree of accuracy, 
but may require a considerable number of 
multipliers and amplifiers. A multiplier 
is needed every time a variable is raised to 
the second power or higher and whenever 
two terms are multiplied together. 
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Zi(s)=R, difficulty is encountered when 
e; is changing slowly. The range of good 
approximation can be extended by proper 
choices of R and C but these values are 
very often limited by input and output 
impedance requirements. 

The author says, ‘‘A check on the circuit 
for stability can be made by following the 
rule that there must be an odd number of 
amplifiers in any one loop.” This neither 
constitutes a necessary condition nor a 
sufficient one for stability, even in linear 
systems. 

It is reasonable to assume that handling 
nonlinear systems requires the services of 
an analog computer because mathematical 
methods are not available. However, the 
author should offer further proof of the 
analog computer’s advantages over mathe- 
matical methods in the case of linear 
systems. It is conceivable that a mathe- 
matician might easily arrive at a single 
equation (transfer function) for a system. 
If the response of the system is too labor- 
consuming to plot, then he might, by 
modern synthesis methods, devise a passive 
network or semipassive network which has 
identically the same transfer function. This 
new system allows the original one to be 
studied for various inputs but does not 
allow it to be studied for changes in param- 
eter or changes in the operation of basic 
components in the original system. 
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Economic Evaluation of Industrial 


Power-System Reliability 


W. H. DICKINSON 


MEMBER AIEE 


N THE DESIGN ofan industrial plant, 

it is the function of the electrical en- 
gineer to determine what type of power 
system is required. This paper describes 
methods for the analysis of the relative 
reliability of different types of industrial 
power systems and the economic evalua- 
tion of the improvement in reliability 
which results with alternative types of 
systems. From this, the incremental 
investment that can be justified can be 
determined. 


The paper covers four main points. 
First, a technique for the economic anal- 
ysis of alternatives involving incremental 
investments is developed. The tech- 
nique is a simplification of the dis- 
counted-cash-flow method of comparing 
alternatives. Second, probability and its 
application to power-system reliability 
problems is discussed. Third, these 
probability principles are applied to 
several typical industrial power systems. 
And last, a typical example is worked out. 
In this example, the incremental invest- 
ment that is justified to increase reliability 
is evaluated. 


Nomenclature 


J=incremental investment 

E=gross earnings (before income taxes, 
depreciation, and operating costs 
proportional to investment) resulting 
from J, expressed as uniform equiva- 
lent annual amount when non- 
uniform, that is, 


R=investment charge factor 

G=gross revenues or sales resulting from I 

X=operating expenses (all costs not 
proportional to J) 

C=cash flow or income (net income plus 
depreciation) 

N=annual net income (after income taxes) 

D=depreciation permitted by income tax 
authorities (straight line, or levelized 
or uniform equivalent value of sum- 
of-digits or declining balances), D= 
inl, per unit values 

d,=depreciation rate by sinking fund 
method, per unit value=A,/F, 
a r bse 3 

(1+7r)"—1 sya-—1 

r=return rate (after taxes) per unit value, 

which is required on I 
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e=expense rate, per unit value, including 
all expense items proportional to J 
not included with X, usually includes 
maintenance and state taxes 

t=income tax rate, per unit value 

dn =capital recovery factor =An/Pi=rt+dn, 
per unit value 

Sn=compound return rate factor = F,/P,= 
(1+r)”, per unit value 

P,=present value of a future sum or sums 
of money at beginning of year one 

F,=value of a sum or sums of money in 
the future at the end of year ” 

n=number of years 

A,=annual amounts of money at the end 
of each year for ” years, having a 
present value of P; at the beginning 
of the first year, and a future value of 
F,, at end of the wth year 

jn=D fs 

p=probability of supply, circuit, or element 
not being on forced outage 

f=probable annual equipment or supply 
failure rate causing a forced outage 

S=shutdown time or forced outage hours 
per failure 

g=probability of supply, circuit, or element 
being on forced outage 


Technique for Economic Evaluation 


In comparing power-system alterna- 
tives, the basic principle should be to 
determine the effect of each on the plant’s 
cash flows. Cash flow is defined as net 
income plus depreciation, that is, de- 
preciation is added to the profits after in- 
come taxes. Depreciation is included 
with the cash receipts or flow, since it is 
not an out-of-pocket expenditure. The 
discounted-cash-flow method of compar- 
ing alternatives follows this principle. It 
is believed to be superior to other methods 
which do not.!~? The discounted-cash- 
flow method gives a more realistic eco- 
nomic return irrespective of the time 
pattern of the earnings or the timing of 
investments. The differences between 
dollars today and dollars in the future are 
recognized. 
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In the discounted-cash-flow method, the 
return rate is found that discounts the 
cash flow or receipts of the proposed alter- 
native design to zero, counting all invest- 
ments as negative receipts. This is 
equivalent to saying that the present 
worth of all the cash receipts is equal to 
the present worth of all the investments, 
The present worth of a sum of money at 
the end of year 7 is the sum divided by 
the factor s,. The present worth of a 
series of m equal sums at the end of each 
year is found by dividing the sum by dp. 
By multiplying the present value of a 
sum by a, the uniform equivalent annual 
sums at the end of each of m years are 
found. For an explanation of any sym- 
bols not explained in the text, reference 
should be made to the nomenclature. In 
it, also, some of the financial mathematics 
necessary to deal with present and future 
stums of money are given. A disadvan- 
tage of the discounted-cash-flow method 
is that its solution requires cut-and-try 
methods. In order to obtain the ad- 
vantages of the discounted-cash-flow 
method, but to avoid the complexity of its 
cut-and-try solution, a simplified tech- 
nique has been developed. — 


JUSTIFIABLE INVESTMENT 


This technique uses the following equa- 
tion, the development of which is given in 
Appendix I. 


I=E/R he | (1) 


This is not Ohm’s law. But it is some- 
what analogous. It might be termed a 
financial Ohm’s law. The investment, J, 
that can be justified is proportional to 
E, gross earnings; that is, the earnings 
before deduction of income taxes, de- 
preciation, maintenance, state taxes, or 
any other expense that is proportional to 
investment. Similarly, J is inversely pro- 
portional to R. R might be termed 
an investment charge factor. It differs 
from a fixed charge factor in that it in- 
cludes the required rate of return before 
income taxes. 
The value of R in equation 1 is 


r dn—Int 
R= 
i ak (2) 
a Se ag 3 
1-t (3) 


If, in equation 1, J and E are known, R 
may be determined. In the following 
equation, this value is substituted into 
equation 8. From which 


On=(R—e)(1—t)+jnt (4) 


By reference to tables, such as Table I, the 
return rate r may be found, if a, is known. 
It also may be found by trial and error. 
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Fig. 1 (left). 

Values of R for 

e=0.05, t= 

08 WY AT t + re | 0.52, ja=1/n 
¥ ‘NX I 4 r=0.30 
i 3 r= 0.25 a 

a Bf r=0.20 

Ee Fig. 2 (right). 

Values of 1/R 

3 b= 0.10 for e=0.05, t= 

0.52, jn=1 /n, 

| investment justi- 

| | fied per dollar 

. : = oo oe eer" Ze of gross earnings, 


N—-ECONOMIC LIFE 


In the use of equation 1, it is intended 
that the minimum acceptable return rate 
r be first determined. Knowing this and 
the other factors in equation 2, R can be 

calculated. After E is determined, J, the 
maximum justifiable investment, can be 
calculated. 

Values of R have been calculated for 
various return rates and plotted against 
n, economic life, for a typical case when 
e=0.05, #=0.52, and j,=1/n. These 
curves are shown in Fig. 1. Similarly, 
the inverse of this, values of 1/R are 
plotted against , as shown in Fig. 2. 
This gives directly the investment justi- 
fied per dollar of gross earnings, E, by 
letting E equal $1 in equation 1 or 


I=1/R (5) 


A very important consideration in any 
economic analysis is what is an adequate 
return rate. This is often determined by 
company policy. In the absence of such 
a policy, a reasonable approach is to com- 
pare the risk of the proposed incremental 


Table I. 


E 


investment with the company average re- 
turn on net assets and with that of the 
plant or project, if known, weighing the 
relative (1) time pattern of earnings, (2) 
anticipated duration of earnings, and (3) 
certainty that the earnings will occur. 
The per cent return on net assets of 
leading manufacturing corporations in 
1955 varied between 5.5 and 29.1, the 
average being about 15. Generally 
speaking, return rates may be expected to 
be between 0.10 and 0.30 for most new 
construction in industrial plants. 
Earnings that start immediately at a 
high level, continue for a long period, and 
are certain to occur without question, are 
typical of a lower-risk investment. On 
the other hand, earnings that are 
estimated to begin some time in the future, 
may not continue thereafter through the 
economic life of the investment, and which 
are less certain to occur, are of the higher- 
risk type. The lower-risk investment 
might reasonably have a somewhat lower 
return rate than the average, whereas, the 


Values of an Where an= 


t 
"Tay —4 
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higher-risk investment might have one a 
little higher to much higher than average. 

To be specific, taking the average re- 
turn rate of 0.15, the lower-risk invest- : 
ments might be in the 0.10—-0.15 range, 
the medium-risk investment between 
0.15-0.20, and the higher-risk investments 
in the 0.20-0.25 range. These values 
should be adjusted to the particular case 
under consideration. 


Analysis of Power-System 
Reliability 


The reliability of an industrial power 
system depends primarily on: 
1. The quality of the supply and the 
supply system. 
2. The quality of the system elements. 


38. The circuit arrangement of the plant 
system. 


4. The quality of the relay protective 
system. ; 


Consideration should be given to each of 
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Table Il. Typical Probable Equipment Failure 
Rates 

Probable 

Annual 
Failure 
Equipment Rate* 
Cable { 2,400-volt and up, per mile....... 0.133 
600-volt and below, per mile... .0.072 
ECablevjointstiy cgacoe snectoe atten acest Ae 0.005 
@ircuitbreakerse s. acooeiee aro ebrn ei Gate 0.010 
PL ATIStOLMCES estore cle eee tere eee Tee 0.003 
Transformer with primary switch.......... 0.004 
Are CRMOLOLS emis kee sot cre int a= eesciceere ees 0.067 


* Wherever available, actual service experience 
should preferably be used. Actual failure rates 
will vary widely, depending on quality of equip- 
ment, installation, maintenance, and on service 
conditions. 


the foregoing points in determining the 
reliability requirements. 


PROBABILITY 


Based on service records of each type 
of equipment, the probability of failure of 
each may be found. Table II gives 
typical probable annual failure rates of 
equipment. These values may vary 

' widely, depending on the quality of equip- 
ment and on installation conditions. 
Wherever available, actual service records 
should preferably be used. 

In Table III the estimated forced out- 
age times, or the electrical downtimes 
after equipment failure are given. Much 
has been written on the use of probability, 
but little is available in the industrial 
field.4~§ By using probability methods, 
the relative reliability of different circuit 
or equipment arrangements may be deter- 
mined. 

A set of events is said to be independent 
if the occurrence of any one of them is not 
influenced by the occurrence of the others. 
The probability of failure of one kind of 
equipment is independent of that of an- 
other kind of equipment. Failure rates 
are generally expressed in terms of failures 
per year per unit of equipment. Whether 
or not a piece of equipment is in service 
has very little effect on the probability of 
failure. Although failures are not likely 
to occur when the equipment is out of 
service, incipient failure may develop 
during this period. It is assumed here 
that equipment failures are independent 
events, although there is some doubt on 
this point.4 Using the principles given in 
Appendix II, the probability of forced 
outage, defined as the average number of 
unplanned out-of-service hours per year 
divided by 8,760, for any combination of 
elements or circuit arrangement may be 
found. 

Generally speaking, a power outage 
may cause a loss in three ways. One is 
proportional to the number of outages, 
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excluding, in many cases, the outages of 
shorter duration since these may not cause 
aloss. Those of longer duration may be 
divided according to duration, each hav- 
ing different values for resulting losses. 
Such outages may cause damage to plant 
facilities or may spoil the quality of prod- 
ucts being manufactured. 

A second kind of power outage loss is 
proportional to outage duration. It 
causes lost production. The value of lost 
production is real, except when the pro- 
duction requirements can be made up 
after service is restored. The third kind 
of power outage loss depends on plant 
startup time after service is restored. 
This loss is proportional to the number 
of outages and the plant start-up time. 

Thus, the probable gross loss, E, which 
the plant sustains per year because of 
electrical failures is 


E=fLs+8,760qLp+fLoTls (6) 
where 


f=probable annual failure rate having 
outage time long enough to cause 
fixed loss 

Ly=fixed loss per failure, f 

L,=production loss per hour of plant 
downtime 

T;=time required to start up plant 

q=probability of being on forced outage 


Take a simple example. If there are 
two elements of a system in series supply- 
ing a load, the failure of either will cause 
a forced outage. Assume that one is ex- 
pected to fail once in 10 years and that 
48 hours are required to effect repairs and 
to restore service. 
is expected to fail twice in 10 years and 
that 2 hours are required to effect repairs 


Assume that the other © 


Table Ill. Estimated Typical Electrical Down- 
time After Equipment Failure 


Hours 
Equipment Downtime* 
Cable failure, spare length on hand...... 28 
Cable failure, run too long for spare 
length 2. cessor) a= ae eee 41 
2,400-volt and 
7 below: .7: osoches 10 
Cable termination { 6. bogole aaiien 14 
26,400-volt...... 35+ 
Circuit breaker: aenera ete mer ie eee 4-8 
TransfOrmietias costs oropcvuays sors shaaae aemee) = 360-720 
0-100 hp (horsepower) replace- 
ment ene eee alte 24 
0-100 bp repaif. ....5... 205-6. 170 
Motor { 100-500 hp replacement........ 48 
100-500 hp repair............. 240-360 
above 500 hp replacement...... 72 
above 500 hp repair............ 400-600 
* Actual hours downtime will vary widely. 


Wherever available actual service records should 
be used. 


and to restore service. The combination 
will sustain three failures in 10 years and 
the service to the load will be interrupted 
for 52 hours in the 10-year period. 

If we let 


fa=1/10=0.10, probable annual failure 
rate of first element 

fo=2/10=0.20, probable annual failure 
tate of second element 


then, 

frote =fa tho (7) 
=0.10+0.20 =0.30 (8) 

Similarly, let 


Sa, Sp=shutdown or forced outage hours 
per failure of first and second 
elements respectively 

Ga, 9o = probable annual shutdown or forced 
outage hours per year divided by 
8,760, that is, the probability of 
being on forced outage 


Table IV. Assumed System Probable Failure Rates (1960-1969) 


System Elements 


Item’ Description Quantity f, Per Unit Total f 
Case 1—Simple Radial System. See Fig. 3 

Ole manne tens WULP PLY. « scysi steerer Reet at et ee ACE eae DUAN Pewter do 3000. = pani atek 3.000 

UREA an 2 orcas SUP DIY 3 s/csva chs atevston-edeehtac oa cts. | ors | 05100 02 ee eee 0.100 
BM 2 i ee en hen MR Ah clin dil cc ope hoaohncunsereeuance 3.100 

Bi iieieieeecue 6 SWite@liy siege) che oe eee eee ee 4c De. eee te ON00L A roe 0.001 

Let leg te Reeder icirenit breakers. er ce eee Lisssrawe tet erie O. 01055 eet cue 0.010 

Dasec arene aes Feedericable.. cin ie satan ote ae V7f2'milesen-seee rs OVLSS sa. eae 0.067 
Total Bisa cei eels ca o Ws wo eel a 4, ca tebitie Racers gfe editstec arose cena 0.078 

CIR: venues Me ee od TANSLOLMer And, Switchiv.scahe ae. ae ee ee :,.J3,.5, ae ee OSOOD aadaw texas 0.004 

Gate ccen geen Secondary circiit Dreaken.«cnmetee eee te re oe ONOIO) a5 nate 0.010 
Tota ©. este, stoi oie 504 Sige ary syed yett a wherane hatecaye Slap atamis: ee i 0o 5 SEMGP ROE ice 7a oe 0.014 
Total sds es5.s jisect ote eve nese dee ct ee ne 0.192 or 3.192 

Case 4—Primary-Selective System. See Fig. 6 

Dies I Poweét-sapply, switchs. @..u.eeehe- aioe, ace 1. Aiea 0.001 

tt se ee Switch transfer... come wcha ist one 1. kes 8 HOR een ote 

ic et Total ansicee nn ccd dase ose darllen Cele saint a, gh ae pe 
Webel spats. « aiapeiags «Abaca.» eid het Seabee: 6) uepageie eces AESs aofRR o, eR oo 0.259 

Case 6—Secondary-Selective System. See Fig. 8. 

CB Gsiinsied 6 RAC CIFCt breaker dois eee te ee ieee 

oF eee Bresk tiauster Sets aCe, wee 1k ie eee 0.192 
Dootaal nc. re.ciayelphevsnsee java) ace sage aicronal ee Pee Coe ras ap Ney ae 0 202 
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Table V. Assumed Outages and Losses per 
Failure (1960-1969) 


Loss Per 
Element Plant Failure, 
Item S, Hour Ts, Hour M$, Le 
Case 1—Simple Radial System. See Fig. 3 
Sigeoorescn O50 Leet. One a0 
BO sete en PT at See 20... aD) 
Vedas ortye 8 ie eee WE 5 hE ee C1 OR ene eae 5 
|: SosgeEaere LS al clanate fis Caen dic DU See fern vee 5 
LS eecrieas (is ee 20.. ee) 
Geo ociae 500 ee 2 a eT 20.. 2o8 
SSSI ee et ene ZOR rec iele 5 
Case 4—Primary—Selective System. See Fig. 6 
Delores iscsi sic Lovee ee ee AO se aeons ae 5 
Rice ahic.ns EO Sp evreaeete 0. eae ee 0 
Biiarctsire gisialicke GUO ames 8 aise a QO ee iea aa etre < 5 
Ba sass ee shes Sites» FES. 7A) es tee i at a 5 
Case 6—Secondary-Selective System. See Fig. 8 
Gs 5 Feiehe Bice mn gee gare oten ns ae 20 ie tien 6 5 
OWE Sees O,000-F. 200.5. Oe 0 
Now, 
qa =faSa=0.10X48/8,760 (9) 
9 =fpSp = 0.20 X2/8,760 (10) 
Hence, 
total = (4.8+-0.4)/8,760 =5.2/8.760 (11) 
=0.000594 (12) 


Tf alternate supplies or circuits are 
available to a load, the failure rate will be 
greater because of the added complexity, 
but the probability of being on forced 
outage will usually be reduced because of 
the reduction in time required to restore 
service. In Appendix II, it is seen that 
squared g terms, or products of qg terms, 
are generally negligible. In what follows, 
it is assumed that such terms are negligi- 
ble. 


Typical Case Study 


Using the principles just described, the 
general equations of power system reli- 
ability for six simplified but typical sys- 
tems are developed in Appendix III. For 
each of the six, reliability is expressed in 
terms of (1) the probable number of 
failures per year, and (2) the fraction of 
the year that the system is likely to be 
on forced outage, that is, the probability 
of forced outage. 


EXAMPLE 


To illustrate the application of the 
general equations developed in Appendix 
III, a simple example is worked out. 
In Table IV, typical failure rates are 
assigned to the elements of systems shown 
in Figs. 3, 6 and 8, and the probable total 
system failure rates are calculated. 

Table V lists (1) assumed outages re- 
sulting from eqttipment failures, both to 
repair the failure and restore electrical 
service, and to restart the plant; and (2) 
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Table VI. Assumed Plant Hourly Production 


Loss 
Hourly Loss, 
Years M$, Lp 
PI GOTO G Lames tremens at seat: icCiesas Me mea ere 1.0 
OG SLOG Oreos eis: Sickie cr eee se revo, 1.3 


the fixed loss per failure. Table VI gives 
values assumed for plant hourly produc- 
tion loss during forced power system out- 
ages plus plant startup time after a failure. 
It was assumed that plant production 
losses increase after the first 5 years. This 
may arise because of an expected increase 
in unit value of product or in production. 

Table VII gives probable annual power 
system forced outage time because of 
failures of equipment, and the yearly 
plant fixed and start-up losses. Table 
VIII summarizes the total annual losses 
that result from system outages. These 
losses are made up of three elements: (1) 
plant production losses, (2) fixed plant 
losses, and (3) plant startup losses. 

The equivalent uniform annual value, 
or levelized value of the gross earnings 
(or losses in these cases), E, may be found 
by the equation 


n=n 


E=G,)>, En/sn 


n=1 


(13) 


In this equation it is assumed that the 
investment is made at the beginning of 
1959 one year before the plant begins 
production. The system gross losses, as 
given in Table VIII, may be levelized as 
indicated in equation 13, where n, the 
economic life of the investment is 11 
years, the plant being in production for 
10 years. However, because the losses 
are relatively uniform, it is simpler to 
levelize them as shown in Appendix IV. 

Next, in Appendix IV, the different 
gross earnings of the three power systems 
are calculated. The investment charge 
factor, R, of equation 2 is then calculated. 
It was found to be 0.423 for the values 
assumed. Lastly, in Appendix IV, the 
amounts that can be justified to improve 


Table VIII. 


Table VII. Probable Annual Forced Outage 
Times and Plant Fixed and Start-Up Losses 
(1960-1969) 


Yearly Loss M$ 


£S Fixed 
(8,760 q) £L¢ 


Start-Up 
fTsLp 


Item 


Case 1—Simple Radial System. See Fig. 3 


(Feng heceed ic ONO8 Sree Lee: Siar eater Occ 0.20 
Chee eee (CS NA Ops Re wiecae 0 
Potala sncemen OnO8 o terusce ces Onan eee er 0.2 


power-system reliability in this typical 
example are calculated. In an actual 
system study, the number of system ele- 
ments will usually increase and actual 
values may be much different from those 
assumed in the example. 


Conclusions 


Equation 1 may be used to determine 
the incremental investment that is justi- 
fied when it produces gross earnings E. 
Through the use of probability principles, 
the probability of power system failures 
and forced outages may be calculated. 
General equations for power systems 
reliability are given in Appendix III. 
The value of plant losses resulting from 
forced outages may be calculated using 
the principles of these general equations, 
assigning suitable values of equipment 
failure rates, forced outage time per 
failure, fixed plant loss per failure, and 
production loss per hour of forced outage 
and per hour of plant start-up time. 

With this information, equation 1 may 
be used to determine how much increased 


Summary of Annual Plant Losses from Forced Outages 


Yearly Shutdown Losses, M$ 


Electrical : 

ilure, Fixed, Start-Up Total 

System Year 8,760 g=fSLp fl¢ £TsLp (-—E) 

: 1960-1964........ orart tea Oo7K SAE gi oho ne 14.35 

pimple ridial Case Peso sca iineecionaele oo 193008. 2a Grorscet, oie irate eee 18.35 

' 1960-1964........ Sister ek @. 075% ea bite re ees» 2.69 

PCIE y BelEG UV ESSEC Ste oni | ipsgensed 2 Ee ae AT aeaiaen OY S05 anon 3.47 

Secondary selective, Case 6....--.-{ 1995 1960...... O10,.0,,.,.0/400....12.0026...2 2) 0078 
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Fig. 3. Case 1—Simple radial system 
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Fig. 6. Case 4—Primary-selective system with independ- 
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investment is justified to improve power- 
system reliability. The technique de- 
scribed in this paper enables the question 
to be answered: Is the extra investment 
required for a secondary-selective system 
over a radial system justified, or is the use 
of a higher quality system element justi- 
fied? 


Appendix I. Derivation of 
Equation for Justifiable 
Investment 


Annual net income is found by deducting 
from the gross revenues all operating 
expenses, depreciation, maintenance, state 
taxes, instirance, and income taxes. Thus, 
net income is 


N=(G-—X —el —jnI)(1—-2) (14) 


Since cash flow is defined as net income 
plus depreciation 


C=N+D 
=(G-X 


(15) 
—el —jnl)(1—t)+jnI (16) 


But C is an annual series of sums which 
will give a return rate on the investment 
I plus an amount compounded at rate r 
for m years, the economic life of the project, 
sufficient to recover the investment. Hence: 


the capital recovery factor. Substituting 
C=danl into equation 16, and solving for 
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I, there results then the following equation: 


I=E/R (18) 
where: 
Qn—Int 
ee 19 
ay +e (19) 
E=G-—X (20) 


Appendix Il. Probability 


Principles 


For a set of, say, two elements in series, 
the failure of either one of which will take 
the series out of service, the probability 
that both will remain in service, or will not 
fail, is p=pife; where pi=(1—m), po= 
(l—q.), and qge is the probability of 
forced outage, that is, gn=fnSn/8,760. 
In this, f is the probable annual failure rate, 
Sy is the average number of hours the 
element, circuit, or plant is out of service 
because of the failure. Thus, the proba- 
bility of a forced outage of either of the 
elements is 


q=1—pips, or g=1—(1—gi)(1—qz) 
=(g1+92) +9192 
When q and g2 are less than 0.01, the 
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Case 6—Secondary-selective system with 
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error in dropping the term gige is less than 
one per cent. Since this applies to most 
probabilities of circuit or equipment ele- 
ment forced outage, it is generally suffi- 
ciently accurate to combine probabilities 
of forced outage by adding the forced 
outage rates, and to neglect the terms 
involving products. 

For two elements that are in parallel, 
whose forced outage probability are gq: and 
q2 respectively, the probability that both 
will be out of service simultaneously is 
@%@. The probability that both will be in 
service is p=(1—q)(l1—q@) or p=1— 
(a+g2)+qg2. The probabilities of all 
possible operating conditions of two ele- 
ments is given by (fi+q:) (f2+@2)= 
Piftpigtpatag=1. In this, the 
probability of being in service with both 
elements is pip2. The probability of being 
out of service with both elements is gigo. 
The probability of being in service with only 
one element is pige+poq. 

The events, element Z in service and 
element 2 out of service, and the event, 
element 1 out of service with element 2 
in service, are known as mutually exclusive 
events. When events are mutually exclu- 
sive, they cannot occur simultaneously and 
the occurrence of one prevents ‘the other. 


_ The probability of the occurrence of either 


one of the two mutually exclusive events is 


equal to the sum of the probabilities of the 
single events. 
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Appendix Ill. General Equations 
for Power System Reliability 


In the following refer to Figs. 3-8. These 
cover six simplified typical power systems. 
In _the following equations, the postsub- 
scripts a, b, c, refer to system elements, 
and 1, p, s, to type of system, Presubscripts 
refer to the case under study. Symbols 
used in reference to alternate supplies or 
circuit elements are primed. Symbols 
referring to normal supplies or circuit 
elements are unprimed. 

Referring to Fig. 3, a simple radial system 
(Case 1) is considered. The probability 
of annual system failures resulting in 
forced outages is 


fr =fatho the (21) 


The probability of the system being on a 
forced outage is 


(22) 


Similarly, for Case 2, a radial system 
with selective independent supplies, as 
shown in Fig. 4, the probability of failures 
and of forced outages is respectively 


197 =JatG+e 


afr =r thsu' +fa'da (23) 
29r = Ja? +Got+etfsw’ (Ssw’/8,760)+ 

ta ( Stransfer/8,760) (24) 
= Gotde+ sw’ + Gtranster (25) 


For Case 3, a primary-selective system 
with a single supply source, as shown in 
Fig. 5, the corresponding equations are 


afp=ifr+fsw’+(fo’ (gat) (26) 


39p = Jat G?+ Get sw’ +fo (Stransfer/8,760) 
(27) 


=datGe+ sw’ + transter (28) 


For Case 4, a primary-selective system 
with independent supplies, shown in Fig. 6: 


hp = fr thew! + fa’ tho’ Gat W) (29) 
4Ip =(datG)?+ Get sw’ + transfer (30) 
= e+Qsw’ + Qtranster (31) 


In Case 5, a secondary-selective system 
with a single supply, shown in Fig. 7: 


sfs = frtforrt+(fo’ +e )ar) 


59s =Jat+(Got9e)*®+4o%r + 
(fotse)(Soxr/8,760) (33) 


(34) 


(32) 


= dat Qokr + Qtransfer 


Finally, in Case 6, a secondary-selective 
system with independent supplies shown 
in Fig. 8, the corresponding equations are 


fs =ifrtSorr thr’ (agr) (35) 
67s = 19r? + Qoxr +ifr (Stranster/8,760) (36) 
= Qonr + Qtransfer (37) 


Discussion 


B. E. Crawford (Esso Standard Oil Com- 
pany, Baton Rouge, La.): Mr. Dickin- 
son’s paper is an excellent comprehensive 
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Appendix IV. Computation of 
Levelized Annual Losses, 
Differential System Earnings, 
Investment Charge Factor 
and Justifiable Investment 


Levelized Annual Losses 


For Case 1—Radial system. See Fig. 3 
and Table VIII. 


(18.35 —14.35)(au) 


—f,— =14.35+ 
556 
14.35 
ay (38) 
S1 
4,00 14.35 
=14.35 eo 
i Gs 2.986) 3) zx 


(0.2311) (39) 
(40) 


For Case 4—Primary-selective system. 
See Fig. 6 and Table VIII. 


=M$ 12.51 


0.78 2.69 

—E, =26 et OU ee, 
5; Et (sana a) (0.2311) 
(41) 
=M$ 2.35 es 


For Case 6—Secondary-selective system. 
See Figure 8 and Table VIII. 


~B.=008+ (rr 2) (0.2311) 
(43) 
=M$ 0.567 (44) 
Differential System Earnings 
(Negative Losses) 
For Case 4 over Case 1 
A-1=Ei—E, (45) 
=M$(—2.35+12.51) (46) 
=M$ 10.16 (47) 
Similarly for Case 6 over Case 1 
Eo-1= M$ ( —0.567+-12.51) (48) 
=M$ 11.94 (49) 
And for Case 6 over Case 4 
Eo-1=M$ (—0.567 +2.35) (50) 
=M$ 1.78 (51) 
Calculation of the Investment 
Charge Factor 
The value of R in equation 2 is 
(é dn—Jjni 
R= rete (52) 


The following values are assumed as 
typical for the plant investment, 


0 


approach to the problem facing the elec- 
trical engineer today in deciding to what 
extent money should be spent to provide 
additional increments of reliability to a 
particular load. At Esso’s Baton Rouge 
Refinery similar economic evaluations have 


fe — 10) 

t= 0352 

e = 0.050 (53) 
n =11 

- iL 

In= page vet 


Substituting these values, there results 


0:20 inl 
1.2041 
=0.031 (55) 
0.20 2 

Ret Oe ee Tea ae 
(56) 
=0.417-+0.050—0.044 (57) 
=0.423 (58) 


Computation of Justifiable Investment 


The incremental investment justified to 
obtain increased power system reliability 
is, from equation 1, for Case 4 over Case 1, 


Ii-1 = Ex-1/R (59) 
= M$ 10.16/0.423 (60) 
= M$ 24.0 (61) 
For Case 6 over Case 1, 
Ig-1 = M$ 11.94/0.423 (62) 
= M$ 28.2 (63) 
For Case 6 over Case 4, 
Ig—4= M$ 1.78/0.423 (64) 
= M$ 4.20 (65) 
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been performed for some time. This paper 
provides briefly most of the considerations 
necessary to fully evaluate not only the 
factual data but the proper assumptions 
and estimates to arrive ata practical solu- 
tion as to the worth of the electric system 
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to the particular industry. With the high 
cost of downtime in many industries, 
information such as this will show many 
engineers that a more modern, reliable 
electric system is often justified. 

Although this paper deals primarily with 
the reliability of the electric system, it 
gives no consideration to maintenance. 
The quality of the system is very dependent 
on maintenance, and the degree of main- 
tenance is usually closely associated with 
the system design. With large systems in 
continuous operation, maintenance con- 
siderations may be a major concern in 
system design. Therefore, in determining 
system design through economic evaluation, 
consideration must also be given to how 
maintenance will be performed. For 
instance, one of the economic benefits 
derived from a secondary selective-type 
substation is the ease of performing certain 
types of maintenance with no loss in pro- 
duction. 

The author points out the idea of inde- 
pendent events as associated with proba- 
bility. The experience at the Baton Rouge 
Refinery indicates there is much doubt 
that the type of equipment failures under 
consideration here are always independent 
events. However, such dependent failures 
are usually due to unknown or unpredict- 
able factors, and it is not practicable to 
consider such failures. We normally de- 
sign on the basis that we will not have two 
emergency conditions to occur during the 
same period of time on the same system. 

One of the most difficult items to derive 
for use in economic evaluation is probable 
equipment failures. As stated in the paper, 
actual records of such failures are the best 
source of information. However, we have 
found that constant changes to new and 
better equipment in new construction does 
not provide long time records suitable for 
accurately determining this information. 
We have also felt that this one factor has 
caused us to put less emphasis on actual 
failure rate. It would be interesting to 
know the source of the failure rates given 
in Table IT. 

We feel that the method outlined here 
is the most acceptable method we know of 
in helping to evaluate investments. In 
addition to this method, however, we feel 
past experiences and good judgment defi- 
nitely should be used in the final analysis 
as to how much additional money should be 
expended for improved reliability. 


D. S. Brereton (General Electric Company, 
Schenectady, N. Y.): This paper contains 
one of the most complete presentations of 
the economic evaluation of the modern 
industrial system. One of its principal 
attributes is that it draws attention to the 
fact that such an evaluation is possible. 
The use of the principles of Mr. E. L. 
Grant have been effectively modified for 
the power system field. 

One of the important concepts that 
relate to the final analysis is the material 
given in Table II. It is the user, and not 
the manufacturer, that has the most 
complete information on the performance of 
equipment. It appears that the numbers 
included in this Table are relatively in 
the right proportion with the exception of 
the material dealing with cable joints and 
circuit breakers. I believe it possible that 
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these two numbers are reversed. It would 
further be helpful to note, under the subject 
of transformers, whether liquid-filled or 
dry-type units are concerned. Al- 
though the transformer has the lowest 
failure rate, if the number given applies 
to a liquid-filled transformer, the dry-type 
transformer would probably be in the 
neighborhood of 0.004. 

Mr. Dickinson has done a very capable 
job of effectively grouping together ma- 
terial on this subject. It is hoped that 
the AIEKE Industrial Power Systems Com- 
mittee will further document and expand 
the material given in this paper. 


H. B. Backenstoss (Jackson & More- 
land, Ine., Boston, Mass.): The author 
has undertaken a commendable and difficult 
task in isolating and defining in dollar 
terms the specific item of reliability in an 
industrial electric system. He has made an 
important contribution on an important 
subject. 

Although the application of probability 
to electric system design and the evaluation 
of outage losses are the aim of this paper, 
the section dealing with the technique for 
economic evaluation has the prominence 
of first appearance. The development of 
the formulas for this technique raises some 
questions which bear examination even at 
the expense of neglecting other aspects of 
this worthwhile paper. The following dis- 
cussion is confined entirely to the evaluation 
technique. 

The discounted-cash-flow method used 
by the author and described in several of 
his references is a mathematically rigorous 
method for determining the interest. rate 
of return. Basically it is a statement of 
the identity underlying all money lending 
calculations, namely, that the present worth 
of all future interest payments plus repay- 
ments of principle must exactly equal the 
initial value of the loan. In the discounted- 
cash-flow method of analyzing an invest- 
ment, the earnings on the investment 
(interest) and annual depreciation accruals 
(repayments of principal) are lumped 
together as total cash flow and not indi- 
vidually identified. The interest rate for 
the present worth arithmetic which satisfies 
the identity of these payments with the 
original investment is the rate of return 
earned by that investment. 

A project’s cash flow has the advantage 
of being a definite measurable amount. 
It very usefully by-passes the problem of 
depreciation which has caused endless 
confusion as to which should be used, ice., 
tax-allowable, straight line, or sinking fund. 
It can be correctly determined by two 
different computations, either by steps 
typical of those used by a company in 
computing its Federal Income tax obliga- 
tion, or by steps typical of those it uses 
in preparing its income statement for stock- 
holders. Due to the possibility open to a 
company to use accelerated depreciation 
in determining its taxable income and 
normal depreciation in determining its 
reported income, the two methods are not 
identical, although they both show exactly 
the same cash flow, ie., net income plus 
depreciation. 

The author has used the “tax form” 
approach in developing expressions for R 
in the text and in Appendix I. This con- 
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ceals the tax credit which the difference 
between tax allowable depreciation and 
economic depréciation (sinking fund) pro- 
vides. The importance of this difference 
is increased where a company uses SYD 
(sum-of-years digits) or other similar 
accelerated methods for tax purposes. 

The expressions for R may readily be 
transposed to a form which reveals the tax 
credit, as follows: 


R= (12) +e (66) 
man tmp (Onin) te (68) 
artdvteta (eal ea 


This expression. separates return r from the 
other components of total carrying charge 
on investment and also identifies income 
tax as a separate item in terms of the tax 
rate #, the return r and a credit related 
to the difference between tax-allowable 
depreciation and economic depreciation. 
Expense e and depreciation d, are the same 
as in the author’s equation 2. These expres- 
sions would all be somewhat different for 
a company which had substantial debt fi- 
nancing. 

It may appear on the surface that, if 
this formula gives the same result for R 
as the author’s, the distinction between 
the two is of no moment. In fact, however, 
there are subtle overtones of some im- 
portance. 

It is desirable that an economic evalua- 
tion, which aims at measuring the earning 
power of a proposed new investment, adopt 
the methods which the company itself 
uses in measuring its own earning power. 
To use other methods in evaluating a 
project which, after acceptance, becomes an 
increment addition to the company’s 
property is apt to be confusing. This is 
particularly true in the case of management, 
which is almost surely predisposed to think 
in terms of the company’s own methods 
when reviewing proposed capital expendi- 
tures. 

The methods used by a company to 
measure its earning power are the methods 
used in preparing an annual income state- 
ment, for those methods, although not 
standard for all companies and subject to 
discretionary variation within a given 
company, are the ones used to determine 
net income. And net income as it appears 
on a company’s income statement is 
generally regarded as the measure of a 
company’s profitability. Net income as 
it appears on a tax statement is commonly 
a much lesser amount. It fails to include 
the depreciation tax credit exemplified in 
the last term of equation 4 above. The 
author’s equation 14 defines net income as 
it appears on a tax statement. In reality, 
it defines ‘‘taxable income less taxes,” a 
quite different figure from net income. 

By taking the ‘income statement’ 
approach in evaluating proposed capital 
investments one avoids falling into the 
error of thinking that income taxes should 
be 52% (the current rate) of income before 
taxes. The 1956 annual report of Standard 
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Oil Company of New Jersey furnishes an 
example: 


Net income before 

LOSES TST ohio wa $1, 238,500,000. .100.0% 
Provision for income 

BARES eens at, suclens ca. 430,000,000.. 34.7% 
WNiet imGomes.. 6.13 het $ 808,500,000... 65.3% 


From equation 14 one might expect income 
taxes to be 52% of net income before taxes, 
rather than only 34.7%. Accelerated tax- 
allowable depreciation is almost surely 
the primary cause of the great reduction in 
the tax that is evident here. 

One also avoids another pitfall, a second 
facet of the same problem, It is the pitfall 
of interpreting the ratio of taxable income 
less taxes divided by investment as the rate 
of return 7. Referring again to Standard 
Oil Company’s income statement: 


Provision for income taxes. .$430,000,000.. 52% 
Corresponding taxable in- 
come (computed as 


$430,000,000/0.52)........ 827,000,000 100% 
BON OG 1 COME 6 5 s,<. sgee «sys 02 $397,000,000 48% 
(Actually taxable income’ 

less taxes) 

Actual net income.......... $808,500, 000 


The tax credit provided by accelerated 
depreciation adds directly to net income 
and is a significant amount. It would be 
quite incorrect to use the much smaller 
item of taxable income less taxes as a gauge 
of profitability. 

By separating cash flow a, into its com- 
ponents, return vy and depreciation dy, 
in equation 69, one can also see that a plan 
of low cash flow, but low depreciation due 
to long life, may provide a higher return 
and hence be more attractive than a plan 
of higher cash flow having a high deprecia- 
tion. This clarifies the author’s statement 
about cash flow. It is not the flow itself 
but the interest rate of return it provides 
which determines the economic choice of 
plans, and that is what he means. 

In this connection, it is well to bear in 
mind that the rates of return between 5.5 
and 29.1% reported by the author are not 
representative values to use for new invest- 
ments. They are too high, having been 
inflated by past price rise. They are 
the earnings rates at current price levels 

on investments committed at lower price 
levels. The amount of increase in earnings 
tate caused by this effect may be difficult 
to determine. It would appear, however, 
that 15%, the author’s suggested average 
tate of return, is appreciably higher than 
the rate at which past investments were 
made and were believed attractive. 

Another factor inherent in the develop- 
ment of the formulas in this paper will 
probably be evident to most of those who 
make economic comparisons. By treating 
only the differential investment and differen- 
tial annual costs, the formulas presuppose 
that ‘the carrying charge rate for the incre- 
ment is the same as the carrying charge 
rate for the base investments. Although 
this is probably the case in most electric 
design alternatives it need not invariably 
be so. One plan may have a longer life 
or different degree of risk and its total 
carrying charge rate will differ from that 

‘of a second plan. In this event the two 
plans cannot accurately be compared by 
the formulas developed here. Where the 
carrying charge rate varies for any reason 
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it becomes necessary to calculate annual 
charges for each plan on either a year-by- 
year or a levelized basis and obtain differ- 
ences in cost by direct subtraction. 

The author is to be congratulated for 
his interest and his efforts in placing the 
economic evaluation of reliability in an 
electric system on a sound mathematical 
basis, instead of a basis of personal pref- 
erences and guesswork which have often 
heretofore been the principal guiding 
influences. 


W. H. Dickinson: The author wishes to 
express his appreciation to Mr. Crawford, 
Mr. Brereton, and Mr. Backenstoss for 
their discussions. The point raised by 
Mr. Crawford regarding the importance 
of maintenance is a good one. Contrary 
to his impression, the equation J=E/R, 
developed in the paper, does take main- 
tenance into account. In addition to 
normal maintenance, even losses resulting 
from plant downtime which are required 
to make additions to the electric system, 
may be accounted for. The value of £, 
the gross earnings, equals gross reventies 
less variable expenses X. Thus X covers 
variable maintenance expenses as well as 
other variable expenses. The investment 
charge factor R includes the expense rate 
e, which covers fixed expenses, including 
fixed maintenance. Of course, if the values 
of variable maintenance are not uniform 
during the life of the project, they must 
be levelized as described in the paper. 
Essentially, this consists of finding the 
uniform annual amounts over the life of 
the project having a present worth equal 
to the present worths of the variable 
maintenance costs. 

Mr. Crawford also questioned whether 
the probability of forced outages resulting 
from system component failure should be 
regarded as independent events. After 
wrestling with this problem for some time, 
the author concluded that it was more 
appropriate to treat forced outages as 
independent events. This is the method 
used recently! in calculating forced. outage 
rates on wnit-type installation of boiler 
and turbine generators. In a discussion 
of their paper (see reference 4 of the paper) 
Mr. Neagle and Mr. Nelson stated that 
they now regarded these events as mutually 
exclusive, whereas in a previous paper 
they had treated them being independent 
events. The author believes that forced 
outages are not truly mutually exclusive 
in that the occurrence of one forced outage 
does not prevent the occurrence of a simul- 
taneous failure. 

From a practical point of view, the forced 
outages rates of electric equipment in 
industrial power systems are usually low. 
The forced outage rates of most simple 
radial systems will usually be less than one 
per cent. Hence, it will make no signifi- 
cant difference in final results whether 
forced outage rates or failure rates are 
treated mathematically as independent 
events, or as mutually exclusive events. 
For example, let forced outage rates of one 
per cent be assigned to two items connected 
in series. If the probability of failures are 
regarded as mutually exclusive events, the 
combined forced outage rate will be found 
accurately by addition of the forced outage 
rates, that is, 0.01+0.01=0.02, or 2%. 
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If, instead, the events are regarded as 
independent, the probability of being in 
service is found by multiplying in service 
probabilities, that is, (1—0.01)(1—0.01) = 
1—2(0.01)+ (0.01) (0.01) = 1 =0.02+ 0.001. 
The probability of being on forced outage 
is found by subtracting this term from one, 
giving the result 0.02—0.0001. Dividing 
the difference, 0.0001 by 0.02 shows that 
there is only 0.5% difference in the two 
results. This is well within the accuracy 
of the forced outage rates themselves. 

As Mr. Crawford points out, economic 
evaluation is not the only consideration 
in determining power system reliability 
requirements. There are always intangibles 
which cannot be evaluated. But past 
experience should not be one of them, 
because it should be possible to measure 
past experience, that is, system failures 
and their effects on plant earnings, in 
dollars and cents. If this is done, pre- 
conceived notions of what can be justified 
will be avoided. 

Mr. Brereton and Mr. Crawford have 
both commented on Table II, “Typical 
Probable Equipment Failure Rates.’’ The 
sources of these data are (1) published 
reports of the Edison Electric Institute and 
given in reference 4 of the paper, (2) 
AKIC (Association of Edison Illuminating 
Companies) Report of Committee on 
Power Distribution 1954-1955, covering 
cable operation for the period 1943-1953, 
and (3) scattered and incomplete informa- 
tion from various other sources. None of 
these sources included information on 
circuit breaker failure rates. These were 
estimated. However, as a check, the 
Edison Electric Institute gives a failure 
rate of network protectors to close as 0.0292. 
Failure of a network protector to close is 
considered more likely than the failure of 
a circuit breaker. Hence, a circuit breaker 
failure rate of 0.01 was selected. As to 
cable joints, failure rates of 0.005 and 
0.00159 were reported by the EEI and the 
AKEIC reports respectively. Similarly, 
failure rates for cable per mile per year 
are given as 0.068 and 0.072 by the EEI 
and AKIC reports respectively. In each 
case, the reported figures were arbitrarily 
increased to those quoted in Table II, to 
allow for industrial conditions, which were 
thought to be more severe than the utility 
experience on which the EEI and AEIC 
reports were based. Transformer failure 
rates were based on the EEI report in 
which the figure 0.00274 was quoted. These 
are undoubtedly liquid filled transformers. 
In Table II this figure was rounded out 
to 0.003, for a transformer only and to 
0.004 for a transformer with a switch. 
The author has no information on dry-type 
transformers, but Mr. Brereton’s suggested 
failure rate of 0.004 appears reasonable. 

It is unfortunate that there is so little 
information available from industrial 
sources. With some digging no doubt some 
information could be found in the records 
of maintenance departments. Over-all 
forced outages of plants should also be 
available from the record of plant operating 
personnel, which could be used to check 
results, The author concurs wholeheartedly 
with Mr. Brereton’s suggestion that the 
AIEE Industrial Power Systems Com- 
mittee further document and expand the 
material given on the paper. A practical 
way of doing this might be the preparation 
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of a questionnaire similar to the form 
prepared on forced outage rates on steam 
turbines and boilers.* 

Mr. Backenstoss has confined his discus- 
sion to the economic aspects of the paper. 
He agrees that the discounted-cash-flow 
method is a mathematically rigorous method 
for determining the interest rate of return. 

Regarding depreciation, far from by- 
passing, as Mr. Backenstoss indicates, the 
problem of depreciation, the paper attempts 
to meet this problem head-on. It provides 
for the use of sinking-fund depreciation 
for the economic analysis after computing 
income taxes, using for tax purposes the 
type of depreciation actually used by the 
company in question, and permitted by the 
income tax authorities. It is sometimes 
the case that a company uses still a third 
type of depreciation for financial accounting 
purposes. For example, it may use ac- 
celerated depreciation, such as sum-of- 
years’ digits or declining balance, for 
income tax purposes, and normal or straight 
line depreciation for financial accounting 
purposes. In such cases, a tax equalization 
reserve or reserve for deferred income 
taxes is often set up. This third type of 
depreciation is of no consequence in an 
economic analysis. The term 
N=(G—X —eI —j,I)(1—-t) (70) 
as given in equation 14 of the paper pre- 
cisely defines the meaning of N. If the 
term, j,J, the depreciation used in comput- 
ing income taxes is also used for financial 
accounting purposes, and if no capital for 
the incremental investment J was derived 
from borrowing, then, and only then, may 
the term N be properly called ‘‘net income 
after taxes.’ In the paper this was as- 
sumed to be the case for the incremental 
investment and hence N was called net 
income. However, this is a loose use of the 
term, which, as used by accountants, 
means the amount earned or available for 
the stockholders after allowing for income 
taxes, interest payments to lenders, and 
book depreciation. Book depreciation may 
differ from that used in computing income 
taxes. There is no accepted term to 
describe N. Perhaps ‘‘taxable income 
less income tax (no borrowed funds)’’ would 
be a better way to refer to N. Similarly, 
equation 15 in the paper precisely defines 
cash flow. It is 


C=N+D (71) 


where WN is as defined above and D is the 
jnl, the income tax depreciation. Neither 
the question of semantics in referring to N, 
nor the treatment of the incremental invest- 
ment on the books of account .should be 
allowed to confuse the issue when making 
an economic analysis. For this, find the 
annual cash flows C over the life of project, 
and from these determine 7 the rate of 
return on the investment, as described in 
the paper. 

Mr. Backenstoss states that cash flow, 
as determined by equation 2, will be the 
same as net income after taxes plus book 
depreciation where book depreciation differs 
from income tax depreciation. This is not 
correct. For example, assume that the 
installed cost of a device is $300, has a 
3-year life, and has gross earnings (before 
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depreciation or income tax) of $200. The 
first year the straight line depreciation is 
$100 and the declining balance depreciation 


is $200. If the income tax rate is 50%, 

the cash flow in the former case is 

C=(200—100)(0.50)+-100 (72) 
=$150 (73) 

and in the latter case is 

C’ =(200 —200)(0.50)+-200 (74) 
=$200 (75) 


Mr. Backenstoss has developed in his 
equation 69 another form for the investment 
charge factor than those shown in the 
paper where the two different forms were 
used: 


an —jnt 


= 76 

R 1 +e (76) 
dn —jni 

R= a, he Se aka ae a (77) 


The form developed by Mr. Backenstoss is 
as follows: 


t 
RoC ear ss [r—(jn—dn)] (78) 


All three of these are algebraic identities. 
It would appear to be a matter of personal 
preference which one is used. The author 
prefers the first form because it is the most 
concise and in the best form for ease in 
computation. It is also meaningful when 
the significance of the terms is understood. 

All three of these forms give exactly the 
same results and therefore give the same 
measure of the earning power or profita- 
bility. The methods described in the paper 
are intended for use in determining the 
incremental investment that can be justi- 
fied. They are not intended for measuring 
the profitability of over-all company 
operations. In any event, it is not net 
income after income taxes but the annual 
cash flows, as defined in equation 2, or 
equation 16 in the paper, over the life of 
the project which should be used in an 
economic analysis to determine the rate of 
return. This is at the very heart of the 
discounted-cash-flow method which Mr. 
Backenstoss agrees is a mathematically 
rigorous method. 

The paper assumes that investment in 
the project is not from borrowed funds, 
that is, that no interest payments are 
involved. This simplifies the economic 
analysis and avoids the necessity of deter- 
mining the percentage of borrowed capital 
and the interest rates being paid thereon. 
Because of the tax credit on interest pay- 
ments, the rate of return is higher when a 
part of the funds are borrowed. A correc- 
tion? can be made to the rate of return, if a 
fraction of the investment is actually de- 
rived from borrowing. In an industrial 
company, it is usually the case that the 
fraction of the investment derived from 
borrowing is lower, and the rate of return on 
investment is higher, than that which pre- 
vails in public-regulated utilities, As a 
consequence, the magnitude of the correc- 
tion for borrowing is usually smaller for an 
industrial than it is for a utility. It may 
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often be neglected without affecting results 
significantly. 

Mr. Backenstoss cites advantages in tak- 
ing the income-statement approach rather 
than the tax-form approach: (1) it gives a 
better measure of a company’s profitability, 
and (2) it avoids thinking that the income 
tax rate should be 52%. ‘It may be true 
that over-all company operations may be 
more truly shown by an income-statement 
approach which differs from a tax-form 
approach. Nevertheless, for an incremental 
economic analysis, the tax-form approach 
gives correct results, becatse it correctly 
measures the cash flows, as defined by equa- 
tion 16 in the paper, from which the rate of 
return on the investment is derived. 

Mr. Backenstoss infers that the paper sug- 
gests the use of 52% as the income-tax rate. 
He believes that this is an error since the 
actual rate is much lower because of ac- 
celerated tax-allowable depreciation. | 

The author believes that the correct tax 
rate to use in an economic analysis is not the 
effective tax rate but the maximum rate 
applicable on incremental pretax earnings. 
According to present income tax rules, this 
rate is 52% for taxable earnings in excess of 


‘$25,000. For the larger industrial com- 


panies, the maximum rate of 52% would 
usually be the one used. Most writers on 
problems involving economic analysis seem 
to agree with this view because they use 50: 
or 52% as a tax rate in the examples they 
cite. Furthermore, in Barrons, August 5, 
1957, figures are given for U.S. corporate 
profits after tax and before tax during the 
past year. These have a ratio of 0.49, or 
an indicated average tax rate of 51%. 

The figure of 15% for an average rate of 
return is questioned by Mr. Backenstoss. 
The rate which was suggested in the paper 
for economic comparisons was not this, but 
a rate determined by company policy, or by 
finding the company average return on their 
net assets, and adjusting this to the risk of 
the proposed investment as compared with 
the average risk. It may also be adjusted 
to allow for increases in prices, as Mr. 
Backenstoss feels is required, although the 
author believes, in view of very substantial 
expansion programs carried out over the past 
few years by many industrial companies, 
at prices close to today’s, that this factor is 
of less importance than Mr. Backenstoss 
seems to indicate. 

As Mr. Backenstoss points out, the com- 
parison of two alternatives using differential 
earnings presupposes that both alternatives 
have the same investment charge factor. 
However, the equation IT=E/R, as de- 
veloped in the paper, can be used to com- 
pare two alternatives having different in- 
vestment charge factors. This is done by 
comparing each with a third alternative 
of no investment. After computing gross 
earnings E for each plan, the justifiable in- 
vestments for each may be found and com- 
pared with each other and with the base 
case of making no investment. 
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Application of a Mechanical Rectifier 


to a Cyclotron 


JACK WARREN 


ASSOCIATE MEMBER AIEE 


HE first mechanical rectifier to be used 

in the field of ‘“‘atom-smashing” has 
been installed and has completed 8 
months of operation. Anticipated high 
reliability and rectification efficiency has 
been realized. To date no major operat- 
ing or maintenance problem has arisen. 

In February 1956, a 3,000-ampere 450- 
volt d-c mechanical rectifier manufactured 
by the I-T-E Circuit Breaker Company 
was placed in service at Columbia Univer- 
sity’s 385 million electron-volt synchrocy- 
clotron at Irvington, N. Y., as the power 
supply for the cyclotron electromagnet. 


Reasons for Using Mechanical 
Rectifier 


In 1953, although the cyclotron had 
been in operation since 1950, it was 
decided to obtain a new magnet power 
supply because of the poor performance 
record of the motor-generator set then in 
use, and because cyclotron revisions were 
being considered which would eventually 
require a power supply of higher rating. 

The motor-generator set consisted of a 
900-horsepower 2,300-volt 3-phase syn- 
chronous motor, and a 600-kw 300-volt 
shunt generator. During its 3 years of 
use, five major breakdowns caused a total 
loss of 13!/. months of cyclotron opera- 

ting time. 

Various manufacturers were invited to 
suggest a new power supply. Proposals 
were received for motor-generator sets, 
ignitrons, a selenium rectifier, and a 
mechanical rectifier. These devices were 
compared on the basis of initial cost 
efficiency, space requirements, cooling 
requirements, and reliability. In regard 
to the last requirement, a reliable device 
meant one that would break down only in- 
frequently and when it did, could be re- 
paired either by the manufacturer or by 
the cyclotron operating staff in a reas- 
onably short time. Investigation in- 
dicated that any of these devices, if well 
designed and constructed, should be reli- 
able. The reliability of the mechanical 
rectifier was particularly investigated 

_ since this was the newest device. Every 
user of an I-T-E mechanical rectifier was 
questioned, and the findings were favor- 
able. In comparing the efficiency of the 
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various devices, consideration was given 
to fractional load efficiency, since at least 
the first few years of operation would be 
at about 40% of the power supply’s rated 
load. On the basis of all the afore- 
mentioned considerations, the decision to 
purchase a mechanical rectifier was made. 


Description of Cyclotron Magnet 


The steel yoke of the magnet weighs 
2,000 tons. It is 33 feet long and 21 feet 
high. The upper and lower coils for the 
magnet are each constructed of six 
spirally wound pancakes of copper bus 
bar. Each pancake is made up of 5,700 
feet of 4-inch-wide by 9/32-inch-thick bus 
bar. The total copper weight of both 
coilsis 150 tons. Each coil is in a 22-foot- 
outside-diameter coil tank which resem- 
bles a doughnut with a square cross 
section. These tanks are primarily liquid 


‘containers for the cooling oil. 


The resistance of the magnet varies 
from 0.120 to 0.147 ohm, depending upon 
its temperature. The inductance varies 
from about 2 henrys to 30 henrys, depend- 
ing upon the current. The total energy 
stored in the magnet at 3,000 amperes 
(fo ™Lidi) is about 20,000,000 joules. 
This high inductance and stored energy 
were factors which weighed heavily in the 
design of the rectifier. If, while the mag- 
net were carrying current, its input should 
open for any reason, dangerous overvolt- 
ages wotild be generated by the magnet. 
Damages to the magnet could be so 
severe that repair time, and hence cyclo- 
tron shutdown time, could be of the order 
of a year. Repair costs in case of severe 
damage could amount to the order of 
several hundred thousand dollars. 


Description of Rectifier Equipment 


Fig. 1 shows the schematic diagram for 
the basic rectifier circuit. | 


OUTDOOR SUBSTATION 


The outdoor substation of the labora- 
tory was expanded to accommodate the 
a-c switchgear and step-voltage regulator; 
see Fig. 2. The a-c switchgear unit is of 
weatherproof construction and contains 
the main a-c circuit breaker, rated at 
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1,200 amperes, 3 phase, 15,000 volts, with 
an interrupting capacity of 500 megavolt- 
amperes. 

Other major components of the outdoor 
switchgear unit are an auxiliary power 
transformer, a battery rack and charger 
and potential and current transformers. 

The battery consists of a bank of nickel- 
cadmium alkaline batteries which supplies 
48 volts d-c for tripping power for the 
main a-c and d-c circuit breakers. The 
batteries were chosen for a reliable source 
of tripping power in case of a failure of 
the one 13.8-kv feeder. An automatic 
charger keeps these batteries charged. 
The potential and current transformers 
are for meters, instruments, and protec- 
tive relay purposes. 

The step-voltage regulator is rated at 
239 kva, 13,800 volts, 3 phase, 60 cycles, 
16% raise and lower. It is essentially a 
3-phase regulating autotransformer of 
the oil-immersed self-cooling type. It 
is provided with taps in a regulat- 
ing (series) winding and a multiposi- 
tion, electrically operated tap-selector 
switch which will give automatically a 
range of voltages in the series winding. 
Thus, voltage regulation from 16% above 
to 16% below line voltage is obtained in 
32 1% steps. , 

It should be noted that for most appli- 
cations of the mechanical rectifier, a step- 
voltage regulator would not be necessary. 
The voltage regulation available from the 
taps on a normal rectifier transformer 
(about 10%) plus the voltage regulation 
available from the normal commutating 
reactors (approximately 50%) is usually 
ample enough. The reason that a step- 
voltage regulator was used in this applica- 
tion is that it was desired for a particular 
rectifier transformer tap to energize the 
cyclotron magnet at a minimum direct 
voltage to keep the rate of rise of magnet 
flux ata minimum. This would minimize 
the eddy currents developed in the copper 
dee structures, which in turn would limit 
undesirable physical stresses due to re- 
action between the flux set up by the eddy 
currents and the main flux of the magnet. 


CYCLOTRON BUILDING 


Fig. 3 shows the layout of the rectifier 
equipment in the cyclotron building. 

The output of the step-voltage regulator 
in the outdoor substation is fed into the 
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Fig. 1. Basic rectifier circuit; schematic 


diagram 


cyclotron building to the rectifier trans- 
former, The transformer is rated at 
1700 kva, 15,900 volts, 3 phase, 60 cycles, 
55-degree-centigrade temperature rise at 
full load, 3.4% impedance. It is Askarel- 
filled and self-cooled. There are five no- 
load taps which permits a total reduction 
of about 11% from maximum voltage. 
The no-load tap changer is controlled by 
an operating handle on the transformer 
tank. It is key interlocked to prevent 
its operation during load conditions. 

The six commutating reactors are 
mounted in the same tank with the trans- 
former winding. There are three control 
windings on these reactors in addition to 
the main load current winding: the break 
pre-excitation, the flux reversal, and the 
overlap. 

The break pre-excitation winding sup- 
plies the reactor core with the current 
necessary to reverse its flux during the 
break step, thereby relieving the load 
winding from this duty and enabling the 
contact to open while it is carrying close 
to zero current. This winding, in con- 
junction with an are suppressor, an R-C 
circuit across the contact, completes the 
flux change in the reactor after the con- 
tact opens so that the contact has time 
to separate sufficiently before it sees the 
inverse voltage. 

The flux reversal winding enables the 


274 


commutating reactor to be used for 
regulating the rectifier output voltage. 
This winding, together with the control 
circuit that feeds it, permits the flux of the 
reactor core to reverse a controllable 
amount before the closing of the contact, 
thereby enabling the time for completion 
of flux reversal after the closing of the 
contact, the make step, to be shortened 
a predictable amount of time. The con- 
trolling of the amount of flux reversal 
prior to a contact closing, and there- 
fore the length of the make step after the 
contact closes, is similar to the use of 
phase-shift control of the firing point of 
grid-controlled mercury-arc rectifiers and 
ignitron rectifiers. The longer the make 
step, or phase shift delay, the less will be 
the output voltage. 

The flux reversal windings, besides 
enabling the commutating reactors to 
regulate voltage over a wide range, enable 
the commutating reactors to control cyclo- 
tron current to a fine degree. For the 
sake of cyclotron beam stability, specifica- 
tions called for the magnet power supply 
to regulate magnet current automatically 
to at least +0.25% of a preset value. 

The major components of the automatic 
current controller are shown in the block 
diagram in Fig. 4. 

The cyclotron magnet current is sensed 
by a 3,000-ampere 30-millivolt shunt; 
it has a limit of error of 0.04%. The 
shunt output is fed to a self-balancing- 
type potentiometer current recorder- 
controller with a range span of 600 
amperes. Four suppressed zero ranges, 
1,000, 1,500, 2,000, and 2,500 amperes, 
are provided so that current on any one 
range can be read to about 1 ampere. 
The accuracy of the instrument is 0.1% X 
suppression ratio +0.38% of range span. 
The dead band of the instrument is 
0.15% of the range span, or 0.9 ampere. 

A second slidewire, in addition to that 
of the self-balancing potentiometer, is 
provided for control purposes. If the 
magnet current, as indicated by a black 
pointer on the instrument scale, deviates 
from a preset value as selected by a red 
pointer on the same scale, the sliding con- 
tact of the control slidewire moves off cen- 
ter an amount proportional to the devia- 
tion. 

The position of the control slidewire is 
converted to current from zero to 5 milli- 
amperes, by an electronic control unit. 
Proportional band, reset, and rate circuits 
are provided for adjusting for optimum 
automatic magnet current control. 

The load in which this control unit 
develops the current is the signal winding 
of a magnetic amplifier. The d-c output 
of this magnetic amplifier, the flux reversal 
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current, is fed to another control circuit 
which feeds the flux reversal winding of 
the commutating reactor. A decrease of 
magnet current causes the automatic 
current regulator system to increase the 
amount of flux reversal in the commutat- 
ing reactor core before the contact closes, 
thereby decreasing the length of the make 
step, and thereby increasing the rectifier 
output voltage and hence the cyclotron 
magnet current. 


The third control winding of the com-_ 
mutator reactor is the overlap winding. — 
Overlap time is the time that the contact — 
about to give up the load current and the — 
contact about to take it are both closed. 
An inherent characteristic of this type 


of rectifier is that to keep contacts break- 
ing in the middle of their break step, the 


overlap time must vary with input voltage, — 
phase control, and load. Automatic con-— 


trol of the overlap time, while maintaining 
the same closing time for contacts, is ac- 
complished by the overlap regulator and 
circuit. Position of the beak, during the 


break step, is fed to the overlap regulator — 
control circuit via the overlap winding on — 


the commutating reactor. 

High-speed a-c and d-c short-circuiting 
breakers are provided to protect contacts 
in case of backfire. These are latched 
against spring tension in the open posi- 
tion by the flux of a permanent magnet. 
Tripping is caused by shifting flux by 
energizing a coil wound on the magnet. 
This coil is energized by impulse trans- 
formers when these sense unbalances be- 
tween the a-c and d-c systems of the recti- 
fier. The breakers close within about a 
millisecond of the initiation of the trigger 
pulse. The d-c short circuiter is also 
one of several devices for insuring that 
the cyclotron magnet has a discharge path 
in case of trouble. 

A single-pole 3,000-ampere d-c circuit 
breaker is in one of the output busses of 
the rectifier. It is apparent that this 
breaker cannot by itself open the highly 
inductive load, as the maximum stored 
energy of the magnet is approximately 
20,000,000 joules and the maximum arc 
energy that could be dissipated by any d-c 
breaker is under 1,000,000 joules. 
previously stated interrupting the magnet 
circuit while it was carrying current would 
cause the magnet to generate dangerous 
overvoltages. 


Use of the d-c breaker was made possi- 
ble by a bank of selenium rectifiers located 
in the breaker cubicle. The bank is con- 
nected in reverse polarity as shown in 


Fig. 1, so that it does not conduct under 


normal operation. When the d-c breaker 
is opened, the voltage at the terminals of 
the load reverses and the energy stored in 
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en 


Fig. 2. Substation showing step-voltage regulator at left, a-c switchgear 
in center 


the magnet dissipates itself in the re- 
sistances of the magnet and selenium recti- 
fiers, The normal leakage power dissipa- 
tion at 450 volts will be about 300 watts 
or 0.23% of rated. id 

To protect the expensive cyclotron 
magnet further against any unforeseen 
contingency, a bank of Thyrite resistors 
is connected across the copper bus to the 
magnet. The Thyrite is rated to dissi- 
pate the maximum energy of 20,000,000 
joules while limiting the maximum in- 
duced voltage across the magnet terminals 
to 1,700 volts. Normal dissipation in 
the Thyrite at the 450-volt level will be 
about 3 kw, or 0.23% of rated rectifier 
load. At the present operating level of 
260 volts, the dissipation is only about 
100 watts, or 0.02% of the rectifier 
output. 

To protect the magnet still further, a 
pair of spark gaps is installed at each of 
the magnet coil terminals to ground. A 


Fig. 3. Mechanical rectifier equipment in cyclotron building 


polarity of the current through the mag- 
net. This is done by first shutting down 
the rectifier and permitting the magnet 
current to decay to a low level. Then, 
when the residual current is low, a special 
double-pole double-throw ‘“make-before- 
break’’ polarity-reversing switch is op- 
erated. This switch is located in the d-c 
breaker cubicle. The door of the cubicle 
is key interlocked so that the switch can- 
not be reached unless the d-c breaker is 
open. A meter at the switch indicates 
the amount of residual magnet current. 
After the switch is operated, the sele- 
nium presents inverse resistance to the 
residual current. Depending upon the 
value of this inverse resistance and the 
value of the residual current, a high volt- 
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age could be induced by the magnet. To 
eliminate this possibility, a 300-ohm 
resistor is permanently connected across 
the selenium. 


CONTROLS 


Startup is initated by the starting con- 
trol switch. This energizes the rectifier 
mechanism through the starting trans- 
former and starting resistors. The main 
a-c breaker control switch is then operated 
which energizes the rectifier through the 
main transformer. The next step is to 
energize the magnet by operating the d-c 
breaker control switch and closing the 
breaker. This breaker is interlocked so 
that it cannot be closed unless both the 
step-voltage regulator and phase control 
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spark gap consists of two 4°/s-inch- i a ed xs Swan Bees 
diameter copper disks, 1/2-inch thick, CONTROL CONTROLLER 
separated by 0.015 inch of mica, all en- 
closed in a micarta enclosure. Tests have 
shown that these gaps break down at fig, 4. Automatic . 
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Fig. 5. Cyclotron control room with rectifier control cubicle at upper left 


are in the minimum voltage position. As 
previously discussed, it is desired to 
energize the magnet at minimum voltage 
so as to keep eddy currents in the dee 
structures to a minimum, Magnet cur- 
rent is then adjusted manually to the 
desired value and then current control is 
switched to the automatic current regu- 
later. Shutdown procedure is essentially 
the reverse of startup. Interlocks are 
provided to prevent an operator from 
causing faulty operating sequences. 

For safety reasons, startup can be 
accomplished only at the rectifier itself. 
Operation and shutdown can be done 
there and remotely from the control room 
in another building. For remote control 
a rectifier control board is provided; see 
Fig. 5. Normal rectifier operation is from 
the control room. 

Two types of automatic shutdown are 
provided in case of trouble. 
type, the emergency shutdown, drops in 
- the short-circuiting breakers and opens 
the a-c and d-c breakers. A backfire or 
any other short-circuit condition will 
initiate the emergency shutdown. 

The second type of automatic shutdown 
follows the normal manual shutdown se- 
quence. It is initiated by less cata- 
strophic causes than is the emergency 
shutdown. 


Operating Experience 


To date no major operating or main- 
tenance problem has arisen. Only three 
minor troubles have occurred. The first 
was that the overlap regulator developed 
a tendency to stick in the physical posi- 
tion corresponding to minimum output 
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The first 


voltage. This resulted in a backfire, and 
the destruction of one contact during shut- 
down, if the operator failed to notice the 
sticking. The trouble was cleared up by 
adding a spring which acts to pull the 
regulator out of the minimum voltage 
position. ‘ 

The second trouble was that the a-c 
short-circuiting breaker developed a tend- 
ency to fallin, thereby causing the recti- 
fier to shut itself down. The cause was 
simply some dirt between the magnetic 
latching surfaces. Cleaning the surfaces 
eliminated the trouble. 

The third trouble was a short-circuited 
insulator in the current recorder-controller 
which was easily repaired. 


EFFICIENCY 


To date, all cyclotron operation has 
been with a 2,000-ampere magnet current 
at about 260 volts corresponding to about 
40% of the rectifier’s rated power load. 
At this load the efficiency is about 94.7%, 
This has been determined by using an a-c 
watt-hour meter to determine a-c input, 
and the d-c recorder and d-c voltmeter 
for d-c output. 

It should be noted that this is an over- 
all rectification efficiency and takes into 
account the losses in the step-voltage 
regulator and that most rectifier installa- 
tions require no step-voltage regulator. 


ATTENDANCE NECESSARY 


Once turned on, the rectifier requires no 
attendance, but the oscilloscope and in- 
struments of the rectifier are checked and 
recorded periodically by the cyclotron 
operators along with the many other in- 
struments involved in the operation. 
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- life. 


CURRENT REGULATION 


Automatic current control has been 
more than satisfactory. Specifications 
called for magnet current to be held auto- 
matically to within + 0.25% of a preset 
value. At the present 2,000-ampere 
operating point, the maximum current 
deviation is +0.1%, and the average 
current deviation is +0.05%. 


PROCEDURE FOR CONTACT REPLACEMENT 


To replace a complete set of six con- 


tacts is checked by running the mecha- 
nism in the ‘‘test’”’ position and checking a 
voltmeter for a predetermined reading. 
Little, if any, timing adjustment is ever 
required. Timing adjustment is accom- 
plished by rotating an external screw 
geared to each individual push rod. 

With the contacts replaced and the 
timing checked, the rectifier is ready to 
deliver load; no ‘‘break-in” period is re- 
quired. 


Contact LIFE 


To date contact life has been satis- 
factory. At the end of 613 hours of 
operation, the six contacts were removed 
and inspected for an estimate of contact 
The estimate was 2,000 hours. 

Only one backfire has occurred during 
the cyclotron operation. It was caused 
by a line voltage disturbance caused by 
the failure of another feeder in the power 
company’s distribution system. All con- 
tacts were damaged and replaced. 

Several other contacts have been dam- 
aged and replaced due to backfires oc- 
curring during the shutdown sequence 
when operators failed to notice that the 
overlap regulator was sticking in the 
minimum voltage position. As previously 
stated, this trouble has been eliminated. 

One contact was replaced after 852 
hours of operation when observation of its 
break via the oscilloscope indicated that 
it was breaking erratically. 

With the present 2,300 operating hours 
on the rectifier, five of the present contacts 
have been in use for 1,600 hours and the 
sixth for 850 hours. 


Conclusions 


The mechanical rectifier, after 8 months 
of operation, is proving to be a reliable 
and efficient power supply for a cyclotron 
magnet. Automatic current control, toa 
fine degree, has been obtained. The 
inherent dangers, due to the high stored 
energy in the inductance of the magnet, 
have been surmounted. 
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tacts and return the rectifier to service 
takes about 20 minutes and requires no 
special skill. Timing of the new con- 
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Discussion 


I. K. Dortort (I-T-E Circuit Breaker Com- 
pany, Philadelphia, Pa): Mr. Warren has 
given us a comprehensive and detailed re- 
port on the preliminary investigations and 
selection of a mechanical rectifier for a very 
special application, the engineering charac- 
teristics developed to make the application 
practical, and the operating experience with 
this mechanical rectifier supplying power to 
the magnet coil of a cyclotron having an ex- 
tremely large stored energy. It is gratify- 
ing to have the engineering decisions and 
calculations of the manfacturer so accu- 
rately confirmed. 

One of the most difficult and complex 
problems, and the one involving the greatest 
risk, involved the starting, stopping, and 
reversing of current flow from a mechanical 
rectifier to an extremely inductive load. 


Specifications restricted the maximum volt- 
age appearing across the cyclotron coil for 
any reason including inductive voltages, to a 
value of 500 volts, only 50 volts above rated 
voltage. A similar restriction was placed on 
maximum current. These stringent require- 
ments were well justified by the high cost of 
any repairs to the magnet coil in time and 
money. 

Adding to the difficulty was the desire to 
shut down, reverse polarity, and start up 
again in 80 minutes. The natural decay 
time of the magnet current from 3,000 am- 
peres down to 50 was calculated to be approx- 
imately 550 seconds, Considering the fact 
that below 50 amperes the inductance of the 
cyclotron coil is above 36 henrys, it was ob- 
vious that no switching could be safely at- 
tempted at coil currents exceeding a small 
fraction of an ampere. Obviously, switch- 
ing arrangements could be devised to insert 
increasing resistance values as the current 


decreased, but aside from their complexity 
such switching arrangements involved a 
considerable risk of malfunctioning and 
damage to the cyclotron. 

With the scheme finally adopted the esti- 
mated time for the decay of current from 
3,000 amperes down to 0.6 ampere is 171/2 
minutes and does not require any switching 
within the coil circuit. Special selenium 
rectifier stacks were designed and connected 
across the coil as a voltage-suppressor valve. 
The characteristics of the selenium valve 
were chosen so that the rate of decay of flux 
in the magnet, interacting with the eddy 
currents in the conducting parts within the 
D’s, would not produce excessive forces. 
Aluminum base plates were chosen for low 
reactance and the physical design balanced 
for thermal capacity. At 0.6 ampere, it is 
safe to use the make-before-break reversing 
switch, and normal startup in the reverse 
direction can be initiated. 


An Analytic Method for Finding the 


Closed-Loop Frequency Response of 
Nonlinear Feedback-Control Systems 


KATSUHIKO OGATA 


ASSOCIATE MEMBER AIEE 


HE linear theory in the field of feed- 

back-control systems is highly de- 
veloped and various techniques are avail- 
able for analysis and synthesis of linear 
feedback-control systems. On the other 
hand, there are many problems to be 
solved in the field of nonlinear feedback- 
control systems. Techniques of analyz- 
ing and synthesizing nonlinear feedback- 
control systems are quite limited because 
of difficulties in handling nonlinear differ- 
ential equations. 

It is well. known that frequency- 
response curves of feedback-control sys- 
tems with saturation nonlinearities often 
exhibit the jump-resonance phenomenon. 
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It is also known that responses of non- 
linear feedback-control systems some- 
times exhibit subharmonic oscillations. 

The jump-resonance phenomenon is 
discussed or explained by authors such 
as Minorsky,! Levinson,? Prince, Jr.,? and 
Truxal.4 Levinson,? using an analytical 
and graphical technique, indicates the 
multivalued response and the jump- 
resonance phenomenon of a tachometer- 
stabilized system. The principle used in 
his paper is that the effect of saturation is 
to lower the average-gain value of the 
path in which saturation takes place. 
Prince, Jr., using the equivalent-gain 
method, shows in his paper? the jump 
resonance phenomenon as responses of an 
acceleration-limited system and an error- 
limited system. 

Subharmonic oscillations as responses 
of nonlinear vibratory systems are often 
discussed in the field of nonlinear mechan- 
ics. Not much is known, however, about 
subharmonic oscillations as responses of 
nonlinear feedback-control systems. 
When a nonlinear feedback-control system 
includes saturation, it is seen that at a 
fixed input frequency and amplitude there 
may be more than one frequency with 
which the system output oscillates. For 
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example, when a nonlinear high-gain 
feedback-control system with saturation 
is used as a recorder, the output of the 
recorder may oscillate with a frequency 
which is 1/ ( is an integer greater than 
one) times the input frequency, if the 
input of the recorder is periodic with a 
high frequency. When the frequency 
of the output oscillation is 1/n times that 
of the input, the output oscillation may 
be called the 1/n-order pure subharmonic 
oscillation. An analysis of pure sub- 


_ harmonic oscillations as responses of feed- 


back-control systems with saturation non- 
linearities will be presented by the author 
in another paper. 

The possibility of the occurrence of 
pure subharmonic oscillations as the 
response of a nonlinear feedback-control 
system can be predicted from an accurate 
closed-loop attenuation-frequency curve 
for a given input amplitude. For ex~- 
ample, when a nonlinear feedback-control 
system includes saturation, and if the 
maximum ratio of the system output 
amplitude to the system input amplitude 
is large (about 3 decibels or more), there 
is a possibility that the output of the 
system may oscillate with a subharmonic 
of the input frequency. However, if the 
maximum ratio of the output amplitude 
to the input amplitude is small (2 decibels 
or less), the possibility of the occurrence 
of pure subharmonic oscillations is very 
small or nonexistent. 

The output. waveforms of nonlinear 
elements are often extremely mnon- 
sinusoidal. Because of the difficulty in 
handling such nonsinusoidal waveforms, 
the well-known  describing-function 
method*® which is essentially a graphical 
method takes only the fundamental- 
harmonic component into consideration 
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Fig. 1. Block diagrams of 

second-order feedback-con- 

trol system with saturation non- 
linearity showing 


A—Pure subharmonic oscilla- 
tion 
B—Fundamental oscillation 


for analyzing and synthesizing nonlinear 


feedback-control systems. To the au- 
thor’s knowledge, no analytic methods 
for finding closed-loop frequency-response 
characteristics of nonlinear feedback-con- 
trol systems and/or jump-resonance fre- 
quencies are found in past publications. 
The main purpose of this paper is to 
present an analytic method for finding the 
accurate closed-loop frequency-response 
characteristics of nonlinear feedback- 
control systems. By means of the pe- 
riodic-response function, defined herein 
as the Laplace transform of the steady- 
state waveform of the output of a non- 
linear element when the input to that 
element is periodic, this analytic method 
takes all or most of the harmonic com- 
ponents of the output of the nonlinear 
element into consideration for finding the 
closed-loop frequency-response character- 
istics. Accurate closed-loop frequency- 
response results obtained by this method 
may be used for predicting the possibility 
of the occurrence of pure subharmonic 
oscillations. In this paper methods are 
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Fig. 2. Block diagram, nonlinearity, wave- 
forms c(t), e(t), and m(t) of nonlinear feedback- 
control system 
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also presented for finding the jump- 
resonance frequencies in terms of the 
system constants and the input amplitude. 

The emphasis of this paper is placed on 
showing the general approach of the 
method. Therefore, nonlinear second- 
order feedback-control systems are used 
as examples. However, the method pre- 
sented is applicable to nonlinear higher 
order feedback-control systems. An ap- 
plication of this method for finding the 
closed-loop frequency-response character- 
istics of a nonlinear higher order feedback- 
control system has been shown previously.’ 


Differences Between the Method 
Presented and the Describing- 
Function Method 


Some differences between the method 
presented in this paper and the describing- 
function method are listed in the follow- 
ing. 


1. The author’s method takes into account . 


the effects of all or most of the higher har- 
monics of the nonsinusoidal output of the 
nonlinear element for finding the system 
output, while the  describing-function 
method takes into consideration only the 
fundamental harmonic of the nonsinusoidal 
output of the nonlinear element. 


Oe The author’s method is essentially 
analytical, while the describing-function 
method is essentially graphical. 


38. The author’s method does not require 
the assumption that the input to the non- 
linear element is sinusoidal. On the con- 
trary, it is the fundamental assumption of 
the describing-function method that the 
input to the nonlinear element is sinusoidal; 
therefore, the method presented in this 
paper is valid for finding closed-loop peri- 
odic-response characteristics of nonlinear 
feedback-control systems for periodic in- 
puts such as sinusoidal inputs, square-wave 
inputs, triangular inputs, etc., while the 
describing-function method is valid only for 
sinusoidal inputs. - 


4. The author’s method is valid for finding 
the pure subharmonic output of the system. 
Fig. 1(A) shows a pute subharmonic oscilla- 
tion of the output of a feedback-control 
system with a saturation nonlinearity. 
Fig. 1(B) shows a fundamental oscillation 
of the output of the same system. The 
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steady-state waveform of e(t) is quite 
different from a sinusoidal wave, therefore, 
the describing-function method is not valid 
when the system output exhibits the pure 
subharmonic oscillation as shown in Fig. 
1(A). However, the method presented in 
this paper is valid, because the waveform of 
m,(t) is used for finding c(t) analytically. 


Analytic Method for Finding 
Closed-Loop Frequency Response 
of Nonlinear Feedback-Control 
Systems 


PERIODIC-RESPONSE FUNCTION 


Fig. 2(A) shows the block diagram of a 
feedback-control system with a saturation 
nonlinearity. The 
acteristic of the nonlinear element is 
shown in Fig. 2(B). The exact output 
waveform of the nonlinear element may 
be shown as the curve m(#) in Fig. 2(C). 
The waveform m(t) is a straight-line 
approximation of 7m(t). The error signal 
e(t) and the waveform m.(t) are also 
shown in Fig. 2(C). The approximate 
waveform m2(t) may be the same as the 
exact waveform m(t), when the latter 
has only straight-line segments, e.g., the 
output waveform of an on-off nonlinearity. 
After a sinusoidal input is applied to the 
system and steady state has been reached, 


the output of the nonlinear element will. 


be periodic. Let the output waveform of 
the nonlinear element be m(#). Fig. 2(D) 
shows the transient and steady-state 
waveforms e(é), m(t), and c(t) together 
with the input r(¢). 

By defining M(s) which is the Laplace 
transform of m(t),the steady-state wave- 
form of the output of the nonlinear ele- 
ment when the input to that element is 
periodic, as the “‘periodic-response func- 
tion,” it may be written as follows,® if the 
period of the waveform m(f) is 2a. 


S077 8'm(t)dt 
1 = 


M(s) = 908 (1) 


S(TS+l) 


ke . 
a 
= m(t) 
(oe) 


(B) (C) 


Fig. 3. A—Block diagram of second-order 

feedback-control system with saturation non- 

linearity. B—Input-output characteristic of 
nonlinearity. C—Waveform m(t) 
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Fig. 4. Definition of phase angle ¢ 


Example: Periodic-Response Function 
of Saturation Nonlinearity. Fig. 3(A) 
shows the block diagram of a second- 
order feedback-control system with a 
saturation nonlinearity. The input-out- 
put characteristic of the nonlinearity is 
shown in Fig. 3(B). The steady-state 
waveform of the signal m() is shown in 
Fig. 3(C). When the degree of satura- 
tion is relatively high, the waveform of 
the output of the saturation nonlinearity 
is trapezoidal. The periodic-response 
function of the saturation nonlinearity 
may be obtained as a function of M,, a, 
and d, if M, and d are defined as follows: 
M, is the maximum output of the non- 
linearity, and d is the time interval when 
the output changes from zero to the point 
where saturation starts as shown in Fig. 
3(C). In general, d is a function of a, 
the half-period of the output, and E, the 
amplitude of the error signal. Using 
equation 1, the periodic-response function 
of the saturation nonlinearity, the La- 
place transform of the waveform m(t) 
shown in Fig. 3(C) may be written as 
follows 


M()=2x 


[s- (ae i eed 
n=0 
(2) 


MeEtTHOD oF APPROACH 


The analytic method presented in this 
paper uses the following procedure: 


1. Find the exact or the approximate 
waveform m(t), the steady-state output of a 
nonlinear element. 


2. Find V(s), the Laplace transform of the 
system output velocity v(t), in terms of the 
periodic-response function M(s), the La- 
place transform of m(t), and the system 
transfer functions. 

3. Find the inverse Laplace transform of 
V(s) and obtain the output velocity as a 
function of the output frequency. 

4. Integrate the output velocity with 


respect to time and find the system output 
c(t) as a function of the output frequency. 
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Obtain the relation between the output 
amplitude and the output frequency; also 
obtain the relation between the output 
phase lag and the output frequency. 


CLosep-Loop ATTENUATION-FREQUENCY 
CHARACTERISTICS 


When the system input r(£) is sinusoidal 
ie., r(t) =A sin (wt+a), the attenuation- 
frequency characteristics for the second- 
order feedback-control system with a 
saturation nonlinearity shown in Fig. 3(A) 
may be found by obtaining the equation 
expressing the ratio of the output ampli- 
tude C, to the input amplitude A, as a 
function of the output frequency. In 
Fig. 3(A), c(t) and m(t) are related by 
the following equation 


(Tp?+ p)c(t) =Km(é) (3) 


where p=d/di. Taking the time origin 
t=0 so that 7(0) =c(0), e(0<t<a)>0, and 
using equations 2 and 3, V(s), the Laplace 
transform of v(#) where v(t)=pc(t), may 
be written as follows 


ASI es Recast 
srr 
E (earn eyte™ | oh 
n=0 
0 a) 
+— 
oe 


where v(0) is the initial velocity. Equa- 
tion 4 shows the Laplace transform of the 
velocity v(¢) of the system output when 
the input to the linear element, whose 
transfer function is K/s(Ts+1), has a 
trapezoidal waveform as shown in Fig. 
3(C). 

It should be noted here that in the case 
of the nonlinear second-order feedback- 
control system, the classical method to 
solve equation 3 in time domain may be 
simpler. The purpose of using the La- 
place-transform approach shown here 


r(T) 


hart ae 
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Fig. 6. Curves r(r), e(r), e(7), e(7) 
and m(r) 
A—Showing lower jump reso- mace 
nance 
B—Showing upper jump reso- 
nance 
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Fig. 5. Attenuation-frequency and phase- 
frequency curves showing jump resonance 


and in the appendix is to describe the 
procedure equally applicable to nonlinear 
higher order feedback-control systems. 
When the linear elements of the nonlinear 
feedback-control system have double or 
triple poles, it will be difficult to find 
periodic solutions by working in the time 
domain. 

Taking the inverse Laplace transform 
of equation 4 for the time interval \a<t< 
(A+1) a, where a is the half-period of the 
output and 2 is a sufficiently large odd 
number, letting i—\a=7, and integrating 
v(r) with respect to 7, the system output 
c(r) may be obtained as a function of a 
and r. If the velocity of the system out- 
put becomes zero at some instant during 
the time interval d and a—d, shown in 
Fig. 3(C), the maximum of ¢(r) for a half- 
cycle (0<7<a) occurs during the time in- 
terval d<r<a—d. Let tmax be the time 
when the output position during a half- 
cycle (0<7<a) becomes maximum. In- 
tegrating v(d<r<a—d) with respect to 
7 and substituting r=7max, the output 
amplitude C, may be obtained as follows: 


ih 

(5) 
Equation 5 is the analytic solution for 
finding the system output amplitude C> of 


the system shown in Fig. 3(A) as a 
function of a and d. In equation 5 disa 
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Fig. 7. Block diagram of nonlinear feed- 
back-control system with saturation 


function of a and E, the amplitude of the 
error signal, which is a function of the 
amplitude and frequency of the input. 
Substituting a=a/w in equation 5 and 
dividing both sides of the equation by A, 
the following equation may be obtained: 


A A 


Cy d d 
1 —— —In sinh —+In — 6 
(m cosh Ta In sinh rt n 4) (6) 


The attenuation-frequency curve of the 
system shown in Fig. 3(A) under non- 
linear operation may be obtained from 
equation 6. 


CLosED-Loop PHASE-FREQUENCY 
CHARACTERISTICS 


Since the waveform of the system out- 
put is not sinusoidal for nonlinear opera- 
tion, the phase difference between the in- 
put and the output is defined in this paper 
as the phase difference between the suc- 
cessive maxima of the system input and 
the system output. 

The phase lag ¢ is shown in Fig. 4. 
In Fig. 4 the input is sinusoidal, i.e., r(7) = 
A sin (wr+8), and 6 is the initial phase 
angle of the input with respect to +r. 
As may be seen from Fig. 4, the phase lag 
¢ is the sum of 6, and 62, where 6; is the 
phase difference between Po, the point 
which corresponds to r=0, and P;, the 
point which corresponds to the maximum 
of the system input r(r); and 62 is the 
phase difference between Py and P2, the 
point which corresponds to the maximum 
of the system output c(r) for a particular 


es 
= 
(ce 
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Fig. 8. Input-output characteristic of a non- 
linearity showing the abrupt changes at e=e, 
and e=—@, 
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output frequency. Since c(0), the system 
output magnitude at r=0, equals A sin B; 
6, is the difference between B and 90 
degrees; and 6, equals w7max, the phase lag 
¢ of the output of the system shown in 
Fig. 3(A) may be written as a function of 
w, the system output frequency, and d 
as follows: 


Tw T d 
—120°] 1—-—— pees ip Assess 
¢=180 E 2 (in cosh Sry n T 


In sinh 4) |-s (7) 


IRE EA T 
-T+ 7( cosh T sinh ie 5 =) + 


(:-a)< 

@ 

A? _/ |,o°<s<go° (8 
Ba o°< (8) 


and the phase angle ¢ is obtained in 
degrees. Angle 6 is indicated in Fig. 4. 


Jump-Resonance Frequencies 


The response of a nonlinear feedback- 
control system with saturation is multi- 
valued when the system input lies within 
a certain range of amplitude and fre- 
quency. As shown in Fig. 5, if a sin- 
usoidal input of alow frequency is fed to 
a nonlinear feedback-control system with 
saturation and this frequency is gradually 
increased, the point P on the attenuation- 
frequency curve representing the output 
amplitude of the system follows the curve 
XoX1X2, When the input frequency 
equals w 2, the amplitude and the phase 
of the output change abruptly as shown 
in Fig. 5. With a further increase in the 
input frequency, the point Q on the 
attenuation-frequency curve follows the 
curve Y2Y3. If the procedure is reversed 
and the input frequency is decreased 
gradually from a higher value, the point 
Q follows the curve Y;¥2Y;. When the 
input frequency is decreased further and 
equals w,, the abrupt changes in the out- 
put amplitude and phase occur. Calling 
the frequencies corresponding to wy, and 
we the lower jump-resonance frequency 
and the upper jump-resonance frequency 
respectively, they may be found as shown 
in the following. 


LOWER JUMP-RESONANCE FREQUENCY 
Of 


When a feedback-control system has a 
saturation nonlinearity, at a fixed input 
frequency and amplitude, there may be 
more than one m/(é) signal which satisfies 


Ogata—A nalytic Method for Finding Closed-Loop Frequency Response 


OUTPUT 


—@s fi 


€s INPUT 


Fig. 9. Approximate values of e; by bilinear 
approximation 


the loop. In Fig. 5, when the frequency 
of the input lies between w,; and w 2, there 
can be two stable waveformsof m/(t) signal. 
These are a trapezoidal waveform corre- 
sponding to a nonlinear operation of the 
system and a sinusoidal waveform corre- 
sponding to a linear operation of the 
system. In Fig. 5 curve XoX1X_ corre- 
sponds to a linear operation and curve 
Y, Y2Y3 corresponds to a nonlinear opera- 
tion of the system. When a system has a 
saturation nonlinearity, the magnitude of 
the system output is always limited. The 
lower jump-resonance frequency wy cor- 
responds to the largest output magnitude 
and is the lowest input frequency for 
which the system may be operated non- 
linearly. 

At the intersection of curves r(r) and 
c(r) at r=0 in Fig. 4, 


c(0)=A sin B (9) 


Analytically, the output c(0) of the sys- 
tem shown in the Fig. 3 may be written 
as a function of a, the half-period of the 
output, and das follows: 


KM,T 


c(0)= 7 


x 


ed eS fee ink os 
cosh 7.—sinh = 


tanh <) | oe-a 


5 (10) 
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(B) (C) 


Fig. 10. A—Block diagram of second-order 

feedback-control system with on-off non- 

linearity. B—Input-output characteristic of 
nonlinearity. C—Waveform m(t) 
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Fig. 11. A—Block diagram of second-order 
feedback-control system with on-off and dead- 
zone nonlinearity. B—Input-output charac- 
teristic of nonlinearity. C—Waveform m(t) 


is shown in the appendix. For the sys- 
tem shown in Fig. 3, it can be operated 
nonlinearly for the region 90 degrees 
<8<180 degrees. Examination of equa- 
tion 10 indicates that c(0) becomes large 
as the value of a, the half-period of the 
output, increases, and vice versa. For 
the region B<90 degrees, the nonlinear 
operation is unstable. When 6 becomes 
slightly less than 90 degrees, the value of 
c(0) becomes smaller than that of c(0) 
corresponding to B=90 degrees, with the 
result that the amplitude and phase lag of 
the output become smaller than those of 
the output corresponding to B= 90 degrees. 
The decrease in the amplitude and phase 
lag of the output makes the amplitude of 
the error signal smaller than that of the 
error signal corresponding to B=90 
degrees. This causes the resulting ampli- 
tude of the output to be smaller than the 
preceding one. The phase lag of the out- 
put also becomes smaller than the pre- 
ceding value. This process continues 
until the steady state is reached. For the 
system shown in Fig. 3, the steady state 
corresponds to the state where the system 
output oscillates in a linear fashion. The 
process may be seen from curve c(r), the 
system output; curve e(r), the error 
signal; and the curve m(r), the output of 
the nonlinear element, as shown in Fig. 
6(A). Itis clear from equation 5 that the 
amplitude of the system output under 
nonlinear operation becomes large as the 
value of a, the half-period of the output, 
increases. Therefore, C, becomes maxi- 
mum when c(0) becomes maximum. 
From equation 9, c(0) becomes maximum 
when 6 equals 90 degrees. Let the value 
of a, the half-period of the output, which 
satisfies the equation 


c(0)=A (11) 


be a;. Then the lower jump-resonance 
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frequency wy, may be obtained as the 
following equation 
Tv 


Laer (12) 


UPPER JUMP-RESONANCE FREQUENCY 
W372 


When the frequency of the input to the 
system with a saturation nonlinearity 
shown in Fig. 7 is low, the amplitude of 
the error signal is small, with the result 
that the system is operated linearly. 
When the frequency of the system input 
is increased from a low value, at a certain 
input frequency the amplitude of the 
error signal equals es, where e; is the value 
of the input to the nonlinear element at 
which the input-output relation of the 
nonlinearity changes abruptly as shown in 
Fig. 8. When the amplitude of the error 
signal exceeds es, the magnitude of m(r) 
(the output of the nonlinear element) does 
not increase as much as it should if the 
system were linear; the result is that the 
amplitude of the error signal for the follow- 
ing cycle becomes larger than before as 
does the phase lag of c(r), the output of 
the-system, for the following cycle, until 
the equilibrium state is reached. This 
equilibrium state corresponds to the 
nonlinear operation of the system and the 
waveform m(r) is trapezoidal. The upper 
jump resonance may be seen from curve 
c(r) shown in Fig. 6(B), Curves e(7) 
and m(r) at the upper jump resonance 
are also shown in Fig. 6(B). As may be 
seen from the curves in Fig. 6(B), the 
upper jump resonance takes place when 
the amplitude of the error signal equals 
es. 

When there is no abrupt change in the 
input-output characteristic of the non- 


’ linearity, the approximate value of e, may 


be found by the bilinear approximation as 
shown in Fig. 9. In the cases of the 
nonlinearities shown in Fig. 9, the changes 
in the shapes of curves e(r) and m(r) take 
place gradually when the amplitude of 
the error signal e(r) approaches e, from a 
smaller value. When the amplitude of 
the error signal e(r) approximately equals 
és, the upper jump resonance takes place. 


Fig. 13. Block diagram, non- 
linearity, curves e(t) and m(t) 
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Fig. 12. A—Block diagram of second-order 
feedback-control system with saturation and 
dead-zone nonlinearity. B—Input-output 
characteristic of nonlinearity. C—Waveform 


m(t) 


Since the limit of the linear operation of 
the system corresponds to the frequency 
at which the magnitude of the error signal 
equals es, the upper jump-resonance fre- 
quency wy, of the output of the system 
shown in Fig. 7 may be found to be fre- 
quency w satisfying the following equa- 
tion 


A 


1+ KGGa)|"“ 


In equation 13, Ki is the linear gain 
of the saturation nonlinearity, G is the 
transfer function of the linear elements, 
and A is the amplitude of the input sinu- 
soid. 


Analytic Frequency-Response 
Solutions of Nonlinear Second- 
Order Feedback-Control Systems 


SECOND-ORDER FEEDBACK-CONTROL 
SYSTEM WITH SATURATION 
NONLINEARITY 


The analytic frequency-response solu- 
tion of the system shown in Fig. 3(A) 
under nonlinear operation may be ob- 
tained from equations 6 through 8, if the 
maximum of the system output for a 
half-cycle (0<7<a) at steady state occurs 
during thetime intervald<7<a—d,shown 
in Fig. 3(C). Since the system may be 
operated linearly if the input frequency is 


of second-order feedback- 
control system with saturation 
nonlinearity 
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Fig. 14. Waveforms of various signals of 
nonlinear feedback-control system with satura- 
tion 


A—When feedback signal is assumed to be 
fundamental-harmonic component of output 
B—When feedback signal is exact output 


not higher than the upper jump-resonance 
frequency w 2, the linear theory is used to 
find the attenuation-frequency and phase- 
frequency characteristics for the system 
under linear operation. The lower jump- 
resonance frequency w j, may be found by 
substituting equation 10 and the relation 
@=7/w; into equation 11 in the follow- 


ing manner 
Tv ee 
2Tw 41 


7 d A 


2Ten 27 KUT. 


zs ae inn = Xt h 
7q cos Tr sin T an 


(14) 


where w 4; is obtained in rad/sec (radians 
per second). 

The upper jump-resonance frequency 
wz may be found from equation 13 as 
follows: 


Ajoj2(Tjaj+1) 


a 15 
joje(Tjwj2+1)+ MK /es = 


When d is small compared with u, the 
half-period of the output, the approxima- 
tion by setting d=0 may be suggested in 
order to simplify the numerical calcula- 
tion unless a very high accuracy is needed. 
When d is set to be zero, equations 16 
through 19 should be used instead of 
equations 6 through 8 and 14. 


SECOND-ORDER FEEDBACK-CONTROL 
SYSTEM WITH ON-OFF NONLINEARITY 


Fig. 10(A) shows the block diagram of 
a second-order feedback-control system 
with an on-off nonlinearity. Fig. 10(B) 
shows the input-output characteristic of 
the nonlinearity. The waveform of m(é) 
is shown in Fig. 10(C). The closed-loop 
frequency-response curves corresponding 
to the inputs having frequencies which 
are equal to or higher than the lower 
jump-resonance frequency for a particu- 
lar input amplitude may be obtained 
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from the three equations which follow 


Cee as T 
and, ee ite) 
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and the phase lag ¢ is obtained in degrees. 
The lower jump-resonance frequency ws 
may be obtained from the following equa- 
tion 


7 A 
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where w, is obtained in rad/sec. 


SECOND-ORDER FEEDBACK-CONTROL 
SYSTEM WITH ON-OFF AND DEAD-ZONE 
NONLINEARITY 


The block diagram of a second-order 
feedback-control system with an on-off 
and dead-zone nonlinearity is shown in 
Fig. 11(A). The input-output character- 
istic and the output waveform m/(¢) of the 
nonlinearity are shown in Figs. 11(B) and 
(C) respectively. When the maximum of 
the system output during the half-cycle 
(0<7<a) at the steady state occurs during 
the timeinterval b< +<a—b, where b is the 
time corresponding to the dead-zone 
amplitude as shown in Fig. 11(C), the 
closed-loop frequency-response curves cor- 
responding to the inputs having fre- 
quencies which are equal to or higher than 


the lower jump-responance frequency for _ 


a particular input amplitude may be 
obtained from the following equations 
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and the phase lag ¢ is obtained in degrees, 
The lower jump-resonance frequency «», 
may be obtained from the following: 
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Fig. 15. Attenuation-frequency and phase- 


frequency characteristics of system shown in — 


Fig. 13 
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SECOND-ORDER FEEDBACK-CONTROL 
SYSTEM WiTH SATURATION AND DBAD- 
ZONE NONLINEARITY 


The block diagram of a second-order 
feedback-control system with a saturation 


and dead-zone nonlinearity is shown in 


Fig. 12(A). Figs. 12(B) and (C) show 
the input-output characteristic and the 
output waveform of the nonlinearity. 
When the maximum of the system output 
during the half-cycle (0<r<a) at the 
steady state occurs during the time inter- 
val d<r<a—d, shown in Fig. 12(C), the 
closed-loop frequency-response curves cor- 
responding to the inputs having frequen- 
cies which are equal to or higher than the 
lower jump-resonance frequency for a 
particular input amplitude may be ob- 
tained from the following equations 
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and the phase lag ¢ is obtained in degrees. 
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The lower jump-resonance frequency wy, 
may be obtained from the following: 
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where w,; is obtained in rad/sec. 


(27) 


Example 1. Frequency-Response Solu- 
tions of Feedback-Control System Shown 
in Fig. 13. 


Approximate Solution. Assume that d 
is equal to zero. In this example K =20, 
T=2 sec, M,=2.5, and e,=1.25. The 
system input r(é) is assumed to be a 
sinusoid A sin wt, where A=2. Since the 
equations giving the analytic frequency- 
response solutions should be used for the 
inputs having frequencies equal to or 
higher than the lower jump-resonance fre- 
quency corresponding to the particular 
input amplitude, the lower jump-reso- 
nance frequency is found first. By sub- 
stituting numerical values of A, K, T, 
and M, into equation 19, the lower jump- 
resonance frequency w; may be found 
from the following equation 


0.785 0.785 
—tanh 


@71 Wi 


=0.02 (28) 
By using a mathematical table, it may be 
found that tanh x is equal to 0.37995 
when x is equal to 0.40. Therefore, when 


(29) 


equation 28 is almost satisfied. From 
equation 29 


@j1=1.96 rad/sec (30) 


When the input frequency is equal to or 
higher than 1.96 rad/sec, the attenuation- 
frequency and phase-frequency character- 
istics may be obtained from equations 
16 through 18. The upper jump-reso- 
nance frequency may be found by sub- 
stituting the numerical values of A, K, T, 
M,, and e; into equation 15. The upper 
jump-resonance frequency w 2 thus found 
is 2.77 rad/sec. When the input fre- 
quency is equal to or less than 2.77 rad/ 
sec, the attenuation-frequency and phase- 
frequency characteristics may be ob- 
tained from the linear theory. 


Accurate Solution. Equations 6 through 
8 should be used for finding accu- 
rate attenuation-frequency characteristics 
and phase-frequency characteristics. It 
should be noted here that when the 
analytic method presented in this paper 
is used for finding frequency-response 
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Fig. 16. Attenuation-fre- 
quency and phase-frequency 
characteristics of second-order 
feedback-control system with 
saturation nonlinearity 


ATTENUATION IN DB 


PHASE 
ANGLE 


characteristics, the feedback signal can be 
either sinusoidal or nonsinusoidal. Fig. 
14(A) shows the waveforms of the signals 
ri(t), e1(£), ma(t), and a(t) when the feed- 
back signal is the fundamental-harmonic 
component of ¢(é). Fig. 14(B) shows the 
waveforms of the signals re(t), e2(#), ma(t), 
and ¢(#) when the exact output ¢2(#) is 
fed back. The waveforms of e(#) and 
eo(t) are different from each other, but 
the waveforms m(t) and me(é) are almost 
the same. Therefore, to simplify the 
numerical calculation, the feedback signal 
may be assumed to be sinusoidal. The 
amplitude of the feedback sinusoid may 
be assumed to be either the amplitude C, 
of the system output or the amplitude 
of the fundamental-harmonic component 
of the system output. 

Since equations 6 through 8 are func- 
tions of w and d which is a function of a 
and E, the amplitude of the error signal; 
the values of E for various values of 
a or w must be found first. Assume that 
the feedback signal is a sinusoid with an 
amplitude of C,. Then the following 
equation may be obtained from Fig. 13 


wet sin! (2 
= E 


where a/r=1/w 


(31) 


By simple analysis the following equation 


may also be obtained 
E=~V/A?—2AC, cos 6+ Cp? (32) 


where ¢ is the output phase lag. In 
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S 
ae S(S+i) is 


r(t)=5sinwt 


2 4 6 810 20 40 6080 
@ IN RAD Ze > 


equation 32, Cp and ¢ may be obtained 
from equations 16 through 18. From 
equations 31 and 32, the values of d for 
various values of a or w may be found. 
Then the accurate attenuation-frequency 
and phase-frequency characteristics for 
the system under nonlinear operation may 
be found from equations 6 through 8 by 
using the values of d thus obtained. The 
accurate lower jump-resonance frequency 
71, may be found from equation 14. The 
value of ws obtained from equation 14 is 
1.99 rad/sec. The attenuation-frequency 
and phase-frequency curves obtained by 
use of equations 6 through 8 are shown in 
Fig. 15 as curves (A) and (B) respectively. 
The attenuation-frequency and phase- 
frequency curves corresponding to the 
linear operation of the system are shown in 
Fig. 15 as curves (C) and (D) respectively. 
The results obtained by the analytic 
method were compared with those ob- 
tained by an electronic-analog-computer 
study. The values of the lower jump- 
resonance. frequency and the upper 
jump-resonance frequency obtained by 
the analytic method are 1.99 rad/sec and 
2.77 rad/sec respectively, and those 
obtained by experiments are 2.01 rad/sec 
and 2.75 rad/sec respectively. 

The experimental results obtained by 
use of an electronic-analog-computer are 
plotted in Fig. 15 as circles. Fig. 15 
shows that the theoretical closed-loop at- 
tenuation-frequency and phase-frequency 
curves agree with the experimental re- 
sults satisfactorily. 
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Example 2. Frequency-Response Solution 
of Feedback-Control System Shown in 
Fig. 16. 


The numerical values for the system 
constants are as follows: K=10, M,=10, 
T=1 sec, and es=0.4. The amplitude A 
of the input sinusoid is five. 

The attenuation-frequency and phase- 
frequency curves of the system under 
nonlinear operation are shown in Fig. 
16 as curves (A) and (B) respectively. 
Curves (C) and (D) in Fig. 16 correspond 
to the linear operation of the system. 
The experimental values obtained by 
means of an electronic analog computer 
are plotted as circles in Fig. 16. 


Conclusions 


1. An analytic method for finding the 
accurate closed-loop attenuation-frequency 
and phase-frequency characteristics for the 
nonlinear control systems by means of the 
periodic-response function is presented. 
The method takes into account the effects of 
all or most of the higher harmonic com- 
ponents of the nonsinusoidal output of a 
nonlinear element for finding the system 
output. 


2. The analytic closed-loop frequency- 
response solutions for fundamental oscilla- 
tions are shown for the following systems: 
a. The second-order feedback-control 
system with the saturation nonlinearity 
shown in Fig. 3. 
b. The second-order feedback-control 
system with the on-off nonlinearity shown 
in Fig. 10. 
c. The second-order feedback-control 
system with the on-off and dead-zone 
nonlinearity shown in Fig. 11. 
d. The second-order feedback-control 
system with the saturation and dead-zone 
nonlinearity shown in Fig. 12. 


The closed-loop attenuation-frequency 
and phase-frequency characteristics for the 
foregoing systems for fundamental oscilla- 
tions may be obtained by merely substitut- 
ing system constants and input amplitudes 
into corresponding equations shown in the 
paper. Since the equations developed in 
this paper giving amplitudes and phase lags 
of the system output as functions of the 
output frequency contain the system con- 
stants as parameters, the contribution of 
these constants to the attenuation-frequency 
and phase-frequency characteristics is. evi- 
dent. Therefore, these equations may be 
used for synthesizing corresponding non- 
linear feedback-control systems. 


8. Methods for finding the jump resonance 
frequencies in terms of the system constants 
and the input amplitude are presented. 
The jump resonance frequencies obtained 
by these methods agree quite satisfactorily 
with the experimental values obtained by 
means of an electronic analog computer. 


4. The closed-loop frequency-response 
characteristics of nonlinear feedback-control 
systems obtained by the present method 
agree quite favorably with the experimental 
results obtained by an electronic-analog- 
computer study. Since the equations for 
finding the closed-loop frequency response 
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of feedback-control systems with on-off 
nonlinearities are not complicated, it may 
be concluded that this method may be used 
most advantageously for finding the closed- 
loop frequency-response characteristics of 
systems having on-off nonlinearities or 
high-degree saturation nonlinearities. 


Appendix. Derivation of 
Equations for Finding 
Attenuation-Frequency 
and Phase-Frequency 
Characteristics of Nonlinear 


Second-Order Feedback-Control 


System with Saturation 


Relation Between Output Velocity 
and Output Period 


The block diagram of the system under. 


consideration is shown in Fig. 3(A). The 
inverse Laplace transform of equation 4 
gives the time solution of the system output 
velocity. 


L™[V(s)] =v@) 


~HibS, (hada x 


n=0 


u(t—d—an)— ))(-1)"(+d-a— 


n=0 


an) Xu(t+d—a—an)—T+ ee 
o n=0 
(=1)"Xuli—d—an) +7) (- 
n=0 


1)”"Xu(t+d—a—an)+ 1 


2 1 
> (—1)"e 7-4-2") x y(g—d— 
n=0 


= 1 
an) — > (—1)"e P(t -a- an) x 
n=0 


wt+d—o~an) | bg o()er /T (33) 
where 


u(t)=0 when #<0 \ 


u(t)=1 when ¢>0 4) 


Equation 33 contains the initial velocity 
v(0) term. To obtain v(t) in a closed form 
and also to eliminate the v(0) term in 
equation 33, let 
AaSt< (A+1)a (35) 
where A is a sufficiently large number. 
Then e—‘/7 becomes negligibly small, with 
the result that the initial condition term in 
equation 33 may be eliminated. 
v(0)e~ /7-+0 (36) 
Arbitrarily choosing \ as an odd number, 
the value of m(t) for \a<t<(A+1)a becomes 
negative. 


m[ha<t<(A+1)a] <0 (37) 


Fig. 17 shows curve m(t). Since curve 
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Fig. 17. Curve m(t) 


m(t) consists of straight-line segments as 
shown in Fig. 17, the time interval \a<i< 
(A+1)a may be divided into the following 
three intervals corresponding to the three 
straight-line segments. 


AaStSra+d 
Aa+d<t< (A+1)a—d 
(A+ 1la—d<t< (A+1)a 


(38) 


To simplify the derivation of equations, let — 


t—ra=r (39) 


and substitute 7 in equation 38, thus the 
three time intervals may be written as 


0<7rK<d 
d<r<a-—d 
a—d<7rSa 


(40) 


The output velocity v(r) for each time 
interval may be obtained as a function of 7, 
a, the half-period of the output, and d, as 
shown in the following. 


For Time Interval O0<7r<d 
By applying equation 34 to equation 33, 


the upper limits of the summation signs in- 


equation 33 become A—1 instead of © for 
this time interval. Then equation 33 may 
be simplified as follows 


v(0<7r<d)=n,(7) 
x1 


_ KM, : 
=~ {4-9 (+ 


A-1 


\a—d—an) -)> (—1)"(7+dAa+d— 


n=0 
A-1 : 
n=0 
A-1 ; 
ye rae Sieh 
n=0 : 


_KM, 
d 


d a 
inh — tanh — )e—7/7 
ZT; vty a ] ot, 


d 
Be OSE fh = 
| ig (cos Tr 


For Time Inierval dS r<a—d 


vd<1S$a—d) =2,(r7) 


=KM, 
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Fig. 18. 
continuous and symmetric nature of c(7) 


Curves ¢;(r), c2o(r), and c3(r) showing 


For Time Interval a—d<r<a 


v(a—d< 7a) =2;(r7) 


KM, 
= {| a -T+7x 
d a hae 
(cost 77 sinh 7, tanh ae a ] 


(43) 


Relation Between Output Position 
and Output Period 


To find the expression for the output 
amplitude as a function of the output fre- 
quency, the output position is found as a 
function of 7, a, and d. 

Since 


a(r) = fudr)dr, +=1, 2,3 (44) 
ai(r), €2(7), and ¢3(7r) may be found by 
integrating equations 41 through 43 with 
respect to r. Because of the continuous 
and symmetric nature of c(r) as shown in 
Fig. 18, the following equations are ob- 
tained. 
At point P, in Fig. 18 


67d) =02(7—>d) (45) 
At point P, 
€2(7—>a —d) =¢:(7—>a —d) (46) 


At points Py and P3, o(7) and ¢3(r) have the 
same magnitudes with the opposite signs. 
Therefore 

o(r—>0) = —Ca( Tm) (47) 


Using equations 45 through 47, the system 
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output may be found as follows 


oie le 
c0<r<d)=¢(7)= ° | -r4rx 
d d a 
h ——sinh = tanh — }e—*/7 
(cos T sin rho a) }+ 
KM, KM,r? 
> (a—d)— bd (48) 


e(d<r<a—d)=e,(7)=KM,TX 


KM, @ r) (49) 


KM,T 
cla—d&7rSa)=c;(r) = n [ r-rx 
d d = 
(cost 7 sinh e tanh ae te 


(r—a)2 KM, 
Coe) ato ps |-ABe-a (50) 


Substituting r=0 in equation 48, equation 
10 may be obtained. Equations 48 through 
50 show ¢;(7), ¢2(7), and c3(7) as functions of 
r and a, the half-period of the output, and d. 
The amplitude of the output c(r) may be 
found as the maximum of c(0<7<a) during 
the time interval 0S7<aas shown in the 
following. 


Relation Between Output Amplitude 
and Output Period 


The maximum of ¢(r) occurs when v(r) 
becomes zero. If d/a is small and the 
velocity of the output becomes zero at some 
instant between the time interval d and 
a—d, the maximum of ¢(r) occurs during 
the time interval d<r<a—d. Since rmax 
was defined before as the time when the 
output position ¢c(7) becomes maximum, 
Tmax May be obtained by letting ve(r) =0. 


Tmax 


d d 
=1(t sinh ne 7S cosh hes +5) 


OR OME 
(51) 
Let Cp be the output amplitude. Sub- 


stituting equation 51 in equation 49, Cy or 
6o( Tmax) may be written as follows: 


Cp = C2( Tmax) =KM,TX 
] h e In sinh ¢ | q (52) 
ee Seen 
n cos 5 n sinh —+ 


Equation 52 shows the output amplitude Cp 
as a function of a and d. 
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Relation Between Output Phase Lag 
and Output Period © 


By substituting +=0 in equation 48, 
equating c(0) to A sin @, and letting 6= 
180°—£, the following equation may be 
obtained: 


M,T 
in 6= —T4+T 
sin Ad | aries 

fe ein oe tanh 

cos T sin T an ar or 
(53) 

From Fig. 4, 
6: =90° —5 (54) 
02 = Tmax (55) 


Substituting equation 51 in equation 55, 
the phase lag @ which is the sum of 6; and 62 
may be obtained as follows: 


Dy a 
=180°] 1——( 1 bh — 
? [ c(i cos ar 
d d 
In 7 sinh =) |-2 (56) 


Substituting ¢ =7/w in equations 58 and 56, 
equations 7 and 8 may be obtained. 
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Adaptive Servomechanisms 


R. F. DRENICK 


NONMEMBER AIEE 


Synopsis: A generalized approach is 
developed to aid in the synthesis of servo- 
mechanisms exhibiting adaptive behavior. 
The design methods described in this paper 
permit the synthesis of adaptive systems 
to follow polynomial signals up to any pre- 
determined degree in the presence of 
Gaussian noise of known autocorrelation 
function. The basis of the method is the 
requirement that the servo loop adjust its 
parameters so as to minimize the steady- 
state root-mean-square error resulting from 
a polynomial input in the presence of noise. 
This. condition specifies the functional 
relation between the servo parameters 
and the polynomial input. The physical 
realization of these functional relationships 
is treated in the paper and leads to the 
adaptation loops necessary to produce the 
adaptive behavior. As an example of the 
synthesis procedure, the design of a second- 
order adaptive system is presented. Analog 
computer results demonstrating that the 
adaptive system is superior in performance 
to linear systems of the same order are also 
included. 


HE PURPOSE of this paper is to 


present an approach to the logical de- 
sign of a class of servomechanisms which 
we have here designated as ‘‘adaptive.” 
This term is borrowed from biology where 
it describes the ability of an organism 
to adjust itself to its environment. It is 
here used in the same sense. Specifically 
it refers to control systems which, roughly 
speaking, monitor their own performance 
and adjust some of their parameters in 
the direction of better performance. 

It may be worth pointing out that such 
adjustments, whether in an organism or in 
a control system, need not be brought 
about by the self-monitoring principle 
suggested in the foregoing. It is often 
possible to monitor the environment 
directly and to adjust the control system 
accordingly. For example in the case of 
an aircraft auto-pilot, it is possible to 
determine the altitude of flight and to con- 
tinuously adjust the auto-pilot for 
optimum performance. However, there 
exist situations in which the independent 
sensing of the environment is impractical 
or impossible. It is such cases that are 
dealt with in this paper. 

The problem is more specifically the 
following. A control system is to be de- 
signed for a load with inertia and viscous 
damping, supplemented with a suitable 
equalizing network so that it can properly 
follow a signal embedded in noise. The 
signal, in Part II of the paper, is assumed 
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R. A. SHAHBENDER 


NONMEMBER AIEE 


to bearamp function. The changing en- 
vironment which can lead to the require- 
ment for adaptation, is introduced by the 
fact that the slope of the ramp changes 
from time to time. 

The manner in which the requirement 
for adaptation arises can be seen by the 
following argument. In choosing a suit- 
able equalizing network, the designer is 
faced with a dilemna. He knows that it 
is necessary to include proportional plus 
integral action in the equalizing network 
in order to avoid steady-state tracking 
errors. In the case where the command 
signal is not contaminated with noise, the 
designer would undoubtedly choose such 
a mode of control. The parameters of 
the equalizing network are then chosen for 
acceptable transient performance. 

When the incoming signal is contam- 
inated with noise, the problem is more 
complicated. An equalizing network giv- 
ing proportional control is more effective 
in smoothing the noise, than a network 
giving proportional plus integral action. 
However, the servo system with pure pro- 
portional control is not capable of properly 
tracking a ramp input. It is afflicted 
with a steady-state tracking error which 
offsets its superior noise smoothing ability. 

A compromise is clearly desirable. The 
adaptive servomechanisms proposed in 
this paper strive, in a way, to attain this 
compromise. The simple proportional 
control is retained for the equalizing net- 
work, However, unlike a conventional 
servo, an additional loop, called the 
“adaptation loop”’ is added to the system. 
The purpose of this loop is to monitor the 
performance of the servo and to detect 
tracking errors in its output which are 
attributable to an inadequately followed 
ramp input, rather than 10 mere noise. 
When such an error is detected the 
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adaptation loop changes the time con- 
stants of the servo and adjusts them to 


those values which represent the best — 
compromise between noise-smoothing and 


tracking precision. 
The control system which is obtained 


by this procedure performs gratifyingly © 


well. When the ramps in its input are 
flat or totally absent, the system grows 
relatively sluggish and concentrates 


a 


r 


heavily on its noise smoothing task. As 
the ramps grow steeper the system pro- — 
gressively sacrifices sluggishness for tight-— 
ness of response, and exchanges smooth- ~ 
ness of operation for precision in tracking. — 


The design procedure developed in this 


paper pertains to a class of synthesis 


problems which is similar to that treated 
by Phillips.1_ However, the assumptions 
made in this paper and the results ob- 
tained are different. It is hoped, more 


by oth ven ee aed AP int 


particularly, that the procedure developed — 


will be more easily carried out in practice 
and lead to mechanisms whose all-round 
performance is less controversial. This 


might make up for some of the conceptual © 


shortcomings of the theory. 

The paper is organized as follows: Part 
II contains the exposition in detail for the 
synthesis of the adaptive servo which has 
been used previously as the example for 
discussion. ‘This is the servo with simple 
proportional control, a second-order servo, 
supplemented with an adaptation loop. 
The idea of the proper compromise with 
noise smoothing and precision tracking is 
first taken up. This is followed by a 


; 
. 


‘ 


method for the design of the adaptation © 


loop. 


The case of the second-order servo is 


virtually the simplest conceivable case to 
which this procedure can be applied; yet 


it contains most of the relevant features — 


of the general case. 


To facilitate the 


transition to the latter, an intermediate — 


case is treated next, in Part III. 
the third-order servo, that is to say, a 
servomechanism in which the equalizing 
network incorporates proportional and 


This is © 


integral control, both adjustable by an 
adaptation loop. The common features of © 
the two examples point directly to the 
general case which is discussed briefly 


(Part IV). 

In order to illustrate the usefulness of 
the procedure, a numerical example is 
discussed. Part V contains the analytical 
evaluation, as far as possible, of a second- 
order adaptive servo, along with two 
borderline competitors: conventional 
linear servos with simple proportional 
control, one synthesized with emphasis 


on noise-smoothing, the other on precision 
. . . . ‘ 
tracking. Part VI contains a discussion 


of some analog computer runs on the same 
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8 fe) pe 
JS? +S 


ae Fig. 1 (left). Proportional 
control system 


VELOCITY 
ESTIMATOR 


‘examples. 


Both discussions show that 
the adaptive servo combines the ad- 
vantages of both competitors to a gratify- 
ing degree. 


II. Second-Order Systems 


PRELIMINARY REMARKS 


In this section an outline will be given 
of the approach to the design of an 
adaptation loop for a positional servo 
with proportional control (Fig. 1), that 
is, a servo whose linear version is described 
by the second-order transfer function 


8o(s) de wn? 
6i(s)  s?+2tenstoon? 


O,7°-—K/F 
¢=f/2V/KI 


where 


(1) 


6,(t)=input to servo system 

6,(t)=output of servo system 

@,=angular frequency of undamped oscil- 
lation 

¢=damping ratio 

J=motor and load inertia 

f=viscous damping coefficient 

K=motor amplifier gain (proportional gain 
or spring constant) 

s=Laplace variable 


The input to the servo, that is, to the 
linear as well as to the adaptive versions, 
consists of a ramp signal 


At (#20) 


S(t) = ‘0 (t<0) ©) 


and Gaussian noise of known autocorrela- 
tion function Ry(r). In fact, since the 
design procedure to be outlined in the 
following is feasible regardless of the 
form of the autocorrelation function, it 
will be sufficient to assume for it its 
simplest form 


Ry(1) =(1/2)on75(r) (3) 
corresponding to white noise. 
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Fig. 2 (left). Second-order 
adaptive servo system 


8 Fig. 3 (right), Optimum 
weighting function for velocity 
estimator 


The performance of the servos, linear as 
well as adaptive, will be judged by the 
square error in the steady state. This 
error has two components: the mean- 
square error due to the noise (ey?) and the 
square of the servo lag in following the 


signal(e;”). The total square error (ep) is 
accordingly 
er t= ¢,? + ey? (4 ) 


and will serve in what follows as per- 
formance and optimization criterion.” 


PARAMETER VARIATION OF SECOND-ORDER 
SYSTEMS 


For the linear second-order proportional 
control system defined in the foregoing, 
the total error in equation 4 in following a 
ramp input is 


4¢2 Wn, 
2 A 2 os 2 
ep ae: re T Be oN 


For fixed ¢, the minimum value of e,7? is 
attained when: 
(le 
fe See / 
en an2)'/8 er 
and if, in addition, the inertia is fixed, this 
requires 


KaA,/3, faA,?/3 (5) 


Therefore, to have optimum operation, 
the slope of the ramp signal would have 
to be determined, a task which is impossi- 
ble, strictly speaking, because the noise 
overlies the signal. Instead of an exact 
determination, however, one can resort 
to a statistical estimation procedure. 
This will be relegated to the adaptation 
loop. 


OptimuM ADAPTATION LOOP FOR SECOND- 
ORDER SYSTEMS 


The adaptation loop for the second- 
order system consists of a first-derivative 
(or velocity) estimator, followed by net- 
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W(t) 


works that give the required powers 
(equation 5) of the estimator output as 
shown in Fig. 2. Thus the adaptation 
loop design problem reduces to the choice 
of a suitable velocity estimator. The 
weighting function W(é) of the optimum 
estimator, which may be determined by 
the method of Zadeh and Ragazzini,® 
leads, as shown in Appendix I, to the 
following result: 


386 192 180 
=— ——_{+— 7? Sar 
W(t) Ta t TA 2 O<ts 
= 0 elsewhere. (6) 


Fig. 3 is a plot of the foregoing function. 
Since W(é) is discontinuous at t=T, it is 
not realizable in terms of lumped elements; 
and it becomes necessary, as will be dis- 
cussed later, to determine a realizable 
approximation to this weighting function. 

The behavior of the optimum estimator 
in equation 6 is evidently governed by the 
choice of T, which can be effected by the 
following line of reasoning. Since the 
output of the estimator attains its steady- 
state value after an interval of T seconds 
from the application of a ramp input, it is 
desirable to make T as short as possible. 
On the other hand, the mean-square noise 
oy,” at the output of the estimator net- 
work is 

96 


Ca on? 


which implies as large a T as possible. 
From these considerations it is possible 

to fix a suitable compromise value for T. 

As shown in the appendix, such a value is 


T= 96 ai20y2 ]1/3 
A? 


where 


a=minimum acceptable signal-to-noise 
ratio for the estimator 

A,=smallest value of input velocity to be 
detected 
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Fig. 4 (above). Proportional-plus-integral control system 


Fig. 5 (right). Proportional-plus-multiple integral control 


system 


DIFFERENTIAL EQUATION OF ADAPTIVE 
SERVO 


The adaptive servo just synthesized 
obeys a differential equation of the form 


6+ Cz 2/ 36, + C20 poe 9, = Ci8g*/ 36; 


where 6, has been written for the output 
of the estimator network 


On(t)=J 2 oW(r)0(t—7)dr 


This is an interesting type of equation: 
It is linear in the sensé that the dependent 
variable 6, and its derivative enter 
linearly only; but it is nonlinear in that 
it violates the super-position principle. 

Its stability is now an only partially 
answered question. It can be proved 
stable under a very large class of inputs, 
including step and ramp functions; but 
it is not known, for instance, whether 
stability is assured under sinusoidal inputs 
regardless of frequency. 


PHYSICALLY REALIZABLE ADAPTATION 
Loop FOR SECOND-ORDER SYSTEM 


The weighting function of equation 6 
of the optimum velocity estimator is not 
realizable in terms of lumped elements. 
To determine a weighting function W,(é) 
that approximates the optimum function 
and that is realizable in terms of lumped 
elements, apply Foster’s ¢t-method. Let 


3 
Welt)= >), Bye 
k=1 


where the B;,’s and a,’s are constants to 
be determined so that W,(t) approximates 
W(t). The following set of conditions 
may be used to determine these constants. 


1. W,(#) and W(t) have equal moments. 
So fwt)dt=JSor fwt)dt i = 0, 1, and 2 


2. W,(t) has a tail area that is 1% of 
the total area: - 


Sr Walt)dt=0.01So Walt)dt 


38. W.(0)=W(0) 
4. W,(t) has minimum mean-square noise 
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output when the input consists of the noise 
signal M(t). 


It may be shown from the foregoing 
conditions that it is possible to determine 
the values of the constants associated 
with the weighting function and thus 
realize the estimator in terms of lumped 
elements. 

An example of this procedure is given 
in Section V. 


III. Third-Order Systems 


PRELIMINARY REMARKS 


The preceding discussion concerning the 
proportional control servo can readily be 
extended to the next case in order of 
complication: the positional servo with 
proportional-plus-integral control (Fig. 4). 
This is described by a third-order transfer 
function of the form: 


do(s)_ (wnt B6eonv)s+ ron? 
0:(s) (s?+2f¢ns-tan®)(s-+7) 


Wonty =f/F 
Wonyton*= K/J 
yon® = Ki /J 

where 
K=proportional gain 
Ki=integrator gain 


y=real pole of the transfer function 


The input is now assumed to be a signal 
of the form 


St) = lps 


contaminated with white Gaussian noise, 
as described above. The performance 
criterion is again the total steady state, 
squared error ep”. 


(t 2 0) 


(t < 0) (7) 


PARAMETER VARIATION 


For the third-order system, the total 
error in following the quadratic input of 
equation 7 is given by the expression: 
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ae 


| 
JS24fS 


8 


wn? ; 
Qn 
alae 
aL 
The above expression includes three 


parameters ({, w,, and y) that may, in 
principle, be varied to produce adaptive 


r= | eat | Ag+ 


4S y(ontS7) | ow? 
wn? + 2am y+ y? 


behavior. The step response of the third- 
order system consists of an exponential 
term plus a damped sinusoidal term. 
The damping of the sinusodial term is 
governed by ¢, which, having been chosen 
for good transient recovery, may be as- 
sumed fixed. 


The parameter y specifies the expo-. 


nential term in the step response of the 
system. As shown in the literature,! the 
choice of 


7 =2fan, 


leads to a system with good performance 
characteristics. For that value of y we 
have: 
4 On 1427? 

pee |e St ah as a 
€p aoe Tee oN TT h8e fonon 
The minimum value of ep? is then obtained 
when 


4¢(1+8¢*) 


1/5 
=|), = See 2/6 
oS lacs | a 


Since J is assumed constant, and oy? is 
constant, the above expression may be 
written as: 


On = CA qs 
where C is a constant. Further, we have: 
y=2tCA qs 

From the relations between J, f, K, Ki 
and £, w,, y as given previously—again 
assuming unalterable inertia—one can 


determine the dependence on the accelera- 
tion A, of the proportional gain K, the 


a? of 


integrator gain Ky, and the viscous damp- 


ing f of the servo system: 
faAq?/s, KaA a5, KiaA gs 


Since the servo parameters are propor- 
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Fig. 6. 


Pole motion for 
adaptive system 


second-order 


tional to these powers of A,, the adapta- 
tion loop must consist of: (1) an accelera- 
tion estimator, and (2) networks to pro- 
duce powers of the estimator output. 


OPTIMUM ADAPTATION Loop 


The adaptation loop for the third-order 
system consists of an acceleration estima- 
tor in tandem with networks that give the 
required powers of the estimator output. 
The ideal weighting function of the esti- 
mator is given by :? 


480 5,400 12,960 
ee Be ae 
() Ts T4 Ts é 
8,400 ‘ 
rte LO ec Sie ie AS 


= 0 elsewhere 


which must, in practice, be again approxi- 
mated by a physically realizable function. 

The mean-square noise output of the 
estimator is given by: 


, _ 12.96 <10* 


oT TS on 


As in the case of the second-order sys- 
tem, the estimator must have a minimum 
signal-to-noise ratio a2 for a smallest 
detectable acceleration magnitude A». 
The estimator time constant is then given 
by: 
reed 

Sioa 


IV. Generalization to Higher- 
Order Servomechanisms 


The generalization of the notions ex- 
hibited above leads to a positional servo 
with proportional-plus-multiple-integral 
control (Fig. 5) with the transfer function 


8) _ 
9o( 5) 
Ks" + Kyst1 +... + Ky 
Ss®t24 fsMti4 Ks"4+ Kis" 34 ...4+Kn 


where 


K=proportional gain 
K,=gain of ith integrator (¢=1, 2, ... ) 
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An nth order servo system, as defined 
above, will exhibit no steady-state errors, 
other than noise errors, for polynomial 
inputs of degree less than, or equal to, 
(n—2); constant steady-state errors for 
polynomial inputs of degree (n—1); 
and steady-state errors that increase with 
time for inputs of degree ” or higher. For 
inputs of degree the steady-state error 
grows as #, and for inputs of degree (7+1) 
as #?— and so on. 

The effect of the adaptation loops 
which were proposed above for second- 
and third-order systems can be illustrated 
by the motion of the poles, which is in- 
duced in the transfer functions of the 
linear system by the adaptive behavior. 
This idea can then be carried over to the 
design of higher-order systems. 

A second-order servo system is char- 
acterized by aclosed-loop transfer function 
having a single pair of complex conjugate 
poles in the s-plane. The adaptation loop 
operates so as to increase wr from its un- 
adapted value in the presence of ramp in- 
puts but maintaining ¢ constant. Thus 
the adaptation loop operates so as to 
move the poles into the interior of the 
left-half of the complex plane along 
the two straight lines shown in Fig. 6. 
Similarly, in the case of a third-order 
system the closed-loop transfer function 
is characterized by a single pair of com- 
plex conjugate poles and areal pole. The 
adaptation loop operates so as to move 
the poles into the interior of the left half 
of the complex plane along the paths 
shown in Fig. 7. 

A fourth-order system may be treated 
in the same manner—except for two cases 
that must be considered. 


1. The closed-loop transfer function has 
two pairs of complex conjugate poles with 
corresponding damping ratios fi, and {2 
and angular frequencies w; and a». The 
adaptation loop operates so as to move the 
poles in a manner similar to that shown in 
Fig. 6. 


2. The closed-loop transfer function has a 
single pair of complex conjugate poles and 
two real poles, 71 and y2. For this case: 


Vi Cian 
‘2 = Coen 


C, and C2 are constants. The adaptation 
loop operates so as to move the poles in a 
manner similar to that shown in Fig. 7. 


This can be generalized to systems of any 
order. However, it is of purely academic 
interest to consider, of the type under 
consideration, any systems higher than 
the fourth order. 

For a second-order system the estima- 
tor consists of a network that determines 
the first derivative of the input. For a 
third-order system the estimator deter- 
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S-PLANE 


Cw, Lu, 


Fig. 7. Pole motion for third-order adaptive 
system 


mines the second derivative, and so on. 
The procedure employed in determining 
the time constant associated with the 
adaptation loop for the second- and third- 
order systems may obviously be extended 
to systems of higher order. 


V. Design of a Specific Second- 
Order Adaptive System 


For the second-order adaptive system 
the time constant associated with the 
velocity estimator is given by: 


Ak Baroy? 1/3 

A}? 
The relation between w, and A; is given 
by: 


4¢ 
Sak ey ees Ay! 


On 


Assuming the following values for the 
quantities given in the above expressions: 


on?=0.636 square foot per second 
A,=20 feet per second 

a1 =0.5 

¢=0.5 


we obtain: 


T =0.534 second 
wn =2.33 A,?/8 

The weighting function of the optimum 
estimator is completely determined by 
the value of T given above. The approxi- 
mate weighting function may now be 
determined from the conditions given in 
Section II. One finds: 


W(t) =250e-#/-089 — 158¢-*/-178-4.15.8¢— 1/366 


Let 6,(¢) denote the output of the esti- 
mator for an input 0,(t). The adaptive- 
system damping and proportional gain 
are given by: 


f/J =2.330,%/3 
K/J=5,436,4/8 


where J is assumed constant. 
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Table | 
Adaptive System Linear Tracker 

RMS RMS 

Input, No. of T,Sec- 7, Sec- Error, : No. of T, Sec- 7, Sec- Error, 
Feet/Second Sampling Samples onds onds Feet Sampling Samples onds onds Feet 
NOISE, c.c6.2 53 Umitortivg ees ciclieriaidet che Ie) Epecdlack) Uniform ac) 2005 7 oe 5 Bee eth) 
Noise +20....Uniform....122....4.2.... 3.75....2.56 Uniform:...121....4.2....53. 78. a...2). 69 
Noise +50....Random....200....5 5 oe nee Oe Random.j45: 200). a9 4D oe. 2.64 
Noise +100...Random....200....2 5 Melenoo Random,...200....2 5 ..-.d,04 


Fig. 8. Ramp input adaptive system 


The evaluation of the adaptive system 
may be carried a step further by compar- 
ing its performance with the performance 
of the optimum filter that will reproduce 
a ramp input when contaminated with 
white noise. The weighting function for 
such a filter may be determined by the 
method of Zadeh and Ragazzini,’ and is: 

6 


W)=s- a 


=0 elsewhere. 


0<i<T 


The mean square noise output o,? of 
such a filter, when subjected to the same 
noise input as the adaptive system is 


1.272 
i 


0a, — 


Inspection of the above expression 


1/2 second are necessary in order that the 
optimum filter have a root-mean-square 
noise output comparable to the adaptive 
system. For such values of 7, the 
transient recovery period of the optimum 
filter is considerably longer than that of 
the adaptive system. In addition, since 
the weighting function of the optimum 
filter is discontinuous at time 7, it is not 
realizable in terms of lumped elements. 
Thus an approximate weighting function 
must be determined which is then realized 
in terms of lumped elements. 


VI. Analog Computer Simulation of 
Adaptive Servo System 


In order to evaluate the performance of 
the adaptive servo, the example of the 
preceding section was simulated, along 
with two linear systems, on an Elec- 
tronics Associates analog computer. The 
linear systems were chosen as the two 
extremes: the one to represent a good 
smoothing system with correspondingly 
large time constants, and the other a 
good tracking system with small time 


shows that values of T greater than about constants. All three were subjected to 
TRANSITION 
CURVE 
DECREASING 


INCREASING 
RAMP 


input to adaptive system 


Table Il 
Adaptive System Linear Smoother 

RMS RMS 

Input, No. of T,Sec- 7,Sec- Error, No. of T,Sec- 7, Sec- Error 
Feet/Second SamplingSamples onds onds Feet Sampling Samples onds onds Feet’ 
INGIBE. crnsaies Untornry 200 wa caraincas s O26. 0. +s le48 Uniforms; 200)\. 5.4 as. coe 9.25 1.03 
Noise+20..... Ratidon,..200....0000n0 0 ae 2e0e Uniform... 81... .5.68....5 3.87 
Noise+50..... Rendon. 75200066 d sO: asi Oar Bele Uniforedsc. (Sie. ca oes 8.91 
Noise+100....Random...100....8 ....2.5 ....3.63 Uariform. <6) 40)... 2b. cnn 33 17.00 
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Fig. 9 (left). Combination ramp 


Table III 


Description of Input 


Decreasing 
Input Code Increasing Ramp, Ramp, 
Letter Ft/Sec Ft/Sec 
PREIS ONS Cox 7p Noise 20),,.. <6. 5 oie 20 
Bias ee Noise-- 20) tae. ae 80 
SR arriaremer oO Noise +80..........-. 20 
Do Sentcaeectosee: Noise+80........0..0 80 3 
j 
? 
¢ 
5 
the same inputs, and records of the outprtg 
errors were obtained. ; 
More particularly, the two linear sys- : 
tems were j 
1. Good tracker 7 


wn, =27 X8 radians per second, ¢=0.5 


2. Good smoother 


@n =27 X1 radians per second, ¢=0.5 


Because of equipment limitations it was 
possible only to simulate the adaptive 
system, together with one linear system, 
in each sequence of tests. 

The simulated systems were subjected 
to the following inputs: (1) noise 7 
ramps, as shown in Fig. 8; and (2) noise 
plus an increasing ramp followed by a 
decreasing ramp, as shown in Fig. 9. 

The noise signal was derived froma noise 
generator with a spectral density that was 
essentially constant (adjusted to 0. 636 
square foot per second) up to a frequency 
of 60 cycles per second. 

In accordance with the objective of the | 
simulation (to provide a quantitative 
comparison between adaptive and linear 
systems), the error signal, that is, the 


Table IV | 


Adaptive System 
Errors, Feet 


Linear Tracker 
Errors, Feet . 


Input «,* ec* en * aL €c eR 
Ass 's:52). 6 Bin, e10 Bal Sate hao ee ck thom oe On are Oe 
B... 2:41, 2.78. ..d:00 acne 41.22 ON nO aE 
C..,.3.63. 22598) 5 2.47 5623840 2 Gomes 19 
Di.8 504. 6 HOrOG.. Sader endl one ae Oa 98 


* ep, ec, and eg are the rms errors in tracking combi- 
nation of ramp inputs, as shown in Fig. 9, over 
intervals rz, rc, and rR, respectively. 


Table V 


Adaptive System 
Errors, Feet 


Linear Smoother ~ 
Errors, Feet 


Input | €L €c (ak @, “ & € 
A......208...1..88..:2)92.,5. @.vl.. 8640 eeSeat 
B....2.35..2.42..3.15... 3.57%... 8,283..11.30 
C....3.22..1.72..1.85... 8.55.. 3.68,. 3.58 
D....3.62..3.36..3.91...14.3 ..10.08..13.9 
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difference between the servo output and 
the noiseless ramp input, or combination 
of ramp inputs, was recorded in each case. 
Since the error signal is a random func- 
tion, it was sampled either in uniform 
_ intervals of 7 seconds or, in some cases, at 
random intervals; this fact is noted in 
the tabulated results. Time T, which was 
allowed for transients to die out, is also 
noted. 

Table I, which contains the comparison 
between the adaptive servo and the good 
linear tracker, shows not only that the for- 
mer smooths noise in the absence of a signal 
better than the latter by a factor of two, 
but also shows that it performs equally 
well in tracking ramps through noise. 
Table II exhibits corresponding results for 
the adaptive servo compared with the 
good linear smoother. The smoothing 
properties of the two are here shown to 
be about the same in the case of noise 
only; in tracking a ramp through noise, 
however, the adaptive servo is quite 
superior. 

Similar results for combinations of ramp 
inputs are contained in Tables III, IV, and 
V6 

In order to evaluate qualitatively the 
transient behavior of the adaptive sys- 
tem, responses to step inputs were sim- 
ulated. At the outset it was feared that, 
since the design procedure was aimed 
chiefly at good steady-state behavior, the 
transient response might develop to be 
poor. The opposite was found to be true. 
The recovery time of the servo appeared 
to be substantially shorter than that of 
even the good linear tracker and exhibited 
a damping ratio equivalent to about ¢= 
0.5. 


Discussion 


Ian McCausland (University of Toronto, 
Toronto, Ont., Canada): The authors 
define an adaptive control system as one 
which monitors its own performance and 
adjusts some of its own parameters in the 
direction of better performance. However, 
any feedback control system may be said 
to monitor its own output or outputs and 
to adjust something in the system in such 
a way as to decrease the discrepancy be- 
tween what the performance is and what 
it ought tobe. Tocall one system adaptive 
because it varies parameters, and to exclude 
another system from this category because 
it only varies signals, seems to be an undue 
restriction of the meaning of the word 
“adaptive.” Is the variation of parameters 
the essential feature of an adaptive system? 
Tf so, an ON-OFF servomechanism is adaptive 
since it varies the loop gain from zero to a 
definite positive or negative value in ac- 
cordance with fixed rules. If we include 
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Appendix 


Weighting Function of Optimum 
Velocity Estimator 


Following the procedure derived by 
Zadeh and Ragazzini,? let W(t) be the 
weighting function of the estimator 


W(t) =0 for ¢<0 and é>T, 
and let 


m=f. at UW t= fF dt Wt) 


be the ith moment of W(t). Let the 
estimator be subjected to a signal consisting 
of a polynomial P(t) of, at most, the second 
degree and a random noise with auto- 
correlation. 


Ry(7) =(1/2)on75(r) 
and spectral density 
Gy(f) =o? 

For a velocity estimator 
o=0 m=—1 H2=0 
The weighting function is given by 


W(t)=Ao+Ait+Aot? O0<i<T 
=0 elsewhere ; 


where Ao, Ai, and A» are constants deter- 
mined from the moments of W(t). Thus, 


A A 
AT +> sare T? = 


A 
S42 ry Tham 
Ap 
242 ry * T= 


Solving the above equations, we obtain 


36 192, _ 180 
ies cenaads 10h 


an ON-OFF servomechanism in the adaptive 
category can we exclude the proportional- 
control system, which provides a con- 
tinuously-variable adjustment of the gain 
between the power-supply and the load? 
The authors state that the term ‘‘adap- 
tive’ has been borrowed from biology. 
However, in the science of biology this term 
describes a number of different types of 
process. For example, Ashby! proposes 
the definition that ‘‘a form of behavior 
is adaptive if it maintains the essential 
variables within physiological limits’; and 
many of the examples given by him to 
illustrate adaptive behaviour are not 
essentially different from the conventional 
feedback control system. The meaning of 
the term ‘‘adaptation’” in the theatrical 
field seems to be closer to what the authors 
have in mind, that is, the alteration of a 
piece of dramatic writing in order to suit 
the taste of a different audience or to ac- 
commodate it to different circumstances. 
Since interest in the type of servo- 
mechanism described by the authors is 
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Hence, 


36 192 ~ 
W(t) =— ——_ — f? 
Oat apt hp 


=0 elsewhere 


O0<t<T 


Choice of the Estimator Time 
Constant 


If the estimator is subjected to an input 
consisting of a noise M(t) and a polynomial 
of the form ~ 


P(t)=Ap+Aut 


The steady-state output will consist of a 
noise with root-mean-square value oz 
superposed on the derivative of P(t), i.e., Ai. 

Let a: be the signal-to-noise ratio at the 
estimator output. Then, 


Thus if a: is the minimum acceptable 
signal-to-noise ratio for the estimator, then 
A; is the smallest value of velocity input 
that can be detected. The estimator time 
constant ZT is then given by the above 
expression. 
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likely to increase in the future, it appears 
to be necessary at this stage to choose 
technical terms which are as precise as 
possible. Since the term ‘adaptive’ is 
used so widely in biology it seems desirable 
to qualify it in some way, so that it will 
not be taken to describe the entire class of 
feedback control systems. 
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R. F. Drenick and R. A. Shahbender: Mr. 
McCausland raises a point of terminology. 
He agrees that control systems of the type 
discussed by us belong to a class of such 
systems and that they differ from the con- 
ventional type. However, he feels that the 
term ‘‘adaptive’ is overly comprehensive 
and therefore a poor choice. 

Points of terminology are always difficult 
to settle but the first thing to do in any case 
is to try to define the class of systems to 
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which a term is to be attached. As far 
as we know, this has not been done. We 
shall therefore make an attempt at it. 
It will of necessity be a rather broad and 
unspecific definition, partly because the 
state of our knowledge about these systems, 
and partly because the nature of this 
discussion, preclude going into much detail. 
Nevertheless, it will become quite clear 
that the class as we hope to define it will 
include the servo mechanisms which we 
have discussed, along with many others; 
that it does not include the ON-orr system 
or the proportional-control system men- 
tioned in his comments. Finally, we hope 
to make plausible our choice of the term 
“adaptive” for the class of systems. 
Broadly speaking, we expect the servo 
mechanisms of this class to be designed for 
operation in a slowly changing environ- 
ment, as opposed to the conventional types 
which are intended for a fixed environment. 
To be more specific, we must define what 
we mean by “environment.” We use the 
term here collectively for all the data, given 
or assumed, which must be taken into 
account by the system designer, that is: 


1. The nature of the signal for which the 
system is to be designed. 


2. The nature of the noise (if any) against 
which it should discriminate. 


3. The set of parameters (if any) of the 
system which are given at the outset and 
which cannot be negotiated by the designer. 


It is correct to say, we believe, that a 
conventional servomechanism is intended 
for operation in a fixed environment, or in 
any case, is designed with such an environ- 
ment in mind. That is to say, the nature 
of the signal and of the noise (their spectral 
densities, say) and of the nonnegotiable 
parameters (some of the gains and time 
constants) are fixed or, if necessary, are 
artificially frozen at some reasonable 
values. The control system is then so 
designed that it will operate in this environ- 
ment in some optimal, or nearly optimal, 
fashion. 

We propose that, in order for a control 
system to belong to the class which we have 
called adaptive, two conditions should be 
fulfilled, namely: 


1. The environment should be allowed to 
change slowly (when compared with the 
frequencies of signal and noise), the system 
should be able to detect changes and vary 
its (negotiable) parameters accordingly. 


Quasi-Optimization of Relay Servos by 


Use of Discontinuous Damping 


W. L. HARRIS, JR. 


STUDENT MEMBER AIEE 


NUMBER of articles!~* have been 
written which deal with the 
optimum response of a relay servo to a 
step input, with some mention of a ramp 
input. If optimum response is defined as 
that response which regains position corre- 
spondence in minimum time and without 
overshoot, then it has been shown that an 
ideal relay servo with second order motor- 
load combination may be optimized. 
The optimized relay servo has one period 
of acceleration with maximum torque, an 
instantaneous torque reversal (ideal relay) 
at an appropriate point, and one period of 
deceleration with maximum torque. The 
system attains zero error and zero error- 
rate simultaneously, the torque is re- 
moved, and the system is stationary at 
zero error. For the second order motor- 
load, with a maximum torque specifica- 
tion, this represents the fastest possible 
response. For higher order motor-load 
units, more switching operations® are re- 
quired. 
In order to realize such an optimized 
servo, an anticipating device is required to 
reverse the torque at the proper instant. 
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C. MCDONALD 


STUDENT MEMBER AIEE 


G. J. THALER 


MEMBER AIEE 


Phase plane analysis shows that the locus 
of points on the phase plane at which this 
reversal is required is precisely that 
deceleration trajectory which passes 
through the origin of the phase plane. 
This is shown in Fig.1. Physical realiza- 
tion of this switching locus requires a non- 
linear anticipator. Satisfactory opera- 
tion of the servo depends on the accuracy 
with which the nonlinear device produces 
the desired switching locus, and also de- 
pends on the properties of the relaying de- 
vice, which has been postulated as ideal. 

A quasi-optimum relay servo is hereby 
defined as one which has all of the char- 
acteristics of an optimum relay servo ex- 
cept that of minimum response time. In 
practice, an ideal relay does not exist. 
Assuming that the only defect in the relay 
is the existence of a dead zone, a quasi- 
optimum relay servo may be obtained by 
the application of a damping or. braking 
torque when the relay opens. If the 
damping is properly controlled, the system 
comes to rest at or near zero error, and it 
will be shown that this can be accom- 
plished for a wide range of step inputs. 
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2. The system should have a single input, 
comprising signal and possibly noise, and 
it should be designed to derive all indications 
of environmental change either from that 
input, or from its own response to it, or both. 


We omit discussion of these specifications — 
or of their motivation. It is probably © 
worth pointing out that the class is rather 
broad, that it includes the type of system 
we dealt with in our paper, and many others, — 
but that it does not include ON-OFF servos” 
nor conventional linear servos (except — 
possibly as a pointless border line case). _ 

We can now comment briefly on the 
matter of terminology. To our knowledge, 
the following terms have been attached to 
control systems essentially of the class _ 
defined here: ‘‘input-controlled,” “sympa 
thetic,” ‘learning,’ ‘‘self-adjusting,” “‘self-— 
designing,’ and “adaptive.” The last, 
which was our choice, is used in biological — 
fields in the sense of ‘‘modification of an 
animal or plant (or its parts or organs) 
fitting it more perfectly for existence 
under the condition of its environment,” 
according to Webster’s Collegiate Diction-~ 
ary. We felt, and still feel, that this 
describes very well the control systems 
under discussion. 


: 
The resulting system is deadbeat, has . 
accelerating period under full torque, 
and one decelerating period with vari-— 
able torque as a result of the natural 
damping plus the discontinuously applied i 
damping. , 
Nomenclature i 


C=coulomb friction torque in pound-feet - 


‘D=added viscous damping torque 


E=06r—06, = position error in radians 
Ess =steady-state position error in radians 
f=coefficient of viscous friction in pound- 
feet per radian per second 
Jq=motor armature current in amperes 
J=moment of inertia in slug-feet squared 
K;=motor torque constant in pound-feet 
per ampere 
K,=motor back emf constant in volts per 
radian per second 
q=artmature inductance in henries 
Rq=armature resistance in ohms 
Rg=dynamic braking resistance in ohms 
T=motor shaft torque in pound-feet 
V=voltage applied through relay in volts 
6-=output shaft position in radians 
6z=reference shaft position in radians 
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Fig. 1. Phase trajectories for an optimum 
relay servo 


A—Acceleration trajectories 

B—Deceleration trajectories 

C—Deceleration trajectory and locus of relay 
reversals 


Phase Plane Analysis of 
Discontinuous Damping 


For the purpose of introducing the basic 
theory, it is assumed that the relay servo 
consists of an ideal error detector, pure 
torque motor, and pure inertia load. The 
basic differential equation during accelera- 
tion periods is 


JE=+T (1) 


If the relay has dead zone, when the relay 
opens the differential equation is 


JE=0 (2) 


The phase trajectory corresponding to 
these conditions is sketched in Fig. 2(A). 
Note that the system traverses the dead 
zone at constant velocity. If the motor- 
load unit contains some viscous damping, 
then equations 1 and 2 are altered and the 
effect on the phase trajectory is shown by 
dotted curve of Fig. 2(A). Note that the 
damping causes some deceleration in the 
dead zone. If some damping is added 
to the output at the instant the relay 
opens, then the output is decelerated as it 
crosses the dead zone. Furthermore, if 
the added damping is viscous damping, 
then equation 2 becomes 


JE=-D=-fE (3) 


Such discontinuous introduction of damp- 
ing does not affect equation 1, and there- 
fore permits maximum acceleration when 
the motor is driving. The resultant phase 
trajectory is shown on Fig. 2(B). Note 
that the deceleration trajectory in the 
dead zone is astraight line. This is acon- 
venient and fortuitous circumstance. If 
an appreciable amount of coulomb friction 
is present, this deceleration trajectory is 
curved. 

- Addition of a linear differentiating de- 
vice, either in the error channel or in feed- 
back, rotates the dead zone boundaries. 
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Such a condition is illustrated in Fig. 2(C). 
Note that this provides anticipatory 
switching according to a linear law. 
From the phase trajectory of Fig. 2(C), 
the effect is obviously stabilizing. If the 
magnitude of the coefficient of the dis- 
continuous viscous damping is considered 
in determining the rotation to be produced 
by the differentiating device, the phase 
trajectory in the dead zone can be made 
precisely parallel to the dead zone 
boundary, and the trajectory falls exactly 
on this boundary, as shown in Fig. 2(D). 
The system is then deadbeat for all magni- 
tudes of step input. The response time 
depends on the magnitude of the viscous 
damping, as well as the magnitude of the 
step input, and increasing the damping 
coefficient permits reduction in response 
time. 

The deadbeat response shown in Fig. 
2(D) has a steady state error E;, which is 
equal to one half of the total dead zone 
width. However, since the trajectory 
does not enter the dead zone but merely 
follows its boundary, the width of the 
dead zone may be decreased until the dead 
zone width is infinitesimal and the steady 
state error is negligible, i.e., E;0. This 
has been illustrated on Fig. 2(E). This, 
then, represents a quasi-optimized condi- 
tion, 

Note that if the viscous damping is 
made sufficiently large, the dead zone 
approaches a vertical position and the 
response time may be even shorter for the 
quasi-optimized system then for the so- 
called optimum relay servo. 


Fig. 2. Phase trajectories de- 
scribing the effect of discontin- 
uous damping 


A—Trajectories of basic relay 
servo 
B—Efect of discontinuous 
damping 
C—Rotation of dead zone by 
differentiator 
D—Matching the slopes of 
trajectory and dead zone 
boundary 
E—Reducing width of dead 


zone to optimize response 


Fig. 3. Block diagram of a 

shunt motor relay servo with 

dynamic braking for discontin- 
uous damping 
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Discontinuous Damping by 
Dynamic Braking of a D-C 
Shunt Motor 


The theory presented in the preceding 
section is readily applied to a relay servo 
using a d-c shunt motor. Discontinuous 
damping is obtained by connecting a 
dynamic braking resistor across the 
armature terminals of the motor, as shown 
in Fig. 3. Note that the only extraneous 
effect during acceleration intervals is to 
draw additional current through the relay 
contacts, but this does not affect the 
dynamic performance of the motor. 

Assuming that the armature inductance 
and the coulomb friction are negligible and 
that the relay is ideal, it may be shown 
that the phase plane equations are 


dE (ORERT ERI 

Se 2 (4) 
dE TR: JRE 

for the acceleration period, and 

dE K,K 

ate a ie sabes 1 (5) 


dE J J(RaRz) 


for the deceleration in the dead zone. 
(The symbols are defined in the nomen- 
clature section, and the equations are . 
derived in Appendix I.) Equations 4 and 
5 define the isoclines on the phase plane. 
Equation 4 is typical of torque saturated 
operation and needs no comment, but 
equation 5 shows that the trajectory in 
the dead zone is a straight line, and that 
the slope of this line may be adjusted by 
varying Rz. Since these equations show 
that the d-c shunt motor with dynamic ~ 
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braking has precisely the phase plane 
characteristics required by the theory, 
actual performance will vary from the 
theoretical only if the assumptions are not 
valid. Experimental verification of the 
theory is, therefore, necessary. 


Characteristics of D-C Servomotors, 
Coulomb Friction Effects 


It is obvious that relays in general have 
some time lag in operation, motor arma- 
tures possess inductance,’ and motor-load 
combinations have some coulomb friction. 
Thus, it is known that the three basic 
assumptions are not completely valid. 
However, if these effects are negligible, or 
if they may be minimized by proper 
design, the resulting system performance 
can be satisfactory The coulomb fric- 
tion effect is readily checked prior to 
assembling the servo. The motor, dy- 
namic braking resistor, gear train, tachom- 
eter, and error detector are assembled 
as they are to be used in the servo, thus, 
including all friction effects. The motor 
is run at saturation speed, then the supply 
voltage is removed from the armature and 
the motor coasts to standstill. Velocity 
and position measurements are recorded 
with a two channel Brush recorder, and 
replotted to obtain the phase trajectory. 

Such retardation tests were run on three 
sizes of d-c shunt servomotors. A 1-hp 


(horsepower) motor-load unit is shown in © 


Fig. 4, Retardation tests were run on 
this unit, using several values of Rp: A 
phase trajectory is plotted on Fig. 5. 
Note that this is nearly a straight line; 
the only perceptible coulomb effect is the 
slight hook as the velocity approaches 
zero. For this motor it would appear that 
coulomb friction is negligible. Similar 
tests were run on a 1/8-hp motor and a 
1/125-hp motor, and typical curves have 
been added to Fig. 5. Note that these 
added curves are each for nearly maxi- 
mum dynamic braking and represent the 
best trajectories obtainable. Note also, 
that the co-ordinates have been adjusted 
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Fig. 4. The 1-hp 
motor load unit with 


associated control 
and measurement 
devices 


by proportion to facilitate comparison of 
the trajectories’ curvatures. From Fig. 
5 it is seen that the largest motor shows 
the least coulomb friction effect, its tra- 
jectory being an almost perfect straight 
line. Also, the smallest motor shows the 
greatest coulomb friction effect, its tra- 
jectory being considerably curved. It 
can be shown mathematically that this 
variation in curvature is largely due to 
the C/J ratio; see Appendix IT. 

For all of the cases shown in Fig. 5, the 
coulomb friction effect would prevent the 
phase trajectory from following the dead- 
zone boundary exactly. However, prac- 
tical relays have a pull-in point which re- 
quires more voltage than is needed to hold 
the relay closed, so that the practical 
relay drops out at a lower voltage then the 
pull-in voltage. The phase portrait 
therefore requires’ additional boundary 
lines for the dead zone, as shown in Fig. 
6(A), and for slight curvature of the 
deceleration trajectory the system is com- 
pletely deadbeat, but with slightly in- 
creased static error, as also shown 
on Fig. 6(A). For larger amounts of 
coulomb friction, the forward driving 
relay may close several times producing a 
jerky motion. The phase trajectory is 
shown in Fig. 6(B). The net result is 
some decrease in the static accuracy, since 
a finite dead zone is required to obtain 
deadbeat operation. The actual width 
of this dead zone depends on the specific 
system. 


Effect of Relay Time Lag and 
Armature Inductance as Shown 
by Step Function Tests on 
the Relay Servo 


The 1-hp motor-load unit was selected 
for the initial investigation because of the 
negligible coulomb friction effect. It was 
incorporated in a relay servo, the circuit 
being shown in Fig. 7. Note that control 
of the dead zone was easy because the 
amplifiers used were taken from an analog 
computer and provided a very flexible 
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arrangement. The phase trajectories ob- 
tained in response to a step input are 


t 


. 
Ls 


shown in Fig. 8. The departure from 
theoretical predictions is obvious, but is 
readily explained and may be corrected 


toalargeextent. One major discrepancy 
is the lack of a sharp change in the slope of 
the trajectory at the drop-out line. How- 
ever, a fairly sharp change occurs farther 


along the trajectory, in the dead zone. | 


This suggests a time lag in relay operation, 
and auxiliary tests verified this. 
portance of minimizing relay lag thus be- 
comes obvious. A second discrepancy in 


The im-— 


’ 


F 


the trajectories of Fig. 8 lies in the fact 


that the trajectory does not become a 


straight line immediately after the relay 
opens, but continues curving before it 
straightens out. This is caused by arma- 
ture inductance. Fig. 9 shows a curve 
of armature current versus time. 
relay closes at A, and the current rises 
rapidly (but not instantaneously) to a 
maximum, then decays along B to a non- 
zero steady state at C. When the relay 
drops out, the current must first decrease 
to zero, then reverse, going through a 
maximum along the curve CD. Note 
that a finite time is required for the 


The 


2 


’ 


: 
4 
: 


; 


current to decrease to zero, reverse, and 


rise to a maximum in the reverse direc- 
tion. 
namic braking effect is not as large as 
predicted, and the phase trajectory 
curves out into» the dead zone. 


During this time interval, the dy- 


For | 


smaller disturbances, the relay drops out 


earlier, i.e., nearer B on Fig. 9, and the 


effect of the armature inductance has a 


greater duration because it takes longer to 


any 


fe) 


MOTOR SHAFT VELOC! 


6: li < Meteo a ne 
MOTOR SHAFT POSITION: 


Fig. 5. Effect of coulomb friction on the 
phase trajectories of dynamically braked d-c 
shunt motors 
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teduce the initial armature current to 
zero. 

It is immediately obvious that the relay 
time lag can be decreased by using a better 
relay, and the delay due to armature in- 
ductance can be reduced by selecting a 
motor such that the electrical time con- 
stant of the armature, L,/R, is small. 
Another factor to be noted is that both 
effects may be compressed on the phase 
plane by increasing the motor-load gear 
ratio. The wide dead zone of Fig. 8 is 
largely due to the fact that the gear ratio 
was chosen to emphasize the defects, and 
was only 13 to 1, so that an input step of 
25 degrees was corrected in less than one 
revolution of the motor shaft. 


Step and Ramp Function Tests 
on the Relay Servo Using a 
1/125-Hp Motor 


In order to permit use of a smaller and 
faster relay, the 1/125-hp motor replaced 
the larger motor. This motor also had a 
much more favorable electrical time con- 
stant for its armature, and finally the gear 
ratio was raised to 500 to 1. The phase 
trajectories for the response of this system 
to a step input are shown in Fig. 10. It 
is readily seen that these trajectories more 
nearly approximate those predicted by 
theory, and the width of the dead zone has 
been greatly reduced. Still further im- 
provements can be made by means of 
motor selection, relay selection, and gear 
ratio adjustment. 

This system was also tested with a ramp 
input. Due to the use of tachometer 
feedback, a velocity lag error is intro- 
duced. Substitution of an error differ- 
entiator eliminated the velocity lag error. 
The use of a ramp input always causes a 


STEP-INPUT 
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Fig. 6. Effect of coulomb 

friction on a relay servo when 

the relay has unequal pull-in 
and drop-out voltages 


A—Effect of a small amount 
of coulomb friction 
B—Effect of a large amount of 
coulomb friction 


limit cycle, which is characterized by 
opening and closing of the forward driving 
relay only; the reverse relay never 
operates. It is thus seen that the output 
during ramp operation is essentially con- 
fined to the region between the pull-in and 
the drop-out points. The frequency of 
the limit cycle increases with increased in- 
put velocities. 


Comparison of a Quasi-Optimized 
Servo with an Optimum Servo 
Using the Same Motor-Load Unit 


Fig. 11(A) shows an experimentally ob- 
tained phase trajectory for the 1/125-hp 
quasi-optimized servo, and also an 
optimum phase trajectory for the same 
motor-load unit obtained from experi- 
mental acceleration and decleration tra- 
jectories. There is an appreciable differ- 
ence between these trajectories in the 
deceleration region, so Fig. 11(B) shows 
the transient response curves obtained 
from these trajectories. It is readily seen 
that the responses are identical during 
acceleration, nearly identical for part of 
the deceleration period, but the quasi- 
optimized system approches correspond- 
ence more slowly when the error has 
been reduced to a small value. 


Conclusions 


A theory has been developed for using 
discontinuous damping to obtain a relay 
servo which has a deadbeat response to a 
step input. This theory has been applied 
to the case of a relay servo using a d-c 
shunt motor, in which the discontinuous 
damping is obtained by connecting a 
dynamic braking resistor across the motor 
armature. It has been shown that static 


Fig. 7 (left). Circuit diagram 

of quasi-optimized relay servo 

using 1/125-hp d-c shunt 
motor 


Fig. 10 (right). Phase trajec- 

tories showing the step re- 

sponse of a quasi-optimized 

relay servo using a 1/125-hp 
shunt motor 


accuracy is adversely affected by relay 
time lag, by the electrical time constant of 
the armature, and by coulomb friction, 
but it has also been shown that these 
effects can be controlled and an acceptable 
system obtained. It is obvious that the 
quasi-optimized system is simpler .to 
design, construct, and adjust than a com- 
parable system using optimum switching, 
since the latter requires a special nonlinear 
anticipator for switching. It has also 
been shown that the transient response of 
the quasi-optimized system is not too un- 
favorable as compared with the optimum 
response. Finally, it might be noted that 


the dynamic braking resistor tends to lock 
the output and prevent wander in the 
dead zone when the system is at rest. 


Fig. 8. Phase trajectories of a quasi-optimized 
relay servo using a 1-hp shunt motor (step 
response) 
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Fig. 9. Armature current variation in a dy- 
namically braked relay servo 


AB—Initial inrush 

BC—Decrease to steady state as motor acceler- 
ates 

CD—Reverse current due to dynamic braking 


PULL 
DROP- OU 
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Fig. 11(A) (left). Comparison 

of phase trajectories for opti- 

mum and quasi-optimum oper- 
ation of a relay servo 


A—Point of relay drop-out 
for the quasi-optimum system 


Fig. 11(B) (right). Compari- 
son of time response of an 


optimum and a quasi-optimum 
relay servo 


Appendix | 


Derivation of Equations 4 and 5 


Assumptions: C/J is negligible; 4R, is 
negligible; the input is a step of position, 
6. Applying Kirchhoff’s voltage law, 


V=K,6-+IaRa (6) 
and for dynamic torque equilibrium, 
Kila=Jb.+f6¢ (7) 
but 
E=6,—6, (8) 
and for é>0, @z is constant, so 

=-6, (t,0) 
E=-6, (1,0) i 
From which 
V=—K,E+1,Ra (10) 
Ki SIE =fE iy 


which may be combined to give the follow- 
ing: 


= ——— —-——_—-E 12 
ikea JRa if Ge) 
Dividing both sides by dE/dt=E, 
ar ak 
de _ dt dé -KW Kik& f (4) 


dE dE dE RGN a ata 
dt dt 


Discussion 


Frederick W. Nesline, Jr. (Massachusetts 
Institute of Technology, Cambridge, Mass.): 
The paper’s contribution is the adjustment 
of the dead-zone trajectories to be parallel 
to the dead-zone boundaries so as to achieve 
step function or disturbance response with- 
out overshoot. This response is then com- 
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A—Point of relay drop-out 
for the quasi-optimum system 


which is the equation for the isoclines during 
the accelerating period. 

For the deceleration in the dead zone 
due to dynamic braking, the following 
equations apply: 


—K,E+IgRagt+IqRp=0 (13) 
Kilg= —JE-fE (14) 
These combine to give: 
—K,K,E E 

5 eel ee SE (15) 

J(RatRy) J 
Again dividing both sides by dE/dt=E 
dE 
dt dE —Kik, f (5) 
dE dE ~ SI(Ra +R) Me 
dt 


which is the equation for the isoclines in the 
dead zone. 


Appendix II 


Effect of Coulomb Friction on the 
Deceleration Trajectory 


In this case, equation 13 is valid, but 
equation 14 must include a coulomb friction 
term, and becomes: 


Kage e=0 (16) 
Combining equations 13 and 16, 
KiKy . i * (Gj 
E=—-——— E-- E+— 
J(Rat+Rz) J ot tO) 


e 


pared to that of an optimum relay servo- 
mechanism. Such a comparison is not a 
good one because the constraints necessary 
to derive the optimum system used for 
comparison are violated by the quasi- 
optimum system. It is more logical to 
compare the quasi-optimum system with the 
optimum system that has the same con- 
straints, i.e., discontinuous damping must be 
allowed in both cases, This true optimum 
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ERROR - DEGREES 


TIME - SECONDS 


Dividing both sides by dE/dt=E, 


db | 
dt dE Keyra, oe : 
sitet pa seas SN (18) 
dE dE J(RatRz) J JE 
dt 


This equation for the isoclines shows that 
the phase trajectory curves as E varies, 
providing C/J+0. 
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does have a vertical phase trajectory along 
the E axis and exhibits the property of 
having the fastest possible time response to 
certain inputs for this set of constraints. 
Using the true optimum as a basis for com- 
parison, the paradoxical statement that 

“the response time may even be shorter for 
the quasi-optimized system than for the so- 
called optimum relay servo” may be 
avoided. 
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Silver-Zinc Batteries as Source-Primary 


Electric Power for Pilotless A\ircraft 


LYAL T. ABRAHAMSON 


ASSOCIATE MEMBER AIEE 


HE design of a pilotless aircraft elec- 

tric system must be approached in a 
far different manner than for a piloted 
airplane. The pilotless aircraft has no- 
body to substitute for inoperative motors, 
relays, or servo systems. Each compo- 
nent in the aircraft system must operate 
properly or the result very likely is an 
aborted mission. Also, at the speeds and 
accelerations encountered in pilotless air- 
craft, a tremendous amount of energy is 
expended to get each pound of equipment 
to its destination, thus an ever-increasing 
premium is placed on component weight. 
To achieve the conflicting requirements of 
high reliability and light weight with 
equipments either available or within 
reach of reasonable development time 
and efforts, the system depicted by Fig. 1 
was designed and developed. 

Note that a single-string system is 
used to keep weight toa minimum. This 
scheme depends on exceptionally high re- 
liability in each component right down to 
the last nut, screw, and solder joint. It 
also follows that fuses are not required 
where single power sources supply sys- 
tems which are essential to successful 
mission completion. 


General System Description 


A battery, power contactor, d-c motor, 
and variable displacement pump furnish 
hydraulic power for movement of the 
control surfaces. The battery is made up 
of a single string of series-connected sec- 
ondary silver-zine cells. Circuit redun- 
dancy is provided by multiterminal cells 
and parallel wires in the connecting cab- 
les. The d-c compound wound motor is 
directly connected to external connectors 
through which power is provided for 
manufacturing tests and prelaunch check- 
outs. Just prior to launching, the bat- 
tery is connected to the motor by actuat- 
ing the power contactor. 


Paper 57-491, recommended by the AIEE Chemical 
Industry and Air Transportation Committees and 
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Power for the guidance and telemeter 
systems is furnished by three electrically 
separate battery supplies which are the 
+6.75-volt filament battery, the +28- 
volt inverter battery, and the multivolt- 
age high-voltage battery. In addition to 
the 400-cycle-per-second 115/200-volt in- 
verter, the heat-exchanger fan motor, 
small relays, and motors are supplied by 
the +28-volt battery. All three bat- 
teries are made up of single strings of ser- 
ies-connected secondary silver-zinc cells. 
Circuit redundancy is limited to the use 
of parallel pins in miniature connectors. 
As in the hydraulic system, aircraft 
checkouts are performed on externally 
supplied power. Prior to launching, the 
batteries are connected to their respective 
loads by the power changeover switch and 
power contactors. 

Except in cases where power source iso- 
lation is required, all regulated power is 
provided by centralized voltage regula- 
tors. The (+250 + 1%)-volt and (+150 
+ 1%)-volt regulators are supplied by 
the high-voltage battery, and the (—250 
+ 1%)-volt regulator derives its primary 
power from the inverter. 


Silver-Zinc Batteries 


CONSTRUCTION AND CHEMISTRY 


The silver-zinc electrochemical sys- 
tem, although known for many years to be 
a highly concentrated source of electric 
power, was impractical until recently be- 
cause of the very limited storage life. 
Discovery of an ion-selective separator 
material and subsequent improvements to 
it have made possible cells of the type uti- 
lized in the power system shown in Fig. 1. 

In the discharged state the positive 
plates are made up of porous silver which 
is mechanically strong enough to main- 
tain its original shape even when removed 
from the cell. The cathodes consist of 
zine hydroxide powder contained in paper 
sacks. The electrolyte is a 40% solution 
of potassium hydroxide and water, The 
separator material surrounds the silver 
plates and prevents migration of silver 
ions to the cathode. The Bakelite C-11 
cases are designed to allow leak-free op- 
eration in any position, but in storage for 
extended periods should be upright. 
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A simplified over-all cell reaction is 
given by the following equation:! 


Charged 


AgO+Zn+H,0 S—_,, Zn(OH)2+Ag 


Discharged 

The reaction actually involves an inter- 
mediate state of the positive plate. As 
the charging begins the silver is converted 
to silver oxide (Ag,O), as evidenced by a 
cell voltage of approximately 1.65 volts. 
When some of the silver oxide is converted 
to silver peroxide (AgO), the cell voltage 
increases to approximately 1.90 volts. 
The voltage rises above 2.05 volts when 
the cell is fully charged and oxygen evo- 
lution begins at the positive plate. 


GENERAL CHARACTERISTICS 


In addition to providing a high con- 
centration of potential energy, the silver- 
zine cells exhibit a flatter discharge char- 
acteristic than most other electrochemical 
couples. As shown in Figs. 2 and 3, volt- - 
age tolerances of +6% or less can be 
maintained until the capacity of the cell 
is nearly completely exhausted. In fact, 
moderate load increases such as those 
shown in Fig. 3 can be supplied during 
the last half of the battery discharge at a 
voltage equal to that near the beginning 
of the discharge. In contrast, the nickel- 
cadmium and lead-acid cells’ output volt- 
ages continue to droop throughout their 
discharge. At discharge rates which ex- 
pend the stored energy in approximately 
one hour, the silver-zinc cells provide from 
30 to more than 50 watt-hours per pound, 
whereas the nickel-cadmium and lead- 
acid cells provide less than 10 watt-hours 
per pound. 

The major limitation to the use of sil- 
ver-zine cells has been their compara- 
tively short charged-storage life. Through 
continued research, the charged-storage 
life of secondary silver-zinc cells has been 
extended to more than a year. In ap- 
plications where the batteries are not re- 
quired to be kept in a constant state of 
readiness, battery life can be extended by 
refrigerated storage in the discharged 
condition. 

Two by-products of the silver-zine cell 
are of concern in their application. First, 
during charged storage, hydrogen is lib- 
erated at the cathode as a result of oxida- 
tion of the zinc by water. The amount of 
hydrogen liberated is not great, but cau- 
tion must be taken in handling of batter- 
ies after long periods of charged storage. 
Second, near the end of high-rate dis- 
charges, the electrolyte boils quite vio- 
lently and electrolyte is expelled from the 
cells. Thus installation provisions must 
be made to protect sensitive components 
from electrolyte spillage. 
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HANDLING TECHNIQUES times what it is when the cells are stored 


Constant current charging consistent 
with the manufacturer’s recommendations 
is used with all batteries. Whenever the 
cells are discharged for storage, rates tak- 
ing from 2 to 4 hours are used to minimize 
heating of the cells. 

Since the storage life of silver-zinc cells 
is limited, a constant search is made for 
handling techniques which will make the 
fullest use of their capabilities, The cells 
are purchased dry, in which condition 
they have been stored with no ill effects 
for over 3 years. When the need for a 
battery arises, the electrolyte is added and 
the formation cycle consisting of a low- 
rate charge and exhaustion discharge is 
performed. From this time until ex- 
penditure of the battery, deterioration 
continues. By storing the cells at ap- 
proximately 20 to 30 F (degrees Fahren- 
heit) in the discharge condition, the use- 
ful life can be extended to three or four 


at room temperature in the charged con- 
dition. Therefore the cells are main- 
tained in the charged condition only when 
the need for a charged battery is present. 

Another practical means found to in- 
crease the life of charged silver-zinc cells 
is replacing of the air in the battery cases 
with nitrogen. To investigate the bene- 
fits of nitrogen storage, 25 small cells 
(HR-05) were charged and placed in a 
sealed case containing nitrogen. After 
3 months storage at 80°F, output effi- 
ciencies of from 67% to 81% were ob- 
tained at a 500-milliampere discharge 
rate. Recharge of the cells showed the 
input capacity was 81% of what it had 
been preceding the test. For comparison, 
25 control cells were stored in air beside 
the nitrogen-filled case. At the end of the 
3-month period, all the control cells failed 
to give any useful output as well as failing 
to respond to the recharge. Further tests 


1.35V 26% 


Lo6vi6% 


VOLTAGE 


NICKEL-CADMIUM CELL 
WEIGHT: 20.8 OZ. 

CURRENT: SAME AS 
SILVER ZINC CELL 


=o 
SILWER-ZINC CELL 
WEIGHT: 23,0 OZ. 
CURRENT: SAME AS 
NICKEL CADMIUM CELL 


TIME ——>. 


Fig. 2. Comparison of typical silver-zinc and nickle-cadmium cell discharge characteristics 
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Effect of altitude on cell voltage and capacity 


: 
} 
i 
CELLS AT ROOM —— 
TEMPERATURE AND — 


using larger cells showed that the storage 
life could be. increased more than 50% 
through the use of nitrogen-filled cases. 
Exclusion of oxygen from the cell appar- 
ently is the reason for the increase in cell 
life, since another series of tests using ar- 
gon as a storage atmosphere gave similar 
results. 

It has also been found that if the elec- } 
trolyte is maintained at a high level in the 
cells, the life is increased markedly. How- 
ever, electrolyte leakage then becomes a 
major problem and use of this scheme is 
impractical. 

CELL SELECTION | 

Two major considerations must be | 
given in selection of a battery for any ap- 
plication. First, the battery must have 
sufficient ampere-hour capacity; and 
second, its voltage regulation must be 
consistent with the needs of the load. 

The peak hydraulic power demanded is 
approximately three times that of the 
steady-state load. To keep the pump 
speed within the range of 6,200 to 10,000 
rpm, the combined motor and battery 
weight was found to be lightest using a 
battery with excess ampere-hour capac- 
ity. In contrast, the loads of the other 
three batteries are more constant, and 
cells chosen for proper voltage regulation 
also have approximately the right am- 
pere-hour capacity. | 
APPLICATION PROBLEMS 


As with all components considered for 
installation in any aircraft, evaluation 
tests which include vibration, shock, tem- 
perature, humidity, altitude, and life tests 
are performed on the batteries. Two en- 
vironmental conditions for which appli- 
cation modifications were found advisable 
are temperature and altitude. 

During development of the battery for 
the +-28-volt and 6.75-volt systems, pro- 
tection of the electronic packages in ad- 


NOVEMBER 1957 


AT I10°F WITH NO 
PRELOAD DISCHARGE 


VOLTAGE/ CELL 


AT 78°F WITHOUT 


PRELOAD DISCHARGE 


TIME——> 


Fig. 4. Effect of temperature and preload discharge on cell voltage 


jacent areas from contamination by elec- 
trolyte fumes was originally planned to be 
provided by completely sealing the bat- 
tery case. The first test conducted under 
full-load conditions resulted in complete 
destruction of the battery. As the test 
progressed, the electrolyte reached its 
boiling point which in turn increased the 
internal case pressure and the electrolyte 
boiling point until the cell-case-material 
softening temperature was exceeded. An 
alternate scheme to exhaust the fumes 
overboard was then simulated in an alti- 
tude chamber. Both the voltage regula- 
tion and available ampere-hour capacity 
suffered severely at high altitudes. A 
third test finally was conducted to better 
define the effect of altitude. One group 
of cells in a bell jar was electrically con- 
nected in series to another group of cells 
outside the bell jar. After evacuation of 
the bell jarto less than 1 pound per square 
inch absolute, the design loads were ap- 
plied and the individual cell voltages re- 
corded. The results of the latter test are 
shown in Fig. 3. To provide both pro- 
tection from compartment contamination 
by electrolyte fumes and to make full use 
of the battery’s potentialities, a pressure- 
relief valve set for approximately sea- 
level pressure was placed in the exhaust 
line. 

Two changes in the discharge charac- 
teristics of silver-zinc cells occur as the 
ambient temperature is varied. The 
plateau voltage increases approximately 
1% for every rise of 20 F in temperature 
between 60 F and 120 F. In addition, 
and of more concern in maintenance of 
+6% voltage tolerances, the shape of the 
discharge characteristic changes as the 
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ambient temperature rises. Even at 
high-discharge rates, the higher voltage of 
the silver peroxide in the positive plates 
becomes predominate during the early 
part of the discharge if the ambient tem- 
perature is high. Preload discharging of 
the cells prior to use, if properly done, 
minimizes the dominance of the silver per- 
oxide. Generally, expenditure of about 
20% to 25% of the battery’s capacity by 
the preload discharge is necessary to 
maintain less than +6% voltage toler- 
ance during the rest of the discharge. 
Fig. 4 shows discharges of cells at room 
temperature and 110 F without preload 
discharges, and one at 110 F after a pre- 
load discharge. To maintain voltages 
with the tolerances indicated in Fig. 1, 
the power and high-voltage batteries are 
given preload discharges before installa- 
tion in the aircraft. 


BATTERY RELIABILITY 


With lead-acid and other electrochem- 
ical systems, the battery’s condition can 
be established by measurement of the 
short-circuit voltage or electrolyte spe- 
cific gravity. These methods do not pro- 
vide a satisfactory indication with silver- 
zinc cells since the internal resistance of 
silver-zinc cells is too low for a short-cir- 
cuit test and its does not vary appreci- 
ably with the age of the cells. Also, the 
electrolyte is not available for test. 

During the processing of thousands of 
cells, it has been found that failures do not 
occur until the input capacity decreases 
approximately 35% from what it is when 
the cells are new. Therefore, cell per- 
formance and reliability are maintained 
by using only cells which have an input 
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capacity above a specified level. The 
cells are discharged and recharged at pe- 
riodic intervals of less than 1 month for 
the small cells and up to 4 months for the 
large cells. The required frequency of 
these maintenance cycles has been found 
by measurement of the rate of energy loss 
during life tests conducted on each cell 
model. This method of cell maintenance 
has given 100% battery reliability to 
date. 


Circuit Simplification 


HIGH-VOLTAGE BATTERY REPLACEMENT 


The high-voltage battery with its 320 
individual cells is inherently an unreliable 
unit if age exceeds 60 days charged stand. — 
To minimize the possibility of failures 
much painstaking maintenance is re- 
quired. Although high-voltage battery 
reliability has been maintained at 100%, 
an active program for a replacement 
power supply was begun. First, the ef- 
forts were directed toward the use of 
dynamotors. Development problems of 
excessive broad-band noise and voltage 
drift could not be overcome, so the pro- 
gram was dropped. 

With the advent of high-voltage high- 
power silicon diodes, development of a 
transformer-rectifier unit utilizing the 
400-cycle-per-second inverter output be- 
came practicable. Not only is the high- 
voltage battery maintenance problem 
eliminated, but the system weight was re- 
duced 15 pounds. The transformer-rec- 
tifier unit has the added advantage of 
enabling all final manufacturing testing to 
be done with the same high-voltage power 
source as that used in flight. 


ALTERNATE POWER SOURCES 


Periodic surveys and studies have been 
made of replacement systems for the 
secondary silver-zinc batteries. Included 
in these studies have been the ram-air 
turbine-driven alternator, the gas tur- 
bine-driven alternator and the primary 
silver-zine battery systems. Until re- 
cently, the gas-turbine-driven alternator 
and conversion-unit development not only 
was uncertain but the development time 
and cost were prohibitive. With im- 
provements in components it now appears 
that the development of the gas turbine 
and its power conversion units is feasible 
for future system designs. 

The primary silver-zince battery system 
which has been delayed by the lack of a 
positive automatic activation system also 
appears practical at this time. In many 
ways it is the best replacement for the 
present system, since it requires no main- 
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tenance, However, reliability is the ma- 
jor factor in selection of a replacement sys- 
tem and much statistical data will be 
needed to determine the reliability of the 
primary battery activation systems. 


Conclusions 


1. The silver-zinc battery system provides 
a power source for use in pilotless aircraft 
which is both light and reliable. 


2. Battery life can be extended 50% 
through the use of nitrogen-filled cases. 


3. Use of battery cases with pressure-relief 
valves overcomes the detrimental effect of 
altitude on voltage and capacity. 


4, Preload discharges are required to 
maintain close voltage tolerances if the 
batteries are operated at elevated tem- 
peratures. . 


5. Reliable battery performance can be 
maintained by periodically putting the 


Direct-Current Metering of Large 
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Synopsis: D-c metering of large aluminum 
reduction pot-lines represents a major 
problem. It is no easy task to get the re- 
quired degree of accuracy in measuring 
powers of 100,000-kw direct current. Tak- 
ing advantage of the magnetic-core im- 
provement in materials made available by 
developments during World War II, the 
magnetic amplifier emerged as a tool for 
many applications. Among these was a 
major improvement of the metering accu- 
racies for large electrochemical pot-lines. 
In this paper the many advantages are 
discussed and some conclusions reached as 
to the best fields of application. 


i‘ THE ENDEAVOR to obtain greater 
operating efficiency, engineers design- 
ing equipment for the production of 
aluminum are constantly seeking new 
methods and new components which may 
be beneficially applied. Playing a major 
role are efforts to obtain more accurate 
and reliable d-c metering. More accurate 
metering means more accurate control, 
which in turn leads to more aluminum 
production per kilowatt-hour. 

The d-c power supply for the modern 
pot-line is from rectifiers where many in- 
dividual units are paralleled to supply 
the total pot-line current. Fig. 1 illus- 
trates one unit of a typical rectifier pot- 
line diagram. ‘The largest one at present 
operates at 125,000 amperes and 800 d-c 
volts, being fed from 24 individual recti- 
fiers averaging about 5,200 amperes each. 
The metering of total current on any line 
necessitates some method of adding the 
individual currents. Totalizing shunts of 
a size required to operate in the main 
totalizing bus are difficult to build and 
install. 

The aluminum reduction plants built 
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during World War II were normally rated 
at 50,000 to 60,000 amperes and 600 to 650 
volts. Rectifiers were used with indi- 
vidual shunts which fed individual am- 
meters mounted on their individual con- 
trol boards. The individual control 


boards were often built as a composite 


duplex control unit which necessitated 
long runs of the shunt leads and requiring 
special calibrations. Since these leads 
operated at full bus potential, the duplex 
board and the operators and maintenance 
personnel were subjected to the electrical 
hazards involved. 

For the following purposes the current 
transducer was produced: 1. to totalize 
readily the pot-line current; 2. to 
facilitate running long distances to the 
individual ammeters; and 3. to insulate 
properly the switchboard instruments 
from the power conductors.! However, 
other magnetic-amplifier types of trans- 
ductors were developed which were much 
smaller in physical size, much lower in 
energy loss, had greater accuracy and the 
ability to read zero, and which were less 
expensive. The relatively small mag- 
netic amplifier also permitted a much 
greater ease of installation as it did not 
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batteries through a discharge-charge cycle 
and discarding those batteries which fail 
to accept a pre-established minimum input. 


6. Simplification of the power system 
and its maintenance is now possible through 
the use of a gas turbine-driven alternator 
or a primary silver-zinc battery system. 


Reference 


1. Primary Batteries (book), G. W. Vinal. John 
Wiley & Sons, Inc., New York, N. Y., 1950, p. 265, 


have to surround the main bus.?3 Due 


to quality of the magnetic-core material, 


its accuracy and stability were greatly 
improved. 

The same type of magnetic amplifier 
is used for metering of potentials. A large 
value of resistance is connected in series 
with the control winding. Here also, the 


insulation which isolates the instruments — 


from the power conductors is very benefi- 
cial, The readings are usually duplicated 
on the duplex control board and in the 
pot-room. Potential magnetic-amplifiers 
are not only used to meter the full pot-line 
voltage but also for portions of the pot-line 
to expedite the location of trouble in in- 
dividual cells. 

The combination of direct voltage and 
current metering quantities may be used 
to indicate and record kilowatts. Re- 
cording instruments for d-c kilowatts, 
volts, and total pot-line amperes are val- 
uable in keeping the operating efficiency 
at a high level. Besides providing the 
permanent record, recording instruments 
often prove valuable by registering condi- 
tions immediately prior, during and im- 
mediately after troubles of various sorts 
have occurred. 

Totalizing current metering is an im- 
portant indication of over-all pot-line 
performance. Seven different methods 
have been used and others are being pro- 
posed. These do not vary radically from 
each other. In the large-sized stations, 
the use of shunts in the main bus is not 
practical at present. 


Scheme 1. The first scheme consists 


f 
’ 
: 
: 
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; 


fh 


of a large transductor mounted around the . 


main d-cbus. The direct current is meas- 
ured in terms of an alternating current 
which is within standard instrument 
range. The direct current in the main 
bus serves as the control element for 
saturating the magnetic circuit. When 
the direct current is zero, the ammeter 
would read a minimum value (exciting 
current) but not zero. Fig. 2 shows a 
schematic diagram of construction and a 
diagram of connections. This system 
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should perhaps be used only where in- 


NOVEMBER 1957 


| 


INCOMING 
LINE 


BR AKER 
se 


PHASE 
SHIFTING 
TRANSFORMER 

Y 


6 TO I2 UNITS 
72 (AS SHOWN ABOVE) 72 
IN PARALLEL. 


POSITIVE BUS 


dividual rectifier or generator outputs are 
not used, or as a check for a summation 
scheme of the individual rectifier outputs. 
The losses are comparatively large (the 
excitation for a 100,000-ampere unit being 
110 amperes at 240 volts, single phase) 
and the first cost about ten times that of 
the magnetic amplifier in scheme 5. The 
published accuracy is 2% although field 
‘tests have shown it to perform within a 
1% band of full-scale reading. 


Scheme 2. The second scheme for 
totalizing consists of adding the outputs 
of a set of individual through-type trans- 
ductors which measure the output of each 
rectifier or generator. The installed price 
for 12 rectifier units would be of the order 
of three to four times thatof scheme 1, 
but is necessary where individual rectifier 
outputs must be metered. The total ex- 
citation losses of 16 units is roughly one 
third of the single unit on the main d-c 
bus. 


Scheme 3. The third totalizing scheme 
utilizes a d-c shunt in the cathode circuit 
of each rectifier (or in the positive lead of 
each d-c generator) which varies the con- 
trol current of a magnetic amplifier with 
load. The output of the magnetic ampli- 
fier, in a stmilar fashion to scheme 2, 
operates the individual ammeter as well 
as combining with the other units to 
register total pot-line current; see Fig. 3. 
Some operators object to the use of a 
shunt for initiating the current indica- 
tions, claiming that shunts are a source of 
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Fig. 1 (left), 
Schematic  dia- 
gram of rectifier 


group feeding 
pot-line 
Fig. 3 (right). a 


The input-output 
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gram of modern 

magnetic ampli- 
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error. This situation was thoroughly 
investigated and the objection was found 
to be true in many cases. However, it 
was found that the error was not due to 
the shunt materials or the method of 
manufacture but mainly to mechanical 
stresses caused by mounting methods. 
As manufactured, the shunts are very 
accurate, well within their guaranteed 
accuracy of 0.25%. When mounted in a 
bus, the strain on the manganin fins from 
the weight of the bus and the distortion 
resulting from bolt-tightening caused 
errors which have been reported as high 
as 20%. Another source of shunt error 
has been due to solder disintegration at 
the junction of the manganin and copper 
end castings. In spite of this, it is felt 
that the shunt is the best and most ac- 
curate means of measuring direct current 
when not distorted by the physical mount- 
ing. In some cases, the shunt should be 
supported at both ends and a flexible 
connector used at one end to minimize 
variations in output as the bus tends to 
move with temperature variations. Even 
though the shunt is changed from its 


factory calibration, this may be com- 


pensated for completely by changing the 
output of the magnetic amplifier to the 
correct value. There is at present no 
evidence that the shunt input-output 
ratio changes after installation. 

The method of connecting the magnetic 
amplifier to the shunt must be studied. 
Due to the a-c ripple in a rectifier output, 
the variable field pattern induces a small 


Fig. 2 (left). Through-type 
transductor schematic diagram, 
and diagram of connections 
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voltage in the loop ordinarily resulting 
from the shunt lead configuration. To 
minimize this error, it is necessary to use 
flexible shunt leads and twist them as 
tightly as possible. 


Scheme 4. The fourth method is 
identical to scheme 3, except that a milli- 
volt drop is taken from the cathode or d-c 
bus instead of the shunt. On rectifiers, 
this scheme is fully as satisfactory pro- 
viding the ambient temperature does not 
vary over too wide limits. This offers a 
very satisfactory scheme for those who 
object to the use of shunts. 


Scheme 5. The fifth method uses a 
magnetic amplifier mounted near the main 
bus, using a multiple-wire tap, one on each 
bar of the bus. At least 6 feet of bus bar 
(12 feet is more desirable) must be 
spanned to get satisfactory results; see 
Fig. 4. The tapped section should not 
have any joints in it. The control wire 
(one per bar) should be placed physically 
close to the bus but insulated from it. 
One installation has the control wire em- 
bedded in a shallow saw-cut near the top 
center of each bus bar. The wire is in- 
sulated from the bar by varnish. This as- 
sures that the wire temperature closely 
follows that of the bus bar. Another in- 
stallation ran the control wire between 
the bus bars halfway between the top and 
bottom of the bars. In this location, any 
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STANDARD 10-OHM 
SEARCH COIL 
IMBEDDED 
IN BUS BAI 


ig. 5. Method of mounting temperature- 
measuring device in bus bar 


nduced voltages in the control wires, by 
he small a-c component, is minimized. 

Again referring to Fig. 3, the millivolt 
irop between the bus tap points will vary 
vith the current in the bar. This milli- 
rolt drop will, with the millivolt drop of 
he other bus bars, determine the total 
nagnetic-amplifier control current, and 
rence the magnetic-amplifier output. 
[his is as it should be; however if the bus 
yar currents remain constant and the 
umbient temperature rises, the millivolt 
lrop will increase, which in turn gives an 
stror by increasing the magnetic-amplifier 
yutput. This error would be zero if the 
‘ontrol wires increased their resistances in 
oroportion. In fact, the error is quite 
small if the same grade of aluminum is 
ised for both control wire and bus bar. 
The fact that the current density and 
‘atio of current to radiating surface 
varies slightly between the wire and bar 
sauses some small error. Burying the 
wire in the bus bar obviates the need of 
temperature connection under these con- 
litions. 

The output of the magnetic-amplifier 
tends to increase with an increase of 
ambient temperature with the bus cur- 
‘ent remaining constant. One suggestion 
or reducing this temperature error is 
shown in Fig. 5. To compensate fully 
or the error requires bus tempera- 
‘ure measuring indicators. The manual 
nethod samples the bus temperature of 
several bars by means of search coils and 
un instrument. The operator averages 
che temperature readings and sets a rheo- 
stat on a calibrated scale to compensate 
or the change. The rheostat is electri- 
ally connected in the magnetic-amplifier 
otalizing circuit. The action may be 
nade automatic by a similar connection 
vherea 10-ohm exploring coil serves as the 
emperature-sensing element and, through 
in intermediate instrument and re- 
ransmitting rheostat, varies the milli- 
volt drop in the current measuring circuit. 
f the operator notices a sudden change in 
he total current reading of the recording 
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instrument, he may quickly check if the 
change was due to an ‘‘anode effect” in the 
pot-room or due to trouble in the sum- 
mation of the individual rectifier outputs. 


Scheme 6. A sixth method, which 
is very similar to scheme 5, is performing 
successfully; see Fig. 6. It is used when 
the bars of the main totalizing bus may 
be electrically connected together 
(welded) at the two tap points. This 
assures that there can be no potential 
difference between the bars due to unequal 
current distribution. When this is done, 
one large control wire (properly propor- 
tioned in size) may be used. This scheme 
also has the advantage of quickly recog- 
nizing an open circuit in the control wire. 
When multiple-control wires are used, one 
open circuit may temporarily be mis- 
taken for an “‘anode’”’ effect. 


Scheme 7. A seventh method has been 
tried (in Europe) and may show some 
It has been developed for d-c 


promise. 


the factors which cause this are still being 
investigated. The field reports also state 
this error is not present when either of the 
main bus tap systems 5 or 6 is used. 

In conclusion, the use of the magnetic 
amplifier permits some advantages: 
1. They operate with greatly decreased 


losses when compared with the through-type 
bus transductor. 


2. They have a high degree of accuracy, of 
the order of 1% or better. 


3. They are static devices (with no moving 
parts) and therefore require minimum 
maintenance. : 


4, They are small in physical size and more 
easily mounted. ; 


5. They isolate the switchboard instru- 
ments from the high-voltage d-c power 
busses. 


6. Their use permits extremely long 
physical distances over which the current 
indications may be transmitted. 


Where individual currents, as well as 
the totalized d-c bus current, is needed, 


10.ft. EXP. COILS 


TO 
RECTIFIER 


Fig. 6. Scheme of connections for bus tap system where bus bars are electrically connected on 


source side between tap points and source. 


Manganin strip R in magnetic-amplifier control 


winding requires use of temperature measuring and correcting equipment. Control wires are of 
equal length 


magnitudes of some 15,000 amperes. It 
is known as the Hall generator. The d-c 
bus is surrounded by an iron magnetic 
circuit with air gaps. Hall generators 
are located in the air gaps and their volt- 
age outputs are proportional to the bus 
current. 

Operating reports from the field in- 
stallations indicate that an additional 
error appeats under conditions when one 
or two rectifier units are removed for 
maintenance purposes. If, by tap 
changer adjustment, the direct voltage is 
brought back to its original value, the 
summation of current by methods 2, 3, or 
4 should also be expected to return to its 
former level. The field tests indicate a 
lower current in all cases. The study of 


the scheme of totalizing the shunt-con- 
trolled magnetic-amplifier outputs ap- 
pears to be the second best arrangement. 
Up to the present, the best totalizing 
method appears to be that of tapping the 
main bus bars with magnetic-amplifier 
control wires. 


References 


1. THe THEORY oF THE CURRENT TRANSDUCTOR 
AND ITs APPLICATION IN THE ALUMINUM INDUSTRY, 
T. R. Specht, R. N. Wagner. AJEE Transactions, 
vol. 69, pt. I, 1950, pp. 441-52. 


2. MAGNETIC-AMPLIFIER APPLICATIONS IN D-C 
CONVERSION Stations, W. A. Derr, E. J. Cham. 
Ibid., vol. 72, pt. III, Apr. 1953, pp. 220-29. 


3. SINGLE-ENDED SATURABLE RBAcCTOR CrRcUIT 
WITH QUIESCENT CURRENT ComPENsaTIon, R. J. 
Radus. Jbid., vol. 78, pt. I, 1954 (Feb, 1955 sec- 
tion), pp. 597-6038. 


i ee eee 


NOVEMBER 1957 


Se ee 


The Response of Relay Amplifiers 
with Feedback 
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1 paw SIMPLICITY and economy of 
on-off controllers has led to their wide 
control-system application in industry. 
It is possible to employ the on-off con- 
troller principle in the design of a power 
amplifier that is simple and rugged. The 
use of such a device will be restricted 
to the operation of loads that incorporate 
a smoothing or low-pass effect in their 
response. 


Basic Operation 


The basic configuration of the relay 
amplifier is shown in Fig. 1. The 
relay is a polarized relay or one that 
closes to one contact for a positive 
coil voltage and to a second contact for a 
negative-coil voltage. A deadband or 
region in which neither contact is closed 
is typical; and usually the relay will ex- 
hibit hysteresis. 
of coil voltage is required to close the re- 
lay than is required to hold the relay in a 
closed position. The filter is required for 
operation of the amplifier as will be seen 
below. 

The operation of the amplifier may be 
shown by assuming that a step of voltage 
is applied to the input at %. Before this 
time the relay was open and there was no 
charge on the capacitor. The input volt- 
age begins to charge the capacitor and as 

shown in Fig. 2, at ¢, the voltage e, has 
reached a large enough value to close the 
relay. At ¢, then, em suddenly jumps 
from 0 to &. That is, the relay contact 
closes and the output is connected to the 
positive supply. The capacitor must now 
begin to charge to ein — Ep and a downward 
exponential begins. At ¢ the capacitor 
voltage has become so small that the re- 
lay cannot hold and the contact falls open. 
The capacitor begins to charge to ¢in 
and the process continues. The output is 
a chain of pulses. This is certainly not a 
faithful reproduction of the input-voltage 
wave. However, if the load acts like a 
low-pass filter, such as a d-c motor for ex- 
ample, and is insensitive to frequencies as 
high as the pulse repetition rate, the 
amplifier is satisfactory and in fact, as 
shown below, is ‘linear’ over most of the 
amplitude operating range. If the input- 
signal amplitude is large, the pulses are 
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That is, a larger value . 
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long and the average value of the output 
is high. The upper limit on input-signal 
amplitude is reached at the point at which 
the relay remains closed for the entire 
period. This limit is determined by the 
value of the supply voltages on the relay 
contacts. The lower limit on signal am- 
plitude is determined by the value of the 
relay deadband. 


Relay Amplifier Stability 


Before discussing the input-output rela- 
tions of a relay amplifier, the stability of 
such a device will be considered. Relays 
have been used directly in closed-loop 
systems and the design and stability 
criteria for relay servos have been dis- 
cussed by Kochenburger in terms of a 
describing-function analysis.1 The anal- 
ysis of a relay amplifier may be carried 
on using these describing-function tech- 
niques. In Fig. 3(A) is shown a block 
diagram of a relay amplifier. The block 
Hf, represents a linear electronic amplifier 
and the block AH, represents the relay, 
whichis nonlinear. The relay static char- 
acteristic is given in Fig. 3(B). For the 
type of resistance adder circuit shown, a 
reversal of sign in Hy or H2 is necessary to 
give negative feedback. 

The relay is assumed to have dead- 
band (A) and hysteresis (4) as defined in 
Fig. 3(B). The Kochenburger describing 
function may be used to obtain the quasi- 
linear transfer function of the relay from 
the magnitude of a sinusoidal driving sig- 
nal to the magnitude and phase angle of 
the fundamental of the output wave, 

_ Em _* sin B /-—a 


2=— 
ty aly 


(1) 


where 


ip =I; COS wt (2) 


(3) 


The derivations of equations 1 and 3 are 
given by Kochenburger and require only 
the assumption that the higher harmonics 
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of the output wave may be neglected. 
The deadband, hysteresis, and amplitude 
of the input signal enter into the evalua- 
tion of both a and B and, as seen below, 
may shape the response so as to contrib- 
ute to instability. 

We may also write a quasi-linear rela- 
tion for A, the negative of the loop gain 


A = fh Aol. 3 (4) 
where H; is the transfer function of the 
resistance-capacitance network 


Ri 


A3= (5) 


RiR2CS 
The loop is stable if the roots of the char- 
acteristic equation (1-++A) lie in the left 
half of the s plane. Let us assume that 
R,=R, and that Hj, the amplifier, is per- 
fect and has a gainof K. Then, 


KR, WG 


H,H;3= = 6 
So? OR (CER CSO) 1s (6) 
Since 
Jen H, HA; (7) 
x 1+ AH, A2H; 
we inay write 
YOR VE ae (8) 
% 1 LH, 
7A: i 


According to the Routh or Leonard sta- 
bility criteria, the plot of the denominator 
must progress around the origin keeping 
the origin to its left for stability as 
shown in Fig. 4(A). However, since H2 
depends on the amplitude of the input 
signal, it is simpler to plot —H2 and 1/H, Hs 
starting at the origin as in Fig. 4(B). In 
this figure stability is indicated by the fact 
that the two curves do not intersect. 
The frequency sensitive portion 1/HiH3 
is the inverse Nyquist diagram. The 
plot may be inverted’ as shown in Fig. 
4(C). This is superior because the im- 
portant portion of the amplitude func- 
tion is expanded and the accuracy of the 
plot in the neighborhood of an inter- 
section is improved. In any case the 
system shown in Fig. 4 is stable because 
there is no intersection of the loci. 

In Fig. 5 is shown a specific plot for a 
relay amplifier with A=0.15, h=0.05, 
and I;msax=1. It would be assumed from 
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LOW PASS 
FILTER 


Fig. 1 (above). 


The basic configuration of the relay amplifier 


e; 5 E, 
{ 
“E, OUTPUT 


em 


RELAY 
CLOSING 
VOLTAGE e, 


Fig. 2 (right). Voltage wave shapes in response to a step function input 


the figure that under no condition of 
gain K or amplitude of input signal could 
this system be unstable. However at 
high gains, previously neglected lags in the 
amplifier or in the relay itself may cause 
the frequency locus to bend around as 
shown in Fig. 4(B), thus possibly causing 
instability. Fig. 5 also shows, indirectly, 
the effect of increasing the break fre- 
quency of the filter. If the filter-break 
frequency is raised to a value such that 
these neglected lags in the loop become 
important, the frequency locus will bend 
to the left around the origin. If it inter- 
sects the amplitude locus, instability is 
indicated. 


Relay Amplifier Static Characteristic 


The output of a relay amplifier with 
feedback is a series of pulses, positive or 
negative, of amplitude /, and with length 
and repetition rate determined by the in- 
put. The output wave shape is com- 
pletely independent of the load, and no- 
where in the following analysis need the 
load be specified. Usually, however, the 
relay amplifier is employed in an applica- 
tion where only the average value of this 
train of pulses is important. 

In order to determine the static rela- 
tion between the input voltage e, and the 
average output voltage Em, we will con- 
sider H, and Hp, in Fig. 3, as grouped 
together. Ifthe amplifier MH; is linear, the 
static characteristic between e and “en 
may be described as in Fig. 6. Gain 
in H; reduces directly the effective values 
of deadband and hysteresis, e; and é. 

Let us suppose at zero time, f, that 
e=0. Thus the relay is open and e,,=0. 
Let a step voltage, HZ, in magnitude be 
applied as shown in Fig. 2. Then 


e=E,(1—e7/"1) (9) 
where 7;=R,C. When e reaches é, the 


relay closes. Substituting e, for e in 
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equation 9, we may solve for 4, the time 
of closing. 


E,—e 
sat te le 10 
e Ez, (10) 
or 
= —T, In (1—e2/E,) (11) 
After the relay closes, 
Re 
=p) SAAS 
é T (= a) [ € ] 
ky 
E {—¢  @-41)/T2 
(xte)t € 1 
Ge. eee (12) 


where 7,=(R,R:/Ri+R.)C. When e 
reaches ¢,, the relay opens. The time of 


ADDING _, 
NETWORK 


INPUT 
@ 


H, 
AMPLIFIER 


(A) 


Fig. 3. A typical amplifier: 


| 
H, Hs 


(A) 


Fig. 4. Stability plots for a typical relay servo. The three plots show the same system 
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APE ET OUTPUT PULScS 


(A) block diagram, 


(B) 


— 
Sa 
— 


opening, t, may be found by setting e=e, 
and solving for t=h, 


e (ta-h)/P2 


Ro Ri 
ie: St +o( ase) 


(13) 
e2 B( : ) +2( a ) 
Ri+R2 R,+Re 
thus 
te—t = —I2X 
snes) (at) 
Ri+R2 Ri+R: (14) 


In 
Rs Ry 
=, = | ea 
6 e A Bc = A 


Equation 15, following, is obtained when 
the relay is open: 


(8) 


(B) relay characteristics 


(C) 
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Fig. 5. Stability plot for an actual relay 
amplifier showing the effect of gain variation 


Fig. 6. Characteristic of linear amplifier and 
relay, deadband expressed in terms of error 
voltage 


p= Eves 6 -*9)/71) 4-66 Co /T1 (15) 


It will be noted that equation 15 is the 
same as equation 9 plus the term due to 
the initial voltage on the capacitor. All 


Fig. 7 (above). Static input-output characteristic of a relay amplifier 


Fig. 8 (right). Frequency response of relay amplifier: (A) amplitude 
normalized to the value of deadband versus angular frequency to a log- 
log-scale; (B) phase lag versus angular frequency to a semi-log scale 
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of the segments of the voltage curve will 
be exactly the same as these described by 
equations 12 and 15. Equation 9 is the 
special case of no charge on the capacitor. 
The relay closes again at f; when e=e, 
given by 


é2—E, 
t3—b= —T, 1 
3 2 1 (2-3) 


During the period of time (¢;—f) the out- 
put voltage is zero and during the period 
(t2—t) the output is —E». These two 
lengths of time represent the cycle of the 
output-voltage wave. The average out- 
put is therefore 


(16) 


— Fy(t2—t) 


a (17) 


em = 


Substituting equations 14 and 16 into 
equation 17, 


ba Re +F( Ri 
Cy Lr 
: Ri +R: 3 R,+Re 


(aan) *™(aaR) 
Opes ——— ——— 
; NR ‘ Ri +R 


Ey In 


(18) 


By a relatively minor change in the 
circuit, R, may be grounded whenever 
the relay is open. This will make 7;=7) 
and will contribute to the linearity of the 
input-output relation. In this case equa- 


AMPLITUDE NORMALIZED 
TO DEADBAND VOLTAGE 


PHASE LAG 
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tion 18 reduces to the following: 


le) 
Ep in| __\22—40/ 


“a 
ae ee (19) 


‘m. os 1 ( Ey a) 
Z é:— Er 
1 
aT if) —EpR ) 

In certain applications an electronic 
difference amplifier is used rather than the 
resistor adding network. The low-pass 
filter may be incorporated as a part of the 
interstage coupling network of the elec- 
tronic amplifier. When the difference 
amplifier rather than the resistor adding 
network is employed, the factors repre- 
senting voltage divider action do not ap- 


pear and equation 18 may be simplified 
to yield 


1 S 
jews 


e2 


Ep ln 
ae Eee 
em = Ey (20) 
1-—— 

E,-e 
Ey 
E,—es 


In 


1— 


By examination of this relation we can 
see that it gives the negative real result 
that is required, only for the region, e2< F,- 
<Ey+e. For E;<e, the relay does not 
close: the output is zero. For H;>y+e1, 


the relay remains closed and the output is 
Ey. It may be shown that if e; and é are 
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small with respect to the battery voltage, 
the slope of em versus E; is essentially 
constant over the operating range. The 
exact relation between input voltage 
: magnitude and the average of the output 
[ NE voltage may be determined by the use of 
oo : f— equation 20. In Fig. 7 is shown ém 
WA versus E, normalized to Ep. 


ee ay 
\waw 


(8) 


Fig. 9 (left). Voltage wave shapes in response 

to sinusoidal driving signal: (A) sinusoidal 

input signal, the frequency is the same as the 

break frequency (w,) of the low-pass filter; 

(B) output of Icw-pass filter; (C) output of 

relay amplifier; (D) integrated output of relay 
amplifier 
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Fig. 10. Circuit for obtaining frequency response and wave shapes 
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The Frequency Response of a Relay 
Amplifier 


The limitation on the frequency re- 
sponse, for a sinusoidal input, of a relay 
amplifier is essentially determined to a 
first approximation by the time constant 
T of the filter or the ‘‘chatter”’ rate of the 
output pulses. Actually, however, this 
chatter rate or output pulse repetition rate 
depends on the input-signal magnitude, 
and in the limit where £,; is either greater 
than E, or zero the relay remains always 
closed or always open. Since the relay 
amplifier is a nonlinear device, the en- 
tire concept of frequency response is 
contrived, and a measure for one type 
of input signal will not hold for another. 
For a step function input, the relay ampli- 
fier is particularly fast and essentially 
establishes the required average value of 
€m in one opening and closing. 

The response of a relay amplifier tc 
sinusoidal signals depends on the ampli 
tude and the frequency of the input signal 
For signals whose peak amplitude at the 
input of the relay is less than the value re 
quired to close the relay, there is no a 
For instance, if the closing voltage of 
relay in 10 volts, a signal whose Dell 
amplitude is less than 10 volts will no} 
close the relay. Since the low-pass filte: 
attenuates the amplitude of the input sig 
nal, the peak amplitude must be com 
puted at the input to the relay. At the 
break frequency of the filter, for instance 
the filter reduces the input amplitude by: 
factor of 0.707, thus the minimum input 
signal amplitude must be 14.14 volt 
peak. Essentially a relay amplifier wil 
operate properly for normal amplitud 
signals up to the break frequency of th 
low-pass filter. In Fig. 8 is shown th 
amplitude reduction and phase shift for : 
typical relay amplifier. The relay closin: 
voltage is 0.1 of the battery voltag 
applied to the relay terminals and th 
relay drop-out voltage is 0.05 of Hy. Th 
frequency response shown in Fig. 8(A 
was obtained by smoothing the puls 
train output in order to recover the input 
signal frequency component. When th 
input-signal frequency is equal to 
greater than the break frequency of th 
filter, especially at low amplitudes, th 
number of output pulses per cycle 
comes small and even the integrated out 
put becomes rather step like. In Fig 
9 the various wave shapes for a particule 
signal are shown. In 9(A) is aha 
the sine-wave input to the amplifier ' 
peak amplitude is 0.5 and its frequen 
is the same as the break frequency of 


Fig. 11. A practical example of a relay amplifier used to drive the positioning motor of a amplifier low-pass filter. In 9(B) 
servomechanism shown the wave form at the output 
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low-pass filter which illustrates the 
dband and hysteresis of the relay. 
9(C) is given the output of the relay, 
lin 9(D) is shown the integrated out- 
In a typical power-amplifier appli- 
ion the relay output drives a d-c motor 
ich would have an integration plus a 
-pass filter. Thus it could be expected 
t the wave shape in 9(D) would be 
oothed by the filter before appearing at 
output shaft. 
The frequency response shown in Fig. 8 
1 the wave shapes shown in Fig. 9 were 
ained with the circuit shown in Fig. 
The relays used were single-pole 
ible-throw and connected with diodes 
form the polarized characteristic. The 
y-pass filter and the subtractor were 
ithesized on an analog computer, 
ich made data taking and recording of 
ve shapes convenient. A _ practical 
umple of a relay amplifier used to drive 
» actuating motors of an automatic field 
tter? is shown in Fig. 11. Here sep- 
ite amplifiers are used to drive the two 
ay coils required to complete the motor 
itacts. 
[t is difficult to establish an equivalent 
p-gain constant for the relay amplifier 
th feedback without making several 
her arbitrary assumptions. However, 
m Fig. 8 it can be seen that such an 


equivalent gain depends on the input- 
signal amplitude. At maximum ampli- 
tude signal the break frequency of the 
closed-loop response of the experimental 
amplifier occurs at about 4/T and for 
minimum amplitude signals the break 
approaches 1/7. This would indicate 
a loop-gain constant of about 3 at maxi- 
mum signal amplitude and zero for mini- 
mum amplitude signals. 

The amount of phase shift contributed 
by the filter to the over-all phase shift 
shown in Fig. 8(B) is inversely related to 
the gain of the amplifier, due to the 
negative feedback. In addition to de- 
creasing the closed-loop phase shift, an 
increase in amplifier gain will act to re- 
duce the effective deadband, thus in- 
creasing the usefulness of the amplifier 
at low-signal amplitudes. As the gain 
is increased, the loop becomes less stable 
due to the increased effect of previously 
neglected lags in the amplifier and 
relay itself, until finally the amplifier 
goes into stable oscillation. That is, 
its output for no input is a continuous 
string of alternate positive and negative 
pulses of a predictable frequency. As 
a signal is placed on the input terminals, 
the length of the positive pulses grows 
longer and the negative pulses shorter 
or vice versa, thus the averaged output 


follows the input. This type of opera- 
tion is more sensitive to low-amplitude 
signals than stable operation and will 
have minimum phase shift from input to 
output. However, the continuous vibra- 
tion of the power element under quiescent 
conditions may be undesirable. 


Conclusions 


The static response to step function in- 
puts to a relay amplifier with feedback 
has been shown to be linear over the nor- 
mal operating range. The dynamic re- 
sponse of such amplifier has been discussed 
and the response to sine-wave inputs has 
been determined. Extension of these 
results to arbitrary inputs must be done 
with considerable care. The effects of 
raising the gain in the forward path 
of the amplifier have been discussed and 
the effect of relay deadband and hysteresis 
on the response of the amplifier has been 
shown. 
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leat eone and Heating Cables Installed 


1 the Same Residence for Data Purposes 
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"HIS paper deals with an installation 
of electric heating and air conditioning 
a New England residence. The in- 

lation was made through the close 

operation of the local utility and a 

nily building a new home, and serves 

2 particular purpose of providing the 

lity with information. It is probably 

ique because the one house features 

o full-capacity systems. 

A water-to-air heat pump with supple- 
ntary resistance heaters. 


Heating cables buried in the ceiling 
ster. 


The reason for this double system is 
provide information on each separately, 
the same time forming a close compari- 
1 of the two in terms of the following: 
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Installation features and costs. 
Operating and maintenance costs. 


Effect on the utility system. 


fee See Gar 


Promotional features. 


Realizing that many utilities are 
active in this field, as witnessed by a 
recent count of some 300,000 installations, 
this paper is offered as a contribution 
toward the efforts of the newcomers 
and for criticism by those already in the 
field. 


Basic Approach 


Careful thought was given to the 
implications in a pilot installation of this 
nature before planning the details. 
The utility involved had sponsored two 
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experimental heat-pump installations 10 
years ago and kept up to date on the 
subject even though the experimental 
heat pumps had not proved entirely 
suitable. With this background a list 
of basic notions was made, and it seemed 
proper that these should form the frame- 
work within which a pilot installation 
should be consistent. No effort is made 
to generalize beyond this utility’s area; 
however, this does not mean that a 
similar summary would not apply else- 
where. Briefly the basic approach is 
shown in the following: 


1. Public acceptance of electric heating 
and air conditioning will in large depend 
on the attitude of the local utility. Since 
electricity is the utility’s most important 
if not sole product, perhaps any sort of 
negative attitude on this new load is unwise. 
If this is the case, the utility should then 
become as fully informed on the subject as 
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Plan of new home 


A—Arrchitect’s sketch 
B—First-floor plan 
C—Basement plan 
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possible and later decide whether actively to 
promote or merely deal with inquiries if 
and when they arise. 


2. Any utility policy on this subject 
should develop only after the results of 
enough local experience, so that such 
policy will have a valid basis. This might 
involve one or several pilot installations. 


3. Automatic control should be fully 
developed in any: pilot plant, whether it 
involves heat-pump or direct-conversion 
equipment. Packaged equipment should 
_be preferred to specially fabricated equip- 
ment, the latter having little or no long- 
range implication. 


4. Water-source heat pumps are simpler 
and more efficient over-all than the air- 
source heat pump; however, the applica- 
tion of water-source machines is generally 
limited to locations where a source of water 
is readily available and disposable. In 
suburban developments, where this is 
generally not the case, the air-source 
machine has its best application. It seems 
apparent that this gives the air-source 
machine a greater potential in numbers. 


5. Direct-conversion electric heaters offer 
' the simplest means of heating with complete 
zoning and low first cost; and, where there 
is no particular desire for cooling or de- 
humidification, acceptance will depend upon 
whether a home-owner will bear the cost 
of operation for the convenience, released 
space, etc. For supplementary heating, 
direct conversion has good potential. 


6. The best application of either heat 
pump or direct conversion is in new con- 
struction, probably occurring first in homes 
priced $20,000 and higher. A pilot in- 
stallation then should be in this price class, 
with both heat-pump and direct-conversion 
equipment, if possible, as well as other 
features which would be compatible with 
promotional use later on. 


General Features of Site 
and Structure 


Considerable time was spent in plan- - 


ning the details involved with the location 
and building features. Every effort was 
made to closely approximate the general 
features of site and construction which 
might be representative of the first few 
all-electrical homes in the area. The 
completion of this project allows for 
close study of those provisions which 
the utility must make in order to satis- 
factorily serve a load which includes 
full-appliance application and modern 
lighting as well as heating and air condi- 
tioning. 

An attractive location suggests use 
for promotional purposes later on, how- 
ever, it certainly does not detract from 
the all-electrical concept. The pilot in- 
stallation should have an acceptable 
appearance to the average person and 
not look like a laboratory. There were 
favorable reactions from the various 
subcontractors involved. The news- 
paper ran a news story shortly after 
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the structure was framed in, and later 
a home-section feature upon completion. 
As a result, the project has earned 
acceptance as the forerunner of things 
to come rather than experimentation. 


BUILDING SITE, BROOK, AND WELL 


The selection of a building site was 
made after it was determined that a 
water-source heat pump would be used. 
A 4-acre piece of land, several miles 
beyond the suburbs was selected. It is 
well wooded with a somewhat sloped 
terrain and a brook. The brook is par- 
ticularly attractive since it serves as a 
means of disposing of the water from 
the heat pump. Trees, for the most 
part, have been left to shade the house, 
carport, and parking area in the sum- 
mer time. In winter, ample sunshine is 
available through the bare branches, 
serving to reduce the heating load on 
fair days. 

An 8-inch well, 175 feet deep, presents 
a flow of 20 gpm (gallons per minute) 
without lowering its level beyond 65 
feet. This is an unusually good well 
for the area, other similar wells delivering 
5 to 10 gpm. Water temperature in the 
late winter is about 49 F (degrees Fahren- 
heit) and in the late summer about 51 F. 


ARCHITECTURE 


In the architecture of the house, the 
resulting design would probably be 
termed functional-contemporary. Es- 
sentially, it is a ranch house set corner- 
wise into aslope. One end is for sleeping 
(upstairs) and storage (downstairs), and 
the other end (upstairs and downstairs) 
for living. Fig. 1(A) is a sketch of the 
house and Figs. 1(B) and (C) show the 
first-floor and basement plans. Glass 
is used sparingly on the bedroom end 
and functionally on the living-room end. 


The delightful feeling of openness that 


glass affords must be evaluated to some 
degree in terms of heat loss on a dark 
day when the wind. is blowing at 30 to 
40 miles per hour and the temperature 
is between 0 and —10 F. These are 
not accepted. design conditions; how- 
ever, such are of record. In this con- 
nection, the application of draperies 
which may be opened or closed in several 
sections reduces the heat losses through 
extensive glass areas as necessary, while 
still passing light. 

The placement of living room in the 
basement is an attempt more fully to 
utilize the volume of the building for 
living. It is not an innovation. How- 
ever, the application of a heat pump 
and heating cables to this type of area 
is certainly worthy of study. 
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OTHER FEATURES 


Insulation. The most important fea- 
ture of the entire structure is the insula- 
tion. This not only reduces the heat 
loss and heat gain, but introduces thermal 
inertia which particularly minimizes 
the rate at which the structure cools 
off on cold days between heating cycles. 
This of course correlates to a high degree 
of comfort. 

The economic justification of thermal 
insulation is well known. In this ap- 
plication, batt-type insulation with a 
vapor barrier was installed. There are 
6 inches above the ceiling, 3 inches in the 
side walls, and 2 inches between normally 
heated and unheated spaces. This is 
essentially in accord with standards 
subscribed to by many manufacturers 
of electric heating equipment. 

Windows are all double-glazed and 
weatherstripped. Doors to the outside 
are weatherstripped; storm doors have 
been added. Windows of the awning 
type in all rooms can be opened for 
natural ventilation on the nice days, as 
well as for reasons of safety. 


Adequate Wiring. Wiring throughout 
is in accord with adequate wiring stand- 
ards as a minimum. 


Light Conditioning. Valence lighting 
when it is combined with a few functional 
fixtures creates an unusually pleasing 
effect. 


Appliance Application. A full com- 
plement of electric appliances are im 
service. 


Sizing the Heating and . 
Air-Conditioning Equipment 


Heat Loss AND GAIN 


To size the equipment properly, heat 
loss and gain calculations were made by 
several engineers. The resulting figures 
differed widely on heating from 42,000 
to 75,000 Btu per hour, and on cooling 
the difference was between 33,000 and 
36,000 Btu per hour. An investigation 
of methods used to arrive at these figures 
explained the differences. A high factor 
of safety, a large number of air changes 
per hour, lack of faith in insulation 
values (based rightly or wrongly on the 
suspicion that equivalent foil insulation 
might be used), shading factors, and ques- 
tionable design temperatures account 
in large for the high values. The low 
values are based on an almost opposite 
treatment. In any event this experience 
indicates the significance of the various 
judgment factors that enter into the 
calculation of gains and losses. 
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HEATING-CABLE APPLICATION AND 
SELECTION 


The heating cables buried in the 


ceilings have a capacity of about 60,000 | 


Btu per hour at 240 volts and 53,000 
Btu per hour at 220 volts. The manu- 
facturer of the heating cables estimated 
the loss at nearer 48,000 Btu per hour 
and is confident that this will be proved 
through operation. From a practical 
point of view, if the installed capacity 
is excessive, nothing much is lost except 
a few installation dollars, and perhaps an 
occasional high, but explainable, demand. 
This is not serious in view of the pilot 
nature of the installation. On the other 
hand, if capacity were short, discomfort 
would certainly be experienced and the 
ptoject could be considered a failure. 


Table !. Temperature Duration, Rhode Island, 
July 1953 Through June 1954 
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In this particular application, where 
direct-conversion equipment is involved 
in the same house with a heat pump, 
buried cables forming radiant ceilings 
were selected for several reasons: 


1. Requires no wall space and otherwise 
is completely inconspicuous except for 
thermostats, thereby in no way restricting 
the arrangement of furniture or decor. 


2. Represents a type of heating different 
in nature from the heat pump which in 
this case is forced air. 


3. Features minimum cost which, at the 
same time, includes complete zoning and 
no expected maintenance. 


4. In no way in conflict with the heat- 
pump installation. 


Heat-Pump APPLICATION AND 
SELECTION 


For design purposes the forced-air 
system supplied by the heat pump is 
designed for 60,000-Btu-per-hour loss 
and 36,000-Btu-per-hour gain. In the 
selection of equipment, the water-source 
machine was selected because it appeared 
to be simpler than the air-source ma- 
chines. For example, there is no ‘‘de- 
frost cycle,’ and the available equipment 
is not so unitized in design as to almost 
forbid field maintenance. The water- 
source machine also offers better pros- 
pects in operating economies. 

In the selection of size, manufacturer’s 
specifications for a so-called 3-ton heat 
pump provide 36,000-Btu-per-hour heat 
absorption, and 42,000-Btu-per-hour on 
heating. A 5-ton machine provides 
61,000-Btu-per-hour heat absorption and 
70,000-Btu-per-hour on heating. Off- 
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hand, the 5-ton unit might seem desirable 
because it has more than enough capacity 
for both heating and cooling. However, 
this is not the case, because it is well 


known that oversizing on cooling is very — 


undesirable. The machine will fulfill 
the cooling demand with short-cycled 
blasts of cold air, which, besides pro- 
ducing discomfort, may cause condensa- 
tion of vapor to take place in the condi- 
tioned area rather than on the air coil 
of the heat pump. There is a resulting 
clamminess._Oversizing on heating re- 
sults in similar short-cycling, which also 
impairs efficiency somewhat. 

The conclusion reached was that, in 
order properly to size a heat-pump system 
for this climate, one of the following 
variations would probably be appropriate: 


1. A dual heat pump, ie., two units in 
tandem; one unit to operate for cooling 


Fig. 2. a 
i 


with changeover to supply peak demand on — 


_ heating, the other to operate for heating. 


2. A single heat pump with direct-con- 
version heaters as boosters. 


3. A single heat pump with Beenie ca- 
pacity available for peak heating demand. 
Storage might be in water or salts. 


Any of these might have been tried; 
however, one had to be chosen. The 
storage system was eliminated because 
of high first cost and as being too elab- 
orate to be construed as “packaged.” 

Before proceeding further with the 
elimination, an average year was ex- 
amined in order to determine the general 
nature of temperature duration. Re- 
ferring to Table I, for a typical year 
there is tabulated the number of hours 
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in the year when the temperature was 
below the values listed in the “Tempera- 
ture’ column. Since the temperature 
did not exceed 100 F, for example, there 
are 8,760 hours when the temperature 
was below 100 F. In further explana- 
tion, there were 6,715 hours when the 
temperature was below 65 F and 350 
hours when it was below 20 F. 

The third column in Table I lists the 
percentage of annual heating load oc- 
curring below the temperatures in the 
first column, e.g., only 2% of the total 
annual heating requirement occurs below 
20 F. This means that if a basic heat 
pump covers heating losses to 20 F, 
then it supplies 98% of the total Btu’s 
used, and the tandem or supplementary 
unit supplies 2% of the total use; see 
Fig, 2. 

This indicates probable few hours of 
use for the second unit of a tandem heat 
pump, similarly for any supplementary 
direct-conversion heaters. Furthermore, 
there seemed to be more reason to believe 
that the heat loss for the house would 
be under 60,000 Btu per hour rather 
than over. 

Direct-conversion heaters are available 
which contain, e.g., 12 1-kw units which 
can be connected in any combination 
to give a total output of from 1 to 12 
kw. It seemed reasonable, therefore, to 
apply the flexibility of direct-conver- 
sion heaters to take care of the admittedly 
nebulous difference between heat-pump 
capacity and the actual house loss figure. 

The resulting heat-pump installation 
utilizes a 3-ton machine in series with a 
duct heater containing 12 1-kw units. 
The duct heaters are tentatively con- 
nected in two banks of 3 kw each, 
each bank being controlled by an outdoor 
thermostat. In addition, one 3-kw bank 
is used for reheat in dehumidification. 


Heat-Pump and Duct-Heater 
Installation and Operation 


The installation and operation of the 
heating plant designed around the heat 
pump is best considered part by part, 
beginning with the water circuit. 


WatTeER CIRCUIT 


The electrical input to the well pump 
must be taken into account when com- 
puting the coefficient of performance of 
the heat-pump system. The pump itself 
should be correctly sized; the plumbing 
should develop as little resistance to 
flow as possible. If, at the same time, 
the pump can also be used for domestic 
purposes, this is much better. 

The water requirement for the heat 
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pump (50 F water) is about 9 gpm on 
heating and 1 to 2 gpm on cooling. To 
take care of this, a 1/2-horsepower 
jet pump is used, as shown in Fig. 3. 
In supplying the 9 gpm, the well pump 
delivers directly to the heat pump. 
However, this direct circuit cannot be 
used to deliver the 1 to 2 gpm for cooling 
because the pump is greatly oversized 
for this small flow, causing a continuous 
series of stops and starts. Water is 
therefore delivered from the storage tank 
for the cooling requirement. 

A 120-gallon storage tank is supplied 
from the well pump through a check 
valve. This check valve prevents the 
storage tank from discharging into the 
heat pump (on heating), thereby main- 
taining satisfactory domestic pressure. 
The sizing of the storage tank is critical 
in the sense that its capacity must be 
adequate to domestic needs over any 
period of time that the heat pump runs. 
Whenever the heat pump shuts down, 
the well pump continues to run until 
storage tank pressure is recovered. 

The results of delivering 9 gpm from 
the tank have been explored. Valves 
are arranged so that this can be done, 
although there is little practical value 
in this arrangement. Domestic pressure 
drops to below the useable range. A 
1/2-horsepower pump will satisfy flow 
or pressure requirements in this instance, 
but not both. 


Arr DISTRIBUTION 


Conditioned air is distributed through 
a duct system designed to handle the 
1,200-cubic-feet-per-minute output of the 
heat pump. Ample outlets and returns 
are provided as shown in Figs. 1(B) and 
(C). In the bedroom areas, supplies 
are located high on the inside wall with 
returns low on the outside wall. This 
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provides for flexible use of wall space 
and keeps furniture from hampering 
the supply air stream. Floor diffusers 
supply conditioned air to the family 
room-kitchen area, where they are located 
under the large glass-wall areas. One 
large return is located near the floor in 
the center of the area. The living- 
recreation room is in the basement 
where the duct trunks run near the main 
beam in the ceiling. In this area, ceiling 
diffusers are used for supplies, with 
returns low in the outside walls. Outdoor 
air can be introduced into the return 
air flow. An interesting sidelight is 
that the duct system would have had 
to handle over 2,000 cubic feet per 
minute if a tandem heat-pump plant 
had been selected, increasing the cost of 
duct work considerably. 


HEAT PuMP AND SUPPLEMENTARY Duct 
HEATERS 


The electrical controls, shown sche- 
matically in Fig. 4, provide for automatic 
operation, including changeover from 
heating to cooling to dehumidification. 
The heat pump has a 4-way valve for 
automatic changeover, which is re- 
frigerant actuated through the position- 
ing of the throwover solenoid RT. A 
thermostat, with two heating stages 
TH1 and TH2, one cooling stage TC, 
and a fan “‘auto-on’’ switch CF controls 
heating, cooling, and air circulation. 
When the first stage of heating TH1 
closes, the heating-water solenoid valve 
SH is energized and opens; at the same 
time, RT throws to heating. As soon 
as water is flowing through the heat 
pump, the compressor and ‘circulating 
air fan start through the water pressure 
switch WP. The second stage of heating 
TH2 provides quick pickup by switching 
in one 3-kw duct-heater combination 
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together with the heat pump. The 
cooling stage TC energizes the cooling- 
water solenoid SC valve, again starting 
the heat pump on water flow WP. Note 
that RT is normally in the cooling 
position. The auto-on switch CF is used 
to control the circulating air fan from 
upstairs so that it can be run continu- 
ously or when the compressor is running. 

The heat pump as supplied is repre- 
sented in Fig. 3 within the dashed lines. 
Included is a 3-position selector switch; 
fanto, “off,” and: “fan.” 

High humidity is controlled by a 
humidistat located in the living room; 
see Fig. 1(C). On a rise in relative 
humidity the humidistat energizes an 
auxiliary relay which starts the heat 
pump on cooling and switches in one 
3-kw duct-heater combination. Return 
air from the room first passes over the 
cold coil in the heat pump, where its 
temperature is lowered and moisture 
condensed. The air then passes over 
the duct heater, which raises the tem- 
perature. This discharges the air to 
the living spaces at about the same 
temperature as the room return, but of 
course at a lower relative humidity. 

It is possible for the humidistat and the 
thermostat to call for operation at the 
same time. When this happens on 
cooling, the operation of the system 
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will first satisfy the setting on the 
humidistat before throwing over to 
cooling. It is not likely that heating 
and dehumidification will be required 
at the same time; however, if this should 
happen, then the heating requirement 
will first be satisfied before throwing 
over to dehumidification. 

Two bulb-type thermostats with capil- 
lary tubes control the duct heaters on 
outdoor temperature, so that the elec- 
trical features can be mounted indoors 
and near the heat pump. The pickup 
setting is adjustable. To determine the 
temperature settings for these, the 
operational balance point of the heat 
pump is first determined. 


RADIANT-CEILING INSTALLATION 
AND OPERATION 


The heating cables buried in plaster 
to form radiant ceilings are installed in 
accord with manufacturer’s recom- 
mended procedures, except as mentioned 
later. In the case of two small lavettes, 
Figs. 1(B) and (C), the ceiling areas are 
too small to accommodate the smallest 
beating cable spaced at the 1.5 inch 
minimum. Baseboard heaters are used 
to heat these areas. Complete zoning 
is provided through thermostats located 
in each room and hallway. The storage 
and utility end of the basement is 
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considered normally unheated. Space 
heaters are provided, however, to warm 
the area whenever necessary. Control 
of these heaters is manual. 

Heating coils are supplied on reels 
and each wattage has a different length. 
A formula-is used to convert the coil 
length and ceiling dimensions into a 
spacing distance. Apparently the spac- 
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ing formula has a safety factor, the result — 


being that the supply of wire was ex- 


——s 


hausted before the ceiling area in each — 


case, cauising no inconvenience. 

In following the procedure for installing 
the cables, a staple gun was used to 
fasten the cables to the rock lath. Un- 
fortunately the staple gun used was not 
the proper one: a wire guide had to be 
welded to the nose, spring tension was 
too great, and occasionally the gun would 
skip and fire with no staple. After the 
brown-coat plaster was applied and 
dried, a 600-volt Megger was used to 
test the insulation of each ceiling cable. 
In two rooms the insulation level was 
found to be below the 100,000 ohms 
specified as minimum by the manu- 
facturer. In each case an ohmmeter 
was next used to determine where the 
insulation had been damaged. This 
was done by first connecting one leg of 
the ohmmeter to one of the leads of the 
heating cables at the thermostat ‘box. 
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Next, the other leg of the ohmmeter the fault. It was found that the point used to renew the insulation. After the 


was connected to the blade of a broad 
pointed screw driver. In taking sub- 
sequent ohmmeter readings, the screw 
driver was used to make firm contact 
with the brown coat by enough pressure 
to penetrate the brown coat ap- 
proximately 1/32 inch. Readings then 
were recorded as the ceiling was criss- 
crossed in order to determine the point 
of least resistance, and thereby locate 
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of least resistance was approximately 
80% of the highest value; however, the 
resistance gradient adjacent to the 
trouble spot was great. In each case 
a staple driven too hard against the insula- 
tion was the cause of insulation failure, 
and following the foregoing procedure 
each was located within a radius of an 
inch from the point of indicated least 
resistance. Plastic insulating tape was 
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ceilings were finished, all ceiling cables 
were tested again with the Megger and 
found to be all right. 


Electrical Service and 
Instrumentation 


ELECTRICAL SERVICE 


An aerial 200-ampere 120/240-Volt 
service supplies the electrical needs of 


313 


the house through facilities in the service 
room, shown as a detail of Fig. 1(C). 
Distribution and © subdistribution are 
through quick-lag breaker panels which, 
beside being simple and adequate, avoid 
the cluttered and commercial appearance 
of a series of fused safety switches, or 
the like, all supplied through troughs. 
Except that special metering is involved 
in this installation, a service room would 
probably be unnecessary. 


INSTRUMENTATION 


The electrical service is metered 
through a 2-dial off-peak meter for billing 
purposes. In addition, the total service 
is chart-metered on 15-minute kilowatt 
demand. The ceiling subpanel, the heat 
pump, and the duct heaters are metered 
separately for kilowatt-hour and 15- 
minute kilowatt-hour demand (maxi- 
mum indicating). The water-pump use is 
estimated from the hours operation of 
the heat pump. 

Separate metering of other appliances 
is believed to be unnecessary, since much 
experience data are available on the 
nature of the residential load without 
heating. Interest is confined to the 
nature of each type of electric heating 


and its affect on the total residential 
demand and use. The total data in- 
dicate the impact that this type of house 
can be expected to have on the utility’s 
distribution system. 

In addition, various nonelectrical quan- 
tities can also be recorded: 


Water Circuit. Pressure gages are 
located on the water inlet and discharge 
connections to the heat pump. Setting 
of the pressure switch WP can be checked 
and, in addition, water flow through the 
machine can be estimated from the 
indicated drop of pressure through the 
water coil. 

Immersible-bulb dial-type thermome- 
ters are also located at the inlet and 
outlet to show the temperature change in 
the water coil. A stop watch and 10- 
gallon milk can are used to meter the 
flow of water at discharge. 


Air Circuit. Indicating column-type 
thermometers are used to measure the 
temperature at three points: 1. return 
room air to the heat pump, 2. air from 
the heat-pump air coil, and 3. beyond the 
duct heaters. Temperature pickup across 
the heat-pump air coil and the duct 
heaters can thereby be recorded and 


compared to show an indicated coefficient 
of performance. 


Indoor and Outdoor Air. Temperature 
and humidity indoors and outdoors are 
recorded on chart-type instruments. 


Heat Pump. Refrigeration pressure 


gages are used to show the head and 


suction pressures of the refrigerant gas 


at the compressor. Readings from these 


can be combined to form an 
tion of heat-pump performance. : 


indica-_ 


This instrumentation is adequate to 


show the performance of the various 
electrical heating features, to check the 
output specification of the heat pump, 
and to check the heat-gain and heat-loss” 
calculations. 


RECORDS 


aaa oe oe 


A daily diary is kept up to date on 
equipment operation and performance. 
For convenience, some of this informa-— 
tion is kept in log-sheet form as a 


in Fig. 5. 
At the writing of this paper, both heat-_ § 
ing plants have been operated satisfac- 


torily. However, a performance report 
will not be released until substautial — 
data are accumulated and evaluated. : 


Voltage Modulation on Aircraft 


Power Systems 


R. E. KLOKOW 


MEMBER AIEE 


Synopsis: This paper derives methods for 
calculating voltage modulation for a given 
speed disturbance with closed-loop voltage 
control. The magnitude of voltage modu- 
lation is quantitatively related to the open- 
loop frequency response of the voltage- 
regulating system. 


OLTAGE MODULATION may be 

defined in a broad sense as any 
change in the envelope of the a-c genera- 
tor terminal voltage. For the case of 
sinusoidal voltage modulation, a precise 
definition is given in Appendix I. 

Present and proposed military specifi- 
cations are given in Appendix I. Present 
specifications limit voltage modulation of 
aircraft electric power systems to 2%. 
Proposed specification limits are in a range 
of 1.0% to 0.10%. The specifications do 
nof explicitly state the character of volt- 
age modulation (sinusoidal, periodic, or 
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random), the frequency range, or the 
speed modulation of the generator rotor. 
It is hoped that the results of this paper 
will give information which can be used 
to clarify the specifications. 


Since magnitudes in the order of 1.0% 
are involved, it is imperative that methods 
of calculating voltage modulation be 
available. It is equally important that 
insight into the problem of voltage modu- 
lation be gained. The causes and factors 
must be thoroughly investigated. Test 
results on actual systems are necessary, 
but are not sufficient to these ends. This 
paper presents results of part of a study 
of the voltage modulation problem. Be- 
fore stating the precise problem considered 
in this paper, the broad causes of voltage 
modulation will be reviewed. 


The generated terminal voltage is pro- 
portional to the product of flux and speed. 
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Variations in either flux or speed will cause 
variations in generated voltage. 
variations, and consequently voltage 


ee er en 


Flux . 


variations, may be produced by a-c gen-— 


erator excitation voltage changes, varia-. 


tion in brush contact drop (if brushes are — 


used), nonsymmetrical generator con- 
struction, and load disturbances. 
been found from testing that the effect of - 
variation in brush contact drop and non-— 
symmetrical generator construction on 
terminal voltage is negligible on well- 
designed generators. The effect of load 


It has 


i 


e 


| 
| 


disturbances are neglected in this paper 
and the generator is assumed to be oper- : 


ating with a balanced static load. Speed 
variations may be produced by torque 
pulsations of the prime mover, the genera- 


| 


; 
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Fig. 1. Block diagram of typical voltage regulator system 


tor drive, gearing, or load-switching 
transients. These pulsations may be 
amplified by the mechanical system de- 
pending on the frequency characteristics 
of any particular configuration. The 
characteristics of the mechanical system 
are vitally important to the problem of 
voltage modulation, but are not directly 
considered in this paper. The starting 
point of the study made here is with given 
speed modulation of the generator rotor. 


Nomenclature 


e=envelope of a-c generator-terminal volt- 
age 

=instantaneous flux per pole 

m=instantaneous generator rotor speed 
(rpm) 

AN=amplitude of sinusoidal speed modu- 
lation 

f=tfrequency of speed changes 

@=27f=frequency of speed change in ra- 
dians per second 

KG=open-loop transfer function of com- 
plete system where G is a function of 


(jw) 

Ae’ =change in e due to a-c generator speed 
changes 

Ae’’=change in e due to exciter speed 
changes 


Ae=instantaneous change in envelope of a-c 
generator terminal voltage 

AE=maximum value of the sinusoidal 
change in the envelope of the a-c gen- 
erator terminal voltage 

KrGr=transfer function of regulator, where 
Gp is a function of (jw) 

KrGzrz=transfer function of exciter, where 
Gz is a function of (jw) 

KeGe=transfer function of a-c generator, 
where Gg is a function of (jw) 

KrGr=transfer function of feedback cir- 
cuit, where Gr is a function of (jw) 

Ks =sensing circuit gain 

(EO V).=exciter output voltage at operating 
point / 

a=phase angle of flux variations with re- 

spect to speed variations 


Subscript 0 indicates value of variable at 
operating point 
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Statement of Problem 


The following discussion is limited to 
a-c generators with sinusoidal disturb- 
ances and a linearized system. However, 
the equations and definitions developed 
could be adapted for d-c generators, any 
given speed disturbance, and nonlinear 
systems. ‘The envelope of the a-c termi- 
nal voltage is given by 


e=K¢n (1) 
where 


@=space fundamental flux per pole 
n=instantaneous generator rotor speed, rpm 
K=a constant of proportionality 


Voltage modulation may be produced by 
either a flux change, a speed change, or a 
combined change of both variables. 
Equation 2, developed in Appendix II for 
the case of constant flux and sinusoidal 
variations in speed, is 


é AN 
Per-cent voltage modulation =—— X100 


No 
(2) 


Therefore, with sinusoidal speed disturb- 
ances and constant a-c generator field 
flux, the per-cent voltage modulation is 
equal to the percentage speed variation. 

Equation 3 developed in Appendix II 
for the case of constant speed and sinusoi- 
dal flux variations is 


A® 
Per-cent voltage modulation = ie X 100 
SG) 


This equation states that for constant 
speed and sinusoidal variations in flux the 
percentage voltage modulation is equal to 
the percentage variation of flux. Equa- 
tion 4 developed in Appendix II for the 
case of variable flux and variable speed, 
is as given in the following equation 4: 
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20/0452 /al 100 (4) 


Per-cent voltage 


modulation | 10 do 


If both speed and flux are sinusoidally 
varied, the per-cent voltage modulation is 
the magnitude of the phasor sum of the 
change due to each of the variables. 

When an automatic voltage regulator is 
controlling the a-c generator terminal 
voltage, and speed disturbances are 
applied to the rotor, an error in terminal 
voltage will be seen by the regulator. 
The regulator will attempt to make cor- 
rections for the error in terminal voltage. 
These changes produced by the regulator 
will eventually be seen as changes in a-c 
generator field flux. Thus there is a com- 
bined variation in both speed and flux and 
the resulting voltage modulation will be 
given by equation 4. However, magni- 
tude and phase angle of the flux change 
with reference to the speed change is not 
known since it is dependent upon the fre- 
quency response characteristics of the 
control system. It is the objective of this 
paper to derive methods of determining 
the resulting voltage modulation under 
this condition. 


Assumptions 


The following assumptions are made in 
order to expedite the discussion of this 
subject. However, some of these as- 
sumptions will be removed in the develop- 
ment of the paper: 


1, The system has been linearized about 
no-load operation. 


2. Only small excursions of the variables 
are considered. 


3. Speed disturbances are sinusoidal func- 
tions. 


4, Voltage variations due to changes in 
brush contact drop, load disturbances, and 
nonsymmetrical machine construction are 
neglected. 


5. Only single-generator operation is con- 
sidered. 


6. The sinusoidal speed changes are as- 
sumed to be that of the generator rotor and 
exciter, and the influence of the mechanical 
system is not considered. 


7. Effect of magnetic amplifier supply volt- 
age variation on voltage modulation is 
neglected. 


Fig. 2. Simplified block diagram of voltage 
regulator system with speed inputs to gen- 
erator only 
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Fig. 3. 


Simplified block diagram of voltage 
regulator system with speed inputs to exciter 
only 


Solution 


Although the method presented is gen- 
eral, a particular system will be used in 
the description. Fig. 1 shows a block 
diagram of a typical voltage regulator 
system. The system is specific in the 
arrangement of the components but gen- 
eral in the sense that each component 
could have any transfer function. With 
this block diagram given, the problem re- 
duces to that of determining 


Ae/ey 
An/no 


Since in the system there are two speed 
inputs, namely, to the generator and to 
the exciter, the combined effect due to 
both inputs will be determined by apply- 
ing the principle of superposition. Thus, 
the solution will consist of two parts, that 
due to speed changes of the a-c generator 
and that due to speed changes of the ex- 
citer. The total solution will be the 
phasor sum of the individual solutions. 


A-C GENERATOR SPEED CHANGES 


Considering only the input to the a-c 
generator, the block diagram of Fig. 1 has 
been reduced to the block diagram shown 
in Fig. 2 by standard block diagram reduc- 
tion techniques.! KG is the open-loop 
transfer function of the complete voltage 
regulator system. K is a constant in- 
dependent of frequency and, for linear 
systems, G is a function of frequency. 
Thus, the component of terminal voltage 
change due to generator speed variations 
is expressed in equation 5 


nas (5) 


If KG is known, the voltage modulation 
due to the generator speed changes can 
be computed from equation 5 as a func- 
tion of frequency. Inspection of equa- 
tion 5 shows that if KG is large compared 
with 1, the voltage modulation is small; 
if KG approaches zero the voltage mod- 
ulation with closed-loop control will be 
equal to that of a generator with constant 
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field excitation; and when KG approaches 
—1 the voltage modulation is greatest but 
the system approaches instability. 


EXCITER SPEED CHANGES 


Considering inputs into the exciter 
only the block diagram of Fig. 1 can be 
reduced to that shown in Fig. 3, where 
K'G’ is defined in Appendix III. The 
component of change in generator termi- 
nal voltage as a function of exciter speed 
change is given by equation 6: 


ae" _an (EOV)s 


go No (4) 


KaGe (6) 


eA BE 
1+ K’G' 
COMBINED SPEED CHANGES 


The total change in terminal voltage 
due to the effect of exciter and generator 
speed changes is 


Ae Aei= Ae” An 1 
Se eS 
(EOV), 1 
7 
ce KeCo TRG 7) 


Expressed in terms of a ratio of per- 
cent voltage modulation to per-cent speed 
modulation, equation 7 becomes 


% voltage modulation 
% speed modulation 
1 (EZ0OV)o 1 


Siem oe er 


For the systems investigated by the 
authors the second term of equation 8, 
which is the voltage modulation due to 
the exciter speed changes has been small 
in comparison to the voltage modulation 
due to the generator speed changes. 
Neglecting this term, equation 8 simpli- 
fies to equation 9: 


% voltage modulation bapa 
% speed modulation 1+KG 


(9) 


Equation 9 shows the simplicity of the 
method of determining percentage voltage 
modulation in terms of the given percent- 
age speed modulation. The only in- 
formation required is the open-loop trans- 
fer function of the complete voltage regu- 
lator system which can be calculated or 
measured. This information is available 
in the design since it is used for deter- 
mining the stability of voltage regulator 
systems in linear regions. 


Verification of Analytical Method 


Curve A of Fig. 4 represents the re- 
sults of a test on a 40-kva generator sys- 
tem regulated by a static-type magnetic- 
amplifier voltage regulator. These test 
data were obtained by a special test fix- 
ture, as shown in Fig.5. Thea-c genera- 
tor rotor was driven at a constant speed 
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% VOLTAGE MODULATION 
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Fig. 4. Voltage modulation characteristics 


Curve A—Test data 

Curve B—For a-c generator speed changes 
only (calculated) 

Curve C—For exciter speed changes only 


by a dynamometer. The relative speed 
was modulated sinusoidally by vibrating 
the a-c stator which was mounted in 


trunnion bearings. The amplitude of 
speed modulation was measured by pro- — 
viding constant excitation to the a-c 
generator, and measuring per-cent voltage ~ 
modulation which is equal to the per- — 
centage speed modulation. With the 
same speed modulation, voltage modula- 
tion was again measured with the a-c 
generator controlled by the regulator. © 
The ratio of voltage modulation to speed — 
modulation was then determined by 
dividing the second measurement by the 

first for various modulation frequencies. 

Fig. 6 shows the open-loop frequency 
response characteristics of the 40-kva — 
voltage regulator system. This data was — 
obtained by frequency response measure- 
ments and calculations, and the informa- 
tion used in equation 9 to determine the 
voltage modulation characteristics and 
plotted as curve B of Fig. 4. 

The computed results compare favor- 
ably with the test curve. The difference 
between the two curves (A and B) is due 
to the inaccuracy in test measurements 
of voltage modulation in the range of 0.1% 
to 1.5%, the neglect of speed input to the 
exciter and errors in obtaining the open- 
loop frequency response. 

The magnitude of voltage modulation 
due to the speed variation of the exciter 
is shown as curve C of Fig. 4. This effect 
is seen to be small in terms of magnitudes, 
but has even less influence when added 
phasorially to curve B. 


Interpretation of Results 


Observation of Figs. 4 and 6 and inspec- 
tion of equation 9 lead to the following’ 
interpretation: 

When |KG| is much greater than unity, 
equation 9 reduces to the following. 
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Fig. 5. Test fixture for modulating a-c 
generator speed 


% voltage modulation 1 
% speed modulation KG 


When |KG| is much less than unity, 
equation 9 reduces to 


% voltage modulation 
% speed modulation 


When the magnitude of KG approaches 
—1, neither approximation holds. Fig. 
6 shows that for a typical voltage regula 
tor system the magnitude of KG is greater 
than unity at the low frequencies and less 
than unity at the high frequencies. Thus, 
it can be concluded that the ratio of per- 
cent voltage modulation to per-cent speed 
modulation will be less than unity at the 
low frequencies and equal to unity at the 
high frequencies. The ratio will be 
greater than unity at and near the natural 
frequency of the closed-loop voltage 
regulator system. The amplification in 
the region of the closed-loop natural fre- 
quency could reach extremely high values 
if the angle of KG should approach, 180 
degrees when the magnitude of KG 
approached unity. However, for a 45- 
degree phase margin design, the angle of 
KG is held below 135 degrees when the 
magnitude of KG is equal to one. Con- 
sequently, for a well-designed voltage reg- 
ulator system, the peak amplification can 
be held below an amplification of three 
depending upon other specification re- 
quirements, such as steady-state regula- 
tion and recovery time. 

Physically, the three regions of the 
voltage modulation curves of Fig. 4 can be 
interpreted as follows: At low frequencies 
the regulator can change the flux in the 
a-c generator in the proper manner to 
correct for the changes in terminal volt- 
age caused by the disturbing speed inputs. 
At the very high frequencies the correct- 
ing signals sensed by the voltage regulator 
are attenuated in magnitude to such a 
degree that very little change in the a-c 
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generator flux is accomplished. Con- 
sequently at these very high frequencies 
the per-cent voltage modulation would be 
the same with or without closed-loop 
control. In the frequency range near the 
natural frequency of the closed-loop sys- 
tem, the regulator tries to correct for the 
changes in terminal voltage but the correc- 
tion signal is in phase or nearly in phase 
with the disturbing signal because of the 
180-degree shift in the sensing circuit plus 
the approximately 180-degree phase shift 
through KG. Consequently, the ratio is 
greater than unity in this frequency 
range. 


Correlation of Voltage Modulation 
Characteristics with Other System 
‘ Requirements 


The voltage modulation characteristic 
is definitely related to the steady-state 
and transient performance of the volt- 
age regulator system when subjected 
to load switching and speed disturbances. 
It is not the purpose of this paper to 
express these relationships quantitatively, 
but to give a qualitative discussion to 
show that the relationships exist. 

Per-cent voltage regulation is equal to 


1 
14K X100 
K, the steady-state open-loop gain, 
affects voltage modulation, as can be seen 
from equation 9. Consequently, there is 
a definite relationship between voltage 
modulation and steady-state regulation. 

Nyquist’s stability criterion states that 
the locus of the vector KG (jw) must not 
pass through the —1 point or encircle this 
point for a closed-loop system to be stable. 
Several textbooks show the relationship 
between the open-loop response KG (jw) 
and the stability of servomechanism and 
regulator systems. Other authors have 
shown the relationship between frequency 
response and transient response. For 
purposes of this paper, it will suffice to say 
that there is a relationship between the 
stability of the system and the voltage 
modulation characteristic. In general, 
it may be said that the more oscillatory a 
closed-loop system is to load changes, the 
higher the ratio of per-cent voltage modu- 
lation to per-cent speed modulation will 
be at the natural frequency of the closed- 
loop system. 

There is also a relationship between 
steady-state voltage regulation and sta- 


bility, consequently, all three system re- 


quirements are interrelated, i.e., improve- 
ment in one (such as per-cent regulation) 
may result in making the other two (e.g., 
voltage modulation and stability) worse. 
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characteristics of voltage regulator system 


Generalization of Method 


Several assumptions were enumerated 
at the start of the paper. Most of these 
were made in order to confine the dis- 
cussion and the particular system treated 
to a defined region. The discussion has 
been limited to no-load operation which 
is usually the most severe condition for 
voltage modulation. However, other 
load conditions could be treated by deter- 
mining a new KG for the desired load. 

Only small excursions of the variables 
were considered in order to linearize for 
saturation of the control system com- 
ponents and avoid the nonlinearity of the 
second-order term as given in equation 
20. This second-order term will be 
negligible for all practical systems where 
the voltage modulation is small. For a 
given case where the speed modulation is 
1.0% and the percentage change of a-c 
generator flux is 1.0%, to include the 
second-order term would not change the 
computed voltage modulation by more 
than one partin 100. Since only small ex- 
cursions are encountered in the voltages 
of the various components for this prob- 
lem, linearization about the operating 
point gives accurate results. Constants 
are computed or tested for at the operat- 
ing point under consideration. 

Only sinusoidal speed disturbances were 
treated in the development of the voltage 
modulation characteristics. However, 
the voltage modulation characteristics 
could be determined for nonsinusoidal but 
periodic waves by representing the input 
as a Fourier series or for a given random 
speed disturbance by an analog computer 
representation. 

The effect of voltage modulation due to 
brush drop and nonsymmetrical machine 
construction was neglected. However, 
it has been found on all systems in- 
vestigated that these effects are negligible 
on well-designed machines, 

Only single-generator operation has 
been considered; however, test results 
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show that voltage modulation is less under 
parallel system operation than under 
single-generator operation. 

It has been also assumed in this paper 
that the speed disturbances were those of 
the rotor and that this function was given. 
However, these speed disturbances could 
be determined for a given mechanical 
system by measuring voltage modulation 
with constant a-c generator excitation. 
This function of speed could be used in an 
analog computer simulation to determine 
voltage modulation for a _ particular 
closed-loop system. 

The effect of the variation of the supply 
voltage to the magnetic amplifiers on 
voltage modulation could be evaluated by 
including extra loops in the block diagram. 
However, the calculations become lengthy 
and it has been found that these effects 
are negligible. 


Conclusions 


The ratio of per-cent voltage modula- 
tion to per-cent speed modulation has 
been quantitatively related to the open- 
loop frequency response characteristic of 
the voltage regulator system. The solu- 
tion is stated mathematically in equation 
9, and is discussed in a previous section. 
Applying sinusoidal speed disturbances 
to the generator of a closed-loop voltage 
regulator system results in the following 
ratio of per-cent voltage modulation to per- 
cent speed modulation: 1. At frequencies 
under the natural frequency of the closed- 
loop system, this ratio is less than one; 
2. over natural frequency it is equal to 
unity; and 3. at and near the natural 
frequency, it is greater than one. 

From the results of this paper. it is 
apparent that per-cent voltage modula- 
tion cannot be specified independently of 
per-cent speed modulation, i., before 
voltage modulation can be calculated, the 
speed modulation must be known. Ona 
particular system, the voltage modula- 
tion could be objectionable when the gen- 
erator is driven by a given test stand and 
be within specification limits when driven 
on an aircraft. Although this paper 
solves the problem of determining volt- 
age modulation with given generator rotor 


speed, determining voltage modulation on 


an actual system necessitates a study of 
the complete system. Cognizance must 
be taken of the drive, the generator 
mechanical system, the gearing between 
drive and generator, the frequency con- 
troller of the drive, and the speed or 
torque pulsations into the drive from the 
prime power source. 

Since the ratio of per-cent voltage mod- 
ulation to per-cent speed modulation is 
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interrelated with the steady-state regula- 
tion of the system and the transient per- 
formance of the system, no one require- 
ment can be looked at individually but 
rather they must all be considered simul- 
taneously. 


Appendix |. Definition of 
Voltage Modulation and 
Military Specifications 


The following is a summary of the voltage 
modulation requirements from some of the 
military specifications. There is a trend 
in the later specifications to decrease the 
voltage modulation limits. Tocomply with 
these more stringent specification requtire- 
ments, more extensive consideration must be 
given to the magnitude and frequency of 
speed variations and to the design of the 
closed-loop frequency characteristics of the 
control system. However, these specifica- 
tions do not explicitly state speed variation 
characteristics. 


Military Specifications 
1. MIL-G-6099 (April 1950) 


4.5.11. Output Voliage Modulation. The 
output voltage modulation shall be deter- 
mined by means of a calibrated oscilloscope 
or other satisfactory means when the gene- 
trator is operated at minimum, average, and 
maximum rated speed both at no load and 
full load. The per-cent modulation, com- 
puted as indicated below, with the regulator 
in proper operation, shall not exceed 1 per 
cent plus that obtained when the generator 
is controlled by a hand rheostat, and in no 
case shall exceed 2 per cent. Per-cent 
modulation shall be computed as follows: 


Emax =z Emin 
Eimax+ Emin 


2. MIL-G-6099A(ASG) (November 27, 
1956) 


4.5.13. Output Voltage Modulation. The 
output voltage modulation shall be deter- 
mined when the generator is operated at 
minimum, average, and maximum rated 
speeds both at no load and rated current at 
rated voltage. The per-cent modulation, 
computed as indicated below, with the regu- 
lator in proper operation shall not exceed 1 
per cent. Per-cent modulation shall be 
computed as follows: 


Per-cent modulation = 100 


Emax ma Em in 


Emax+ Emin 


3. MIL-G-7894A (ASG) (May 17, 1955) 
3.2.1.2.6. Amplitude Modulation. The 


amplitude modulation of the voltage wave 
shall not exceed 2 per cent at any frequency. 


4, XEL-907 (June 1, 1956) 
3.1.3.2.5. Voltage Modulation. 


3.1.3.2.5.1. Amplitude. The modulation 
of voltage shall not exceed an amplitude of 
3.3 volts (115 volt, line-to-neutral RMS 
system) as measured peak-to-peak difference 
between the minimum voltage reached and 


Per-cent modulation = 100 
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the maximum voltage reached during any : 
one second. 


3.1.8.2.5.2. Frequency Characteristic of the 
Voltage Modulation. The frequency char- 


acteristics of the voltage modulation shall be 
confined within the envelope of limits shown 
[Fig. 7 of this paper] 


in Fig. 2. 


VOLTAGE MODULATION (P-P) VOLTS 


l 2 4 10 20 40 100 
FREQUENCY OF MODULATION (CPS) 


Fig. 7. Frequency characteristics for voltage 
modulation in a-c systems (Fig. 2, ref. 7) 


Definition of Voltage Modulation 


Voltage modulation has been defined in 
the listed military specifications in terms of 
percentage and peak-to-peaks volts. Per- 
cent voltage modulation is used throughout 
this paper in order to make the definition of — 
voltage modulation independent of line-to- © 
line, line-to-neutral, peak-to-peak, and peak 
volts. If consistent units of voltage are 
used in the following, the percentage volt- — 
age modulation computed will be correct: 


Per-cent voltage | Emax— Emin 


ie Emax Oo et + 


modulation se) 
Simplified Equation for Computing 
Per-Cent Voltage Modulation 
The voltage Emax and Emin are graphically 
presented in Fig. 8 together with e and AER 
for sinusoidal voltage modulation. An equi- 


valent expression for per-cent voltage 
modulation in terms of e) and AE is 


Per-cent voltage Emax—Emin 
modulation — Emax-+Emin 
_(¢o AE) —(¢9— AE) 

(@o+AE)+(e)— AE) 

Per-cent voltage af AE 


100 


x100 


100 
modulation eo 2S 


(11) 


INSTANTANEOUS TERMINAL VOLTAGE 


ENVELOPE OF MODULATED 
TERMINAL VOLTAGE 


Fig. 8. Modulated a-c generator output 
voltage 
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Random-Type Voltage Modulation 


The discussion in this paper has been 
limited to voltage modulation of a sinusoidal 
nature. If speed disturbances are of a ran- 
dom nature, the voltage modulation would 
be of a random nature. The present defi- 
nition of voltage modulation has little mean- 
ing for the random type of speed disturb- 
ances. The voltage modulation measured 
from the minimum dips to the maximum 
peak will depend upon at what interval of 
time the measurements are taken and the 
frequency response characteristics of the 
metering devices. The present definition of 
voltage modulation will not necessarily give 
numerical values which are indicative of the 
effect of random voltage disturbances on 
utilization equipment. 


Appendix Il. Derivation of 
Equations 


The purpose of this appendix is to derive 
expressions for the a-c generator terminal 
voltage for three combinations of generator 
air-gap flux and generator rotor speed. The 
three cases considered are 


1. Constant flux and sinusoidal speed vari- 
ations. 
2. Constant speed and sinusoidal flux vari- 
ations. 
3. Sinusoidal variation of both flux and 
speed. 


An expression for the envelope of the a-c 
generator terminal voltage is 


e=Kon (1) 
Constant Flux and Sinusoidal 


Speed Variations 


An expression for the change in the en- 
velope of the a-c generator terminal voltage 
will be derived for the case of constant flux 
and sinusoidal speed variations. Let 


¢@=d¢o, a constant 
n= +AN sin wt 
€=e)+ Ae 


Substituting in equation 1 gives the desired 
result 


éo+Ae=KgoAN sin wt +Kdono (12) 
| ‘Since 9 = K dono 
Ae=Kq@AN sin wt (13) 


_ Dividing both sides of this equation by e 
and assuming that eo is rated voltage gives 
Ae AN | 

— =— sin wt 
~ @9 No 


Expressing the results in terms of the magni- 
tude of the sinusoidal envelope gives 


AE AN 
—=— or 
&o No 


2 N 
per-cent voltage _ A AN 100 (2) 
modulation no 


or, stated in words, per-cent voltage modu- 
lation equals per-cent speed modulation for 
the case of constant flux and sinusoidal speed 
perturbations. 
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Constant Speed and Sinusoidal 
Flux Changes 


Let 

n=MN, a constant 
=o +A® sin wt 
e@=e)+ Ae 


Substitution of these relations in equation 1 
yields 


eo t+ Ae=KmydotKnmA® sin wt (14) 


Using a similar approach to that used in the 
preceding section gives 


A® 
Per-cent voltage modulation Za x100 
0 


(3) 


Or per-cent voltage modulation equals per- 
cent flux modulation for the case of constant 
generator speed and sinusoidal flux vari- 
ations. 


Sinusoidal Variation of Both 
Flux and Speed 


Let 
n=no+An sin wt (15) 
$=¢)+A® sin (wi+a) (16) 


Substitution into equation 1 gives 


eo t+ Ae=K [¢o+A® sin (wt+a)] X 
(m+AN sin wt) 
=Kdym+KAN sin wt +KmA®X 
sin (wtt+a)+KA®AN sin (wt-+ 
a) sin wt (17) 


Neglecting the second-order term and mak- 
ing use of the fact that e,=Kdony 


Ae=K@AN sin wt-+ 
Km A® sin (wt+a) (18) 


‘Dividing both sides by ep: 


(Nem AUVs A® 
— =— sin wt + — sin (wt+a) 
(2) no Po 


(19) 


Writing equation 18 in terms of phasors - 


gives 


Per-cent voltage modulation 


AN, 


ar 04S Ia Xx 100 (4) 


No 


Equation 4 states that the amplitude of the 
voltage modulation envelope is equal to the 
magnitude of the phasor sum of per-unit 
speed and per-unit flux for the case of sinu- 
soidal speed flux changes. 


Appendix Ill. Block Diagram 


Representation 


Linearization of Product of 
Flux and Speed 


The block diagram given in Fig. 1 shows 
that terminal voltage is a function of the 
sum of flux and speed changes. Derivation 
of the equation showing this relationship 
follows: 
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From equation 1 


e=Kon 

Let: ¢=¢0+Ad 
n=no+An 
e=e+Ae 


(1) 


Substituting these in equation 1, yields 
eo + Ae=K (6) +A) (+ An) 
eot Ae =K (hot +mAp+dooAn+AgAn) (20) 


Neglecting the second-order term gives . 


Ae=KmA¢o+K¢goAn (21) 
Dividing by é gives 

Ke TA A 

ace BG (22) 
2 0 


Representation of equation 22 is shown in 
the block diagram of Fig. 1, as is also speed 
input to the exciter, which was handled in a 
similar manner. 


Incremental Variables 


All variables used in the block diagrams 
are incremental variables. The constants 
are determined at the operating points of 
each component. For example, the gain 
and time constant of the generator are pro- 
portional to the slope of the generator satu- 
ration curve at the operating point. Use of 
incremental variables is justified in the study 
of voltage modulation because the changes 
are in the order of 1.0%. However, if 
the transfer characteristics are not linear 
over the range of variables considered, this 
nonlinear problem can be solved on an ana- 
log computer. 


Reduction of Block Diagram 


Rather than present step-by-step reduc- 
tion of the block diagram shown in Fig. 1 to 
those given in Figs. 2 and 3, KG and K’G’ 
are defined by the following equations: 


KG= KrGrKzGe 
~A\G+KrGrKrGrKiGe 


K'G'=KrGrK2Gr(KrGr+KgKeGe) 


) KsKaGa (23) 


(24) 
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Electra Turboprop Aircraft 
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ITH the advent of the Electra 

turboprop aircraft, a new phase was 
introduced in the type of electric power 
generated and distributed on commer- 
cial aircraft. Previously to this time, 
nearly all commercial aircraft used a 28- 
volt d-c system. However, the require- 
ment for higher rated systems and the 
requirement of the load equipment for 
a-c power resulted in the Electra using 
the 115/200-volt 3-phase Y-connected 
a-c system. Many models of military 
aircraft had already used a-c systems but 
the systems in production at that time 
mainly used rotating exciter generators 
with sensitive protection relays. At the 
time that the Electra design was initiated 
a static excitation system with magnetic 
amplifier controls and protection was 
under development. This system was 
developed in order to increase reliability 
and provide closer limits of system per- 
formance. This static excitation system 
has been applied to the Electra and this 
paper discusses its design features. 

The system described here uses basic 
designs described in a paper by Plette and 
Butler.1 This paper is confined to de- 
scribing the designs peculiar to the Electra 
application which are not covered in the 
other papers. The particular application 
to the Electra provided new requirements 
which had not been previously en- 
countered and which resulted in special 
equipment designs. The design methods 
described below resulted in enabling the 
advantages of static excitation and mag- 
netic amplifier controls and protection to 
be successfully achieved. 


System Description 


A brief description of the system is 
given here in order that the relationship 
of the components can be understood in 
the discussions of their design. The sys- 
tem consists of a statically excited genera- 
tor driven directly from the turboprop 
engine or a gear box mounted on the 
engine. This generator is air-cooled. 
Mounted in the generator housing is a 
permanent magnet generator which is 
used as a source of control and protec- 
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ASSOCIATE MEMBER AIEE 


L. KLEIN 
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tive power independent of the main gen- 
erator loads. The main generator consists 
of 3-phase windings on the stator and an 
8-pole field rotor fed through slip rings. 
The output power from the stator is fed 
through the static exciter unit which is 
mounted in the main fuselage. The 
static exciter uses a voltage and current 
feed from the generator to supply power 
for excitation to the generator rotor field. 
Mounted near the static exciter is the 
voltage regulator which controls the 
amount of excitation power. Mounted 
adjacent to the voltage regulator is the 
control unit which supplies the control 
and protective functions and the neces- 
sary signals to the transfer relays. 


Design Problems 


The system had to meet special require- 
ments for this particular application. 
The generator is electromagnetically 
rated at 60kva; thatis, double load is 120 
kva. Lockheed Aircraft Corporation 
specified a generating system capable of 
delivering 90 kva (150% rated load) dur- 
ing flight from sea level to 30,000 feet 
when supplied cooling air per Fig. 1. The 
system is required to meet all load require- 
ments at 5,700 rpm, corresponding to 380 
This differs from the usual re- 
quirement for overloads at 400 cycles. 
The system is required to maintain 117 
volts line to neutral at the end of 60 feet 
of feeders having a voltage drop of 3.54 
volts at 150% load. The 60 feet of feed- 
ers are the connection from the outboard 
engine generators to the static exciters 
which are located in the fuselage. The 
voltage regulation sensing point is at the 
output of the exciters, which is close to 
the load bus. Under all environmental 


Paper 57-471, recommended by the AIEE Air 
Transportation Committee and approved by the 
AIEE Technical Operations Department for 
presentation at the AIEE East Central and Middle 
Eastern District Meeting and Air Transportation 
Conference, Dayton, Ohio, May 7-9, 1957. Manu- 
script submitted February 1, 1957; made available 
for printing May 16, 1957. 


J. R. M. Atcer, W. E. Warpen, W. O. HANSEN, 
and L. Kien are with the General Electric Com- 
pany, Mr. Alger in Erie, Pa., Messrs. Warden and 
Hansen in Waynesboro, Va., and Mr. Klein in Sche- 
nectady, N. Y. 


Alger, Warden, Hansen, Klein—Electra Turboprop Aircraft Equipment 


and operating conditions including 200% 2 
load the voltage is required to be main< = 
tained within +4%. The voltage re- 
covery limit requirements are shown in 
Fig. 2. The system is required to be 
capable of supplying under all operating — 
conditions at the end of the feeders at 
least three per unit, 3-phase short-circuit 
current and at least five per unit single-7 
phase-to-neutral short-circuit current. 
The control system is required to prevent 
power of the improper characteristics 
from being applied to any phase of the © 
load equipment. This requirement is” 
met by the use of overvoltage, undervolt- 
age, underfrequency, and overfrequency — 
protective devices. In addition, the sys- 
tem is required to protect the aircraft — 
against damage due to short circuits on 
the main feeders to the aircraft structure. 
The control system is required to actuate” 
the transfer relays properly so as to pro- — 
vide for complete automatic operation of 
the system. The components are fe- 
quired to be designed for maximum reli- : 
ability and air-line serviceability and for 
2,000 hours’ life between overhauls. The 
following sections show what design fea- 
tures are incorporated in the components 
of the system in order to achieve these re- 
quirements and the results of these design 
features in meeting them, are presented. 


Nomenclature . 


| 
A=WNrAc | 
Ac =area of one rotor conductor, square] 
inches 
1 
a SS 
1+K;/Kr 
b=0/2(K1/Kr) . 
=rotor current, amperes 
Ke constant relating N to rotor current 
Kr=KK/' 
K,'=constant relating iron weight to NV 
K,=constant folate rotor watts to NV 
K;' 
Ke 
Ks'=constant relating stator conductor 
weight to V 
1=height of iron of rotor, inches 
N=stator turns in series per phase 
=turns per pole in rotor 
P=number of poles 
R=rotor resistance, ohms 
Xa=synchronous reactance, ohms 
Zo=zero sequence impedance, ohms 
Z2=negative sequence impedance, ohms 
vy=weight density of rotor conductor ma- 
terial number pounds per cubic inch 
p=resistivity of rotor conductor material 


ohms —inches? 
' inch 


ori =the full-load flux kiloline 

Was = width of stator slot, inches 
Wae=width of stator conductor, inches 
Km=tooth flux factor 

Ko=yoke flux factor 

Has=height of stator slot, inches 

T;=turns per coil 


Ks= 
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GROUND OPERATION 
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Fig. 1. Generator cooling air chart 


Hg¢=height of stator conductor, inches 
ac=area of armature conductor, square 

mils 

La= length of stator stack, inches 

Les =length of wire in stator 

Q29=Tesistance at operating temperature 
line to neutral (stator) 

Reo =per-unit resistance at operating tem- 
perature (stator) 

W =the desired stator loss, watts 

W;=computed stator loss 

cs = weight of copper in stator 

Waso=width of armature slot opening at air 
gap 

Wis =weight of iron in stator 

E£iqg=assumed per-unit induced voltage 

Lurp =length of underside of pole face (one 
side) 

Kic=calculated value of Ki 

Dig=final inside diameter of stator 

Koa =direct axis reactance constant 

Kag=the quadrative axis reactance constant 

Xaa =the direct axis reactance per unit 

Xaq=the quadrative axis reactance, per unit 

Xq=the armature leakage reactance, per 
unit 

Ejz=component of induced voltage in phase 
with current 

Eiz=component of induced voltage in 
quadrative with current 

Eic=the induced voltage per unit as calcu- 
lated 


Generator Design 


MIntmmuM SPEED 


The standard generators are often re- 
ferred to as 380- to 420-cps (cycles per 
second) generators. However, the speci- 
fications normally only require overload 
testing at 400 cps. This application re- 
quired overload operation at 380 cps 
(5,700 rpm) rather than the standard ma- 
chine requirement for 400 cps (6,000 
rpm). The decrease in rpm requires 
greater field current due to the decrease 
in induced voltage. The increase in field 
current is more than proportional to the 
speed ratio as the machine is operating 
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under saturation at overloads. The in- 
creased field current will cause increased 
heating of the rotor which increases the 
rotor resistance. The increase in rotor 
resistance requires more field power and 
further increases the heating causing a 
cumulative effect. For example, a stand- 
ard machine operating at 6,000 rpm and 
1.5 load (90 kva) requires a field power 
at stabilized conditions of approximately 
3 kw. To operate that machine at 5,700 
rpm, 1.5 load, requires approximately 4 
kw. Thus, for a 5% decrease in speed 
the rotor power requirements increase 
approximately 30%. This will overheat 
the rotor and also require a larger exciter. 
To keep the field power at 3 kw at 5,700 
rpm, 1.5 load required the addition of 2 
pounds of electromagnetic weight. 


OVERLOAD 


The voltage setting of this system is 
117 volts at the end of the feeders. A 
+4% tolerance is allowed on the voltage 
for all combinations of environmental and 
load conditions giving a minimum voltage 
of 112.2 volts. At double load the feeder 
voltage drop will be 4.7 volts. Therefore, 
the generator is designed to supply the 
power for the double load plus the feeder 
loss after the system has reached the 
maximum stabilized temperature for 1.5 
load at 5,700 rpm. This requires power 
considerably in excess of the standard re- 
quirement in effect at the time the Electra 
design was initiated where the double- 
load voltage was allowed to droop without 
supplying any feeder power and at 6,000 
rpm. This also required an increase in 
electromagnetic weight. Tests conducted 
on the Electra generator at sea level alti- 
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tude, 5,700 rpm, and 57 C (degrees centi- 
grade) inlet cooling air with an 11-inch 
water pressure drop across the generator 
showed the output voltage at the end of 
the feeder to be 113 volts under double 
load after the system had stabilized at 
150% load. In the data for this test, 
feeder voltage drop in part was accounted 
for analytically, since the actual feeders 
were not yet installed in the test area. 


THERMAL 


Due to the requirement for continuous 
operation at 5,700 rpm, 150% load, the 
thermal conditions for this application 
are actually more severe than the standard 
class C conditions. As an example, a 
test was made at the most severe class C 
condition of stabilized full load, 6,000 
rpm at 65,000 feet altitude with —12 C 
inlet cooling air at 11 inches water pres- 
sure drop across the generator. Under 
this class C condition the generator oper- 
ated at cooler temperatures than for the 
most severe Electra conditions. The 
thermal conditions required the applica- 
tion of an advanced insulation system. 

The insulation system developed for 
this generator consists of inorganic mate- 
rials all generally acceptable within AIEE 
class H. The system is the type used in 
military class C machines. 

The materials used are: asbestos; glass 
laminates, silicone binder; glass-mica- 
glass laminates, silicone binder; silicone 
rubber; silicone varnish. 

The most vulnerable component, tem- 
perature-wise, of the insulation system is 
the varnish. Insulation system studies 
using the AIEE motorette test code as a 
guide are presently underway. 


TIME-SECONDS 


Fig. 2. Voltage recovery limits 
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Fig. 3 (left). Electromagnetic 

weight versus synchronous reac- 

tance for various magnitudes 
of rotor watts 
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Fig. 4 (right). Rotor watts 
versus load 
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FAULT CURRENTS 


All generator reactances are propor- 
tional to the square of the series turns per 
phase (NV). Each reactance may be con- 
sidered an inductance, proportional to NV? 
times the permeance. Therefore, an im- 
portant factor in optimizing system 
weight is to insure that the choice of Xa, 
which determines NV, does not jeopardize 
the values of Z) and Z_ needed to meet 
fault current or unbalanced load require- 
ments. Asa result of these factors, a small 
weight increase in the generator was ac- 
cepted in order to keep the series turns 
per phase (JV) at a value consistent with 
values of Z) and Z, that would meet the 
5-per-unit single-phase fault-current re- 
quirement. It can be said that by increas- 
ing permeance, the generator reactances, 
particularly Z2, may be reduced. How- 
ever, an increase of stray load losses re- 
sulting in increased heating will occur if 
this measure is carried further than pro- 
vided in the Electra design. At room 
ambient conditions without feeders, 
single-phase fault currents of over 1,200 
amperes have been measured. 


Generator Electrical Design 


INTRODUCTION 


Electrical design of an a-c aircraft gen- 
erator consists mainly of choosing the 
proper synchronous reactance. Consist- 
ent with meeting requirements of fault 
current, transient response, and un- 
balanced load, the synchronous reactance 
will be chosen at the value to give mini- 
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mum electromagnetic weight. For com- 
parable designs having the same losses 
and saturation level, the generator electro- 
magnetic weight varies with synchronous 
reactance Xq asin Fig. 3. That is, there 
is an optimum value below and above 
which the electromagnetic weight in- 
creases. For low synchronous reactance, 
the weight is primarily in iron while at 
high Xq a larger proportion of the weight 
is that of the conductors. A further con- 
sideration is the electromagnetic weight 
of the exciter. The exciter saturation 
level, and to some extent, exciter 
conductor weight, is determined by the 
overload excitation watts required. 
Therefore, exciter electromagnetic weight 
is considerably a function of the overloads 
required. A curve which presents in 
idealized fashion how generator rotor watts 
vary with load and synchronous reactance 
is shown in Fig. 4. 

The curve shows equal watts at the 
continuous load point because that point 
determines generator life (i.e., insulation 
temperatures). This will require nearly 
equal watts at the thermally limiting 
point although, more exactly, the watts 
per square inch of conducting surface must 
be equal. Note that as synchronous 
reactance is increased, the overload watts 
are increased, so that even though genera- 
tor electromagnetic weight may be de- 
creased, exciter weight is increased. 
Therefore, the lightest weight generator- 
exciter combination has a synchronous 
reactance somewhat less than that at the 
minimum point on the curve of generator 
electromagnetic weight versus Xq. 
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The discussion following illustrates in 


simplified but ready terms why generator 
electromagnetic weight varies with syn- 
chronous reactance and how the digital 
computer is used to provide basic data to 
design lightweight a-c aircraft generators. 


WEIGHT VERSUS SYNCHRONOUS 
REACTANCE 


The following analysis applies to designs 
holding a fixed speed, a given number of 
poles, and the same design voltage. 

The electromagnetics of an aircraft gen- 
erator consist of conductorandiron weight. 


Minimum electromagnetic weight can be. 


obtained for a-c generators by finding the 
proper weight ratio between conductor 
and iron. This minimum weight ratio 
can be described by the value of syn- 
chronous reactance, as the simplified 
analysis to follow will show. 

The stator conductors are wound in 
slots with a certain number of turns 
(called NV) in series per phase. The weight 
of those turns can be described by the 
equation: 


Stator conductor weight = K;’N? 


where K;’ is a constant. This is so be- 
cause, if the number of turns in series per 
phase is doubled, which approximately 
doubles the weight, the wire area also 
must double, which also approximately 
doubles the weight, in order to maintain 
the same copper loss as before doubling N. 
In order to compare designs for weight 
fairly, copper losses are maintained the 
same. Of course, this is simplified be- 
cause actually what must be done is to 
compare designs for weight that cool to 
the same temperature (i.e., have constant 
watts per square inch and comparable 
coolant velocities). 

Now, how does rotor conductor weight 
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ELECTROMAGNETIC WEIGHT 


ROTOR WATTS 


Fig. 5. System electromagnetic weight versus 
rotor watts 


A—Generator 
B—Exciter 
C—Sum of generator and exciter 


vary with NV to maintain constant copper 
loss? As WN is varied, the rotor current 
as shown in the following varies approxi- 
mately as 1+ KN for a 0.75 power factor 
design where K is a constant. For con- 
stant terminal voltage (strictly true only 
for rotating exciter machines) the full- 
load rotor ampere-turns (FLAT) are 
nearly the sum of ampere-turns required 
at no-load rated voltage and the ampere- 
turns required to supply rated current to 
a 3-phase short circuit. 

By holding constant air-gap flux 
density, which is usual practice, the no- 
load rotor current is relatively indepen- 
dent of V. However, as NV is varied, the 
ampere-turns on 3-phase short circuit 
vary likewise for constant output current. 
Therefore, in per-unit turns, the rated- 
load rotor ampere-turns vary as 1+KN: 


FLAT a(1+ KN) 


Rotor watts vary as rotor current 
squared as explained in the following and 
so rotor wire weight varies as (1+KV)? 
in order to maintain constant rotor copper 
loss. Rotor watts may be written as: 


FLAT \?2/ plPN; 
=/,2R= 
P,=1,?R ( N, ( 7p ) 


» (ae 
= (FLAT) ( > ) 


where 
A SS N, 7A c 


It is seen that rotor power is inversely 
proportional to “window’’ wire area and 
independent of the number of rotor turns 
(nelgecting insulation space). Then, 
since wire weight is 


Rotor conductor weight = ylA-N,;P = ylIAP 
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Therefore, 


git weight 
ylP 


by substitution: 


ye(lP)? 


P,= (FLAT)? 
tes ) weight 


or for constant rotor watts: 
Rotor conductor weight = K;(1+ KN)? 


where K, is a constant, assuming rela- 
tively small length changes. 


Finally, the sum of stator and rotor iron 
weight will vary inversely as N because 
comparable designs must have the same 
design flux densities, or otherwise satura- 
tion differences will obscure the weight 
comparison: 


Iron weight = K,'/N 


where K,’ is another constant. 
Putting the weight variations together: 


Electromagnetic weight 


=K/N+ K+ KN) +E 


Next, it is desired to express weight 
variation in terms of synchronous react- 
ance. By definition: 


Rotor amperes for rated current 
“4 3-phase short circuit 
Rotor amperes on air-gap line 
for rated voltage 


and so, neglecting saturation at rated load, 
Xa=KN, because, as noted previously, 
rotor amperes for no-load rated voltage 
are relatively independent of N while the 
rated current short-circuit rotor amperes 
increase directly as VN. Then: 


Electromotive weight 
=K,Xq?+Kr(1+Xa)?+K1/Xa 


where 


Ines 
Ks;= RK 


Fig. 6. Generator 
electromagnetic 
weight versus rotor 
watts at 250 C for 
various air gap 
lengths 
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NOTE: OPEN SLOT USED SO THAT RATIO OF SLOT 
OVER GAP INCREASES AS GAP IS DECREASED. 


Table I. Generator Performance Versus Air 
Gap at 11/, Load, 5,700 Rpm, 20,000 Feet, 
10 C Air 
Air-Gap Rotor Rotor Rotor Rise, 

Length Amperes Watts Cc 
0.025 eee 49.1. PUY (Oe an aid Me 256 
OL030 eae SO See cnet 2 660) sc wre sii. 222 

and 
K,=KK,' 


This equation shows that as Xq is 
raised, the iron weight decreases and the 
conductor weight increases. Clearly an 
optimum Xq for minimum weight can be 
obtained because a point is reached be- 
yond which conductor weight will increase 
faster than iron weight is decreased. The 
minimum weight Xq is found where the 
first derivation of electromagnetic weights 
with respect to Xq is zero. 

This is, then, the real positive root 
solution to the following equation (see 
the appendix) : 


Xq?(Xq+a)=b 


where 


i 
eS 
1+ K;/K;, 


_2(Kr 
bx Ky 


Experience shows that the values of a 
are small compared to 6}. Then the solu- 
tion is 


a 
xen o"s(1-35,) 


The term in parentheses is usually about 
0.01 to 0.03. Neglecting it: 


Minimum weight Xz;=6'/3 


Ki 1/3 
5 Erase 


1200 1300 1400 1500 1600 I700 1800 1900 2000 2100 
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The values for the Electra generator are 


Xq=2.0 per unit 

Stator copper weight =5.8 pounds 
Rotor copper weight =8.1 pounds 
Iron weight =49.0 pounds 
Amortisseur =2.0 pounds 


For these values, the calculated con- 
stants are 


K,=98 


Putting these back into the electro- 
magnetic weight equation, and letting 
Xa be an independent variable: 


Electromotive weight 


98 

=1.45X4?+0.9(1+ X¢)?*+— 
Xa 

98 

=2.35X_q?+1.8Xat+— 

Xa 


Where this is plotted as Fig. 3, then the 
minimum weight Xq is 


98 \1/3 
=(——) =2. 
Xa (=) ts 


If saturation were considered, a lower 
value of Xq would have resulted due to the 
extra iron weight necessary to maintain 
acceptable flux densities. Also, the static 
exciter and stator leakage impedance re- 
quire additional voltage that again adds 
to the iron requirements in order that 
rotor power be maintained at a reasonable 
value. Only a complete design method 
can include all the factors that affect the 
electromagnetic weight. But, from this 
rough derivation, the conclusion may be 
drawn that the ratio of iron to copper 
weight determines the total electromag- 
netic weight; and, giving due considera- 
tion to system requirements, a minimum 
weight may be achieved. 


DiG1TAL COMPUTER DESIGN SYNTHESIS 
Program Results 


As an interim step in the design syn- 
thesis of lightest weight aircraft electric 
systems, an International Business Ma- 
chines 650computer program for generator 
design synthesis was developed. The 
program provides the data necessary to 
plot synchronous reactance and rotor 
watts versus electromagnetic weight. 
This points out the design for lightest 
weight generator; and, because the de- 
signs are relatively comparable, exciter 
weight can be computed and added to find 
the lightest weight system. See Fig. 5. 

Basic results from the computer for the 
Electra generator are shown in Fig. 3. 
The curve presented shows that minimum 
electromagnetic weight occurs at about a 
synchronous reactance of 2.00. It is 
interesting to note that if the air-gap 
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length is varied assuming constant fring- 
ing, the synchronous reactance will vary 
inversely. For a small air gap very high 
Xq will result. However, a given design 
will have less rotor copper loss at all loads 
if the air gap is shorter, although Xq is 
higher. Fig. 6 shows a calculated weight 
and Xq variation with air gap. It is easy 
to see that the lightest weight design 
would have zero length air gap. In that 
case, the rotor would not have to supply 
air-gap energy and could devote it all to 
overcoming iron saturation. Corre- 
spondingly, for a zero-length air gap, 
Xq would be infinite, by definition, al- 
though the rotor watts would be the least 
at any load. Naturally, therefore, the 
aircraft generator designer holds his air- 
gap length to the smallest possible, con- 
sidering four other items: 


1. Unbalanced magnetic pull. 
2. Stray load losses. 
3. Harmonics in the voltage. 


4, Production tolerances. 


Shortened air gaps require increasingly 
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close production tolerances in order to 
avoid gap eccentricity. The minimum 
allowable gap from that standpoint is the 
one that lightweight mechanical construc- 
tion will just still hold in place and with 
which the factory organization can main- 
tain reasonable concentricity. Further- 
more, shortened air gaps make relatively 
more difficult the task of holding down 
flux pulsations across the pole faces due to 
poorer fringing. These flux pulsations 
give rise to extra losses in the iron sur- 
faces and cause extra rotor heating. It 
is interesting to note that because of this 
condition a given design will have an 
“optimum” air gap for minimum rotor 
watts, as the data in Table I illustrate. 

For smaller air gaps, iron heating will 
cause more rotor losses than the reduced 
rotor current can overcome. At larger 
air gaps the increasing rotor current in- 
creases the losses. Of course; this is 
based on an existing design where fringing 
cannot be improved while decreasing the 
gap. 

There are many factors to investigate 
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Fig. 8. Generator stator 


whose impact on weight are rather 
obscure. Some of these are 


Diameter-to-length ratio. 
Pitch and distribution. 
Air-gap length. 

Coil throw. 

Harmonic content. 
Insulation thickness. 


Saturation level. 


OND awh & we 


Conductor material. 


The computer study was used to optimize 
items 1 through 4. 


Program Development 


A flow chart of the computer design syn- 
thesis deck is given as Fig. 7. The stator 
is designed first (Fig..8), requiring stator 
copper loss to be held to an input figure, 
(within +1%). Stator iron design main- 
tains specified flux densities for the given 
stator turns. Finally, the rotor is de- 
signed holding specified flux densities. 
The correct leakage impedances are fed 
back in both rotor and stator to give the 
flux densities correctly. 

The beauty of synthesis is that design 


Fig. 9. Generator terminal blocks 
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flux densities are specified as inputs. 
Therefore, only one point on the magnet- 
ization curve need be put into the deck for 
each design density. The tapering stator 
tooth is taken care of by an empirical 
relationship derived to fit calculated 
magnetization curves for various tip-to- 
slot-width ratios including slot flux. 

One curious effect which was not at 
first anticipated arose on early trials of 
the deck. In order to design a stator with 
the desired stator watts (within +1%), 
the stator bore is varied. For example, 
if stator watts calculated on the first 
pass are too low, inside diameter is in- 
creased. Outside diameter happens to 
be a piece of input data and so the result 
is to “‘squeeze”’ the slots and so increase 
the stator watts. Naturally, convergence 
on the desired watts is assured, because in- 
side diameter is increased until stator 
watts reach the specified value. How- 
ever, if stator watts are too high on the 
first pass, it is possible that on the next 
pass stator watts will be even higher, 
even though inside diameter is decreased. 
This is because as stator bore is decreased, 
to allow a deeper slot and so lower stator 
watts, the slot becomes narrower so that a 
point is reached beyond which slot area 
becomes Jess rather than greater and so 
stator watts increase rather than decrease. 
If this case arises, it simply means that 
the desired stator watts are too low to be 
designed into the specified package. To 
circumvent this situation, the deck com- 
pares the newly calculated watts with the 
previous value for the case of stator watts 
greater than desired. If the latest value 
is lower than the previous, calculations 
continue. If not, the deck accepts the 
“lowest watts’’ design and proceeds. The 
design study was based on the use of 
rectangular stator slots. 


Generator Mechanical Design 


MECHANICAL WARNING DEVICE 


Recognition and warning of bearing 
failures in aircraft generators is a safety 
feature desired by many customers. To 
accomplish this, a mechanical warning de- 
vice is incorporated in one tooth of the 
stator core. This device consists simply 
of a copper strip embedded in a slot liner 
which insulates the strip from the tooth 
iron. Fig. 9 shows the component details. 
Bearing failure will cause the rotor to pull 
over onto the stator due to a combina- 
tion of increased bearing clearance and 
magnetic unbalanced force. A test on a 
15-kva generator showed that with the 
mechanical warning device in the top 
tooth (so that gravity would not aid in 
activating the device), the pullover action 
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Fig. 10. Generator rotor 


of the rotor was ample to smear the copper 
strip onto the tooth iron and thereby close 
the circuit to the warning light in the 
cockpit. 


QUICKLY REMOVABLE BLast CaP 


Brush inspection and maintenance are 
enhanced by incorporation of a simply re- 
movable inlet cap. The problem in this 
case is safety wiring. By using a clamp- 
ing band design (which springs the band 
down onto the cap) only one safety wire 
need be removed in order to release the 
cap. 


TERMINAL BLOCK DESIGN 


Some desirable terminal block design 
features incorporated in the Electra 
generator are 


1. Barrier to prevent short circuits of cable 
terminals. 


2. Covers to prevent short circuits from 
extraneous matter. 


38. Current conduction from equipment to 
cable terminals by surface-to-surface con- 
tact and not through screw threads. 


4. Removal of mechanical loads from 
cable terminals. 


Figanti: 


External view of generator 
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8. All-metallic locking nuts. 


9.. Terminal number and color coding. 


These features are incorporated into 
the generator design as shown in Fig. 10. 
Each cable is separated by barriers from 
its neighbors. Current is carried from the 
stator through flag-type connectors 
against which the cable terminals are 
placed in direct contact. Further, the 
main power terminal block cover is de- 
signed with an integral cable clamp 
assembly which binds the main power 
cables firmly in place as the cover is 
tightened. This releases the terminal 
studs and cable terminals of mechanical 
forces. The auxiliary terminal block has 
a simple loop clamp installed on the gen- 
erator directly in front of the block, 
through which the cables are laid and 
clamped. Once again mechanical forces 
are stopped at the clamp. 


Fan Coo.ine 


Fig. 11, which shows the rotor assembly, 
illustrates the wedge fan that is used to 
provide the cooling required for ground 
operation of the generator. The wedges 
are extended on the exhaust end of the 
generator and provide centrifugal fan 
action. Typical temperatures with and 
without this fan are shown in Table II. 


Table Il. Fan Action CM210 at 6,000 Rpm 


Item With Fan Without Fan 


Rotor temperature rise 
ee CE WOR a by ite. o.shs005, ¢ ae Stns 187 


Air rise at full load.......... 1 Se eee 99 
Approximate air flow, 
cubic feet per minute..... 7100 rl ae 100 
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METHOD OF BALANCE 


Fig. 11 also illustrates the end construc- 
tion of the rotor. High-strength bolts 
are used to hold down small caps which 
are placed over the end turns. These 
caps are made of titanium in the initial 
construction, and in order to facilitate 
balance, steel caps of comparable yield 
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and tensile strength are substituted where 
needed. The weight difference between 


titanium and steel therefore provides a 


nice way of obtaining balance. 


PHYSICAL CHARACTERISTICS 


The use of static excitation has many 


advantages in the design of the generator. 


It eliminates the designing of the rotating _ 


exciter with its commutator. Because of 
the elimination of the rotating exciter the 
cooling problems are reduced. The gen- 
erator is smaller, lighter, and has less over- 
hung moment. The Electra generator is 
11 inches outside diameter and 137/, 
inches long including blast cap, weighs 
91.5 pounds, and has an overhung moment 
of approximately 435 inch-pounds. The 
reduced length of the static exciter genera- 
tor helps to solve the installation problem 
in the accessory section of the Electra 
nacelle. 


Static Exciter and Regulator 


This paper will be limited to discussing 
those aspects of staticexciterand regulator 
design and performance peculiar to the 
Lockheed Electra. The interconnection 
diagram of the system is shown in Fig. 12. 


STATIC EXCITER 


Briefly stated, the exciter supplies field 
excitation current by feeding back to the 
generator, a rectified power proportional 


$ 2 FROM GEN 
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Fig. 13. Static exciter diagram 
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Fig. 14. Saturable current potential trans- 
former 


to a combination of line voltages and cur- 
rents. The current and voltage feeds 
are combined vectorially in accordance 
with the approximate relationship: 


If=KE,+jlixd (1) 
where 


If=field current in d-c amperes 
K=constant of proportionality 
E:=generated voltage vector 

J,=line current vector 
Xd=generator synchronous reactance 


Note that E; is also a function of Xd. 

The voltage and current signals are so 
proportioned that, for normal loads, the 
static exciter will supply correct generator 
excitation to maintain almost constant 
voltage, without any action from the 
regulator. 

Essentially, the exciter consists of the 


FROM PMG 


TO GROUND 


FROM 
STATIC 
EXCITER 
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following parts (see diagram, Fig. 13): 


1. Saturable current potential transformer 
(SCPT), in which the voltage and current 
feeds are combined vectorially and into 


which a control signal from the regulator is 
introduced. 


2. Three-phase bridge rectifier which recti- 
fies the exciter output. 


3. Linear reactors for shifting the voltage 
signal in quadrature with the current signal. 


4. Generator control relay (GCR) which, 
when de-energized, short-circuits the SCPT 
potential windings to de-energize the sys- 
tem. The GCR is controlled by the cock- 
pit generator control switch (GCS) and the 
control unit as explained in the ‘‘Control 
Unit.” 

The SCPT is a 3-phase unit employing 
C core magnetic material and is shown in 
Fig. 14. A continuous regulator control 
winding is wound around all three phases, 
the other windings (potential, current, and 
output) are all wound individually around 
each core. Use of the C cores with their 
continuous grain orientation makes it 
possible to use less magnetic material 
than would be needed for cores made of 
punched material. A continuous control 
winding is used to eliminate the problems 
associated with high voltages induced in 
individual control windings. 

The GCR relay which is used to shut 
the system down has a relatively easy 
function by short-circuiting the windings 
of the exciter. The closing of the GCR 
contacts kills the excitation to the genera- 
tor and the system immediately starts 
building down. Thus, the relay which is 


used to turn the system off does not have 
to open any high power conditions. 
When the static exciter system is shut 
down, its output voltage is less than one 
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volt and thus, energy is not available to 
feed a fault. In the rotating exciter 
systems where the exciter field is opened 
in order to shut down, a voltage from 50 
to 150 volts is available to feed the fault. 


RATING 


The requirement of 90-kva continuous 
operation at 5,700 rpm affects the exciter 
design from the standpoint of heating 
and output power requirement. 

The consideration of maximum tem- 
perature in the exciter determines pri- 
marily the conductor size of the winding 
on the SCPT and linear reactor. Tests 
have been run at 90 kva, 380 eps, and the 
exciter at +71 C to determine the maxi- — 
mum temperatures of various parts of the 
exciter. Some of the temperatures 
reached during a 5-hour run at these con- 
ditions were as follows: 


SCPT core: +157 C (stabilized after 11/2 
hours of operation) 

SCPT current winding: +170 C (stabi- 
lized after 1!/, hours of operation) 


The SCPT current winding is a copper 
strap having a cross-sectional area of 
62,500 square mils. 

It is interesting to note that the exciter 
linear reactors reach their maximum 
temperature while the system is at no 
load. During tests at +71 C and 380 
cps, a reactor core stabilized temperature 
of +204 C was obtained. 

When load current flows through the 
current coil of the SCPT at high lagging 
power factors, it induces a voltage in the 
SCPT winding supplied by the linear re- 
actor. This induced voltage reduces the 
current through the linear reactor. 


> TO STATIC 
EXCITER 


FROM EXCITER — 


Fig. 15. Voltage regulator diagram 
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Fig. 16 (above). Transient voltage response 


Full load (60 kva at 0.75 pf) applied and removed fre- 


quency = 380 cps 


Fig. 17 (right). 


The static exciter is a highly efficient 
means of conversion. Following is a 
tabulation of the exciter losses and effi- 
ciency while operating at 1.5 loads. 
These figures are based on 380-cps opera- 
tion with generator field resistance = 1.2 
ohms, 50-ampere field current, exciter 
components at their maximum tempera- 
ture with +71 C ambient, and an as- 
sumed 2-volt drop across the rectifiers. 
Loss figures are probably good to +10% 
but the efficiency value is more accurate. 


I?R losses: 


Linear reactor = 16.8 watts 
Output winding = 62.9 watts 
Potential winding = 6.0 watts 
Current winding = 32.0 watts 
Control winding = 4.3 watts 
Total J?R losses = 122.0 watts 
Core loss (SCPT) = 60.0 watts 
Core loss (Linear Reactor) = 10.0 watts 
Rectifier loss = 100.0 watts 
Total losses 292.0 watts 


Efficiency =92.2% 


The matter of maximum design field 
voltage is a joint exciter-generator con- 
sideration. Essentially, the exciter and 
regulator combination form a constant 
current device. For any given generator 
load and frequency the regulator will at- 
tempt to maintain constant field current 
as the field resistance varies, by varying 


the control current, which in turn causes | 


the field voltage to vary. With no regula- 
tor output, the exciter will put out a maxi- 
mum field voltage. This value deter- 
mines the maximum excitation current 
that can be delivered to the generator for 
any value of generator field resistance. 


VOLTAGE REGULATOR ELECTRICAL 
DESIGN 


The regulator consists of a sensing cir- 
cuit with input rectifiers and a glow tube 
reference, a single-stage magnetic ampli- 
fier, a stabilizing circuit, and a trans- 
former-rectifier for converting permanent 
magnet generator (PMG) power to direct 
current. See Fig. 15. 

The glow tube reference was chosen for 
its lightweight, rugged construction, and 
accurate performance over a wide tem- 
perature range. Service experience on 
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Undervoltage relay diagram 


TO VOLTAGE SENSING TERMINALS 


thousands of static regulators testifies as 
to its reliability. 

Highest phase voltage sensing is a 
circuit design that eliminates a dangerous 
condition that can affect safety in flight. 
In most systems in use today, the voltage 
regulator senses the average of the three 
line voltages and regulates on this average. 
It is possible (and has occurred) for one 
or two phases to have an overvoltage with 
reduced voltage on the other phases. A 
faulted feeder. or line in the distribution 
circuit can cause this unsafe condition 
with 3-phase average sensing. To see 
the reason for this, consider this example. 
L1 is faulted at the bus and at zero volt- 
age and L2 and Z3 are still feeding power. 
The average voltage is low and the regula- 
tor increases excitation. Since over- 
voltage protection sees the same value 
as the regulator, it does not trip. The 
voltage on L2 and L3 can rise as high as 
160 volts and cause damage to essential 
loads so that they would not be available 
even if transferred to another generator. 

A solution to this problem is regulation 
of the highest phase voltage. This is 
accomplished by the addition of a capaci- 
tor in the regulator sensing circuit. How- 
ever, a straight highest phase sensing has 
a disadvantage under unbalanced loading 
in normal operation. The resulting un- 
balance in voltage causes the lowest phase 
voltage to decrease below normal by the 
amount of the spread between the lowest 
and highest phase voltage. This can 
cause it to become undesirably low. 
With average sensing, the unbalance 
would cause the highest phase voltage to 
rise somewhat, and the lowest phase to 
drop less. The total spread would not 
be decreased noticeably, as it is a function 
of the generator characteristics and line 
drop, but the departure from normal of 
the lowest phase voltage would be less. 

The regulator uses a sensing circuit 
which has the advantages of both types of 
sensing. It uses two taps on an auto- 
transformer on each phase. The higher 
taps feed through rectifiers, a reactor, and 
a resistor, so that essentially their 
smoothed-out average value is impressed 
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on a capacitor. The lower taps feed 
through rectifiers directly to the capacitor 
with peak values normally just under the 
voltage from the reactor and resistor. 
Thus, in normal operation the average 
phase voltage on the capacitor constitutes 
the signal to the reference circuit. How- 
ever, if unbalance causes one phase volt- 
age to rise enough so that its peak value 
from the lower tap exceeds the average 
value from the higher taps, this highest 
phase voltage will become the signal to 
the reference circuit. Thus, average 
sensing is used for normal Opes Ho but © 
highest phase sensing “‘takes over’? when 
unbalance causes one phase voltage to 
rise to the limiting level. 


The error signal from the reference cir- 
cuit is amplified through the magnetic 
amplifier whose output in turn controls 
the saturable current-potential trans- 
former in the exciter. Close voltage regu- 
lation is provided by the use of a high- 
gain magnetic amplifier in the voltage 
regulator. The system servo loop in- 
cludes the time constants of the generator, 
exciter, and regulator. In order to pro- 
vide stability to this loop and yet main- 
tain fast transient voltage response to 
load changes three stabilizing circuits are 
included in the regulator as follows: 


1. Lead network. 
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Fig. 18. Time delay relay 1 diagram 
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Fig. 19. Control unit switching -circuits 


ACR = auxiliary contro! relay 

AFR= auxiliary frequency relay 
DLR=differential protection latch-out relay 
GCR= generator control relay 

GCS = generator control switch 
LOR=lockout relay 
OVR=overvoltage relay 

TDR=time delay relay 
ULR=undervoltage lockout relay 
UOR=under and overfrequency relay 
UVR=undervoltage relay 

TP =test point 


2. Generator field voltage feedback. 


38. Regulator output, or amplifier, feed- 
back. 


Values for the parameters of these circuits 
were obtained empirically. 

A typical transient response trace show- 
ing full load at 0.75 power factor applied 
and removed at 380 cps is seen in Fig. 16. 

Tests over the temperature range —55 
C to +71 C indicate that the regulation 
up to 90 kva is well within the specified 
limits. Typical data taken with a set of 
prototype equipment are shown in Table 
III. These data were taken with a no- 
load line-to-neutral voltage setting of 116 
volts at room temperature and the tests 
were run at 380 cps. 

In the case of the +71C test, the equip- 
ment had been operating at 90 kva con- 
tinuously during the period of the test. 
For the other tests, the readings were 
taken with the equipment operating for 
approximately 10 minutes at full load. 


Control Unit 


UNDERVOLTAGE PROTECTION 


The undervoltage protective circuitry 
must distinguish between two types of 


Table Ill. Typical Data From Temperature 
Tests 
2 ee 
Average 3-Phase 
Voltage Readings 
Temperature No 60 90 
Conditions Load Kva Kva 
‘Room temperature........ WG, OR. 17 10nd 6..8 


After 4 hours at +71 C....117.5...118.2...115.0 
After 2 hours at —55 C 
Bt OMOde eos <n era e Meee LL On enki 
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sustained undervoltages; those caused by 
excessive or fault current drawn by the 
load, and those caused by a fault or mal- 
function within the generator system. In 
each case, it must take proper action in 
order to prevent damage to the aircraft 
or its equipment. At the same time, it 
must be capable of ignoring transient 
undervoltages caused by sudden load 
application. Conventional differential 
protection is included in the Electra pro- 
duction models but was not included in 
the prototype systems. 

The undervoltage magnetic amplifier 
circuit shown in Fig. 17 is used to operate 
the undervoltage relay (UVR) which con- 
trols the protective circuitry. The UVR 
is de-energized when the voltage on one or 
more phases is below a predetermined 
minimum and energized when all the 
phase voltages are above this minimum. 
The trip point, tentatively set at 105 volts 
+2%, is determined by the values of RIO 
through R18 and R15; an adjustable 
resistor R14 is used to provide a fine ad- 
justment of the trip point and compensate 
for variations in reference tubes, relay 
trip points, etc. 

Consider now the functional sequence 
of events in the case where, with all three 
phases at normal voltage, the voltage on 
one or more goes below the trip point: 
1. If the voltage returns to normal within 


3.0 seconds +25% (by removal of excessive 
load from the bus or tripping of load break- 
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ers), the UVR is re-energized and there is no 
action taken by the protective circuitry, 


2. If the voltage does not return to normal 
within the 3 seconds, the bus will be dis- 
connected from the generator. 


8. If the voltage then returns to normal 
within an additional 1.0 second:50% the 
generator remains energized but the bus 
will be locked off the system. 


4, If the voltage does not return to normal 
within the additional 1 second, indicating a 
feeder or generator fault, the generator will 
become de-energized and lock out of the 
system. The bus, however, will be trans- 
ferred to another generator. 


In order to obtain the first time delay, 
a time delay magnetic amplifier (TDR1) 
circuit is employed as shown in Fig. 18. 
The amplifier is powered from the PMG 
via a saturable transformer which pro- 
vides a constant volt-second-per-cycle 
source of energy in order to make the time 
delay independent of PMG output fluc- 
tuations. Note that the saturable trans- 
former output varies directly with fre- 
quency but over the usable frequency 
range 380-420 eps, this variation has little 
effect on the time delay. 

Construction of the TDR1 magnetic 
amplifier is such that it will keep the 
TDRI1 relay de-energized as long as cur- 
rent flows in the bias winding F1-F2. 
Removal of the current will start the 
magnetic amplifier “timing out”’ and after 
the delay determined by short-circuited 
winding F6-F7 and resistor R2/ setting, 
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Fig. 20. Overvoltage relay 


the TDR1 relay will become energized. 
Current for the bias winding is obtained 
from the voltage reference tube V1 and 
is held to approximately 3.5 ma by limit- 
ing resistor R13, In series with the bias 
winding are a set of normally open UVR 
contacts and normally closed auxiliary 
control relay (ACR) contacts. The 
ACR is energized when the UVR picks 
up after field flashing and remains ener- 
gized regardless of UVR operation, as 
long as the generator control switch 
(GCS) is closed and the frequency is 
within prescribed limits. This contact 
arrangement prevents removal of bias 
current and timing out when the genera- 
tor is up to speed but the field has not 
been flashed, yet allows the relay to be 
energized when the voltage falls below the 
trip point after build up. 

With reference to Fig. 19 which shows 
the unit’s internal switching circuits, the 
sequence of operations after the dropping 
out of the UVR is as follows: The TDR1 
magnetic amplifier starts timing out. If 
the voltage returns to normal within the 
3 seconds period, the UVR will be re- 
energized and the timing out action will 
be halted. If the voltage does not go 
back to normal, the 7DRI1 relay will be 
energized. A set of JDR1 contacts will 
then energize the undervoltage lockout 
relay (ULR), contacts of which operate 
the transfer circuitry to take the genera- 
tor off the bus. The ULR is self-sealing 
in order to prevent recycling of the cir- 
cuitry if the voltage returns to normal: 
In order to drop out the ULR, it is neces- 
sary to open the GCS and then close it. 

If now the voltage returns to normal, 
there is no further operation of the cir- 
cuitry. The GCS may be opened and 
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then closed to reset the ULR, provided the 
cause of the undervoltage has been elim- 
inated. If, however, the voltage does not 
return to normal, a set of normally open 
TDRI1 contacts will apply power to the 
coil of time delay relay 2 (TDR2), a 
thermal-type time-delay relay. In one 
additional second the TDR2 contacts 
will close, energizing the differential lock- 
out relay (DLR). Asset of DLR contacts 
will energize the lockout relay (LOR) 
which will interrupt the coil current to the 
generator control relay in the static exciter 
and the bus transfer is reset. De- 
energization of this last relay will disable 
the exciter, thereby de-energizing the 
generator. Both the DLR and LOR 
have self-locking contacts, the former fed 
from the battery bus and the latter from 
the unit’s TR via the GCS. Thus, to 
attempt to re-energize the generator it is 
necessary to open and close both the GCS 
and the connection between the unit and 
the battery bus. 


OVERVOLTAGE PROTECTION 


Sustained overvoltages can arise from 
several causes, including the following: 


Fig. 21. Under- and over- 
frequency relay diagram 
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1. An internal failure of the voltage 
regulator. 


2. Opening of the leads between the 
regulator and exciter. 


Transient overvoltages arise from field 
flashing, and removal of loads and faults. 
In order to eliminate nuisance tripping 
and yet obtain fast operation of the pro- 
tective circuitry on sustained overvoltages, 
a magnetic amplifier having a constant 
volt-second trip time delay is employed 
to operate a relay within the protective 
circuitry; see Fig. 20. The overvoltage 
relay uses highest phase takeover sensing 
of voltage. Expressed mathematically: 


R= fy (E,=UT Pie 


where 


K =overvoltage relay trip time constant in 
volt-seconds 

UTP =ultimate trip point in volts rms, or 
voltage which will cause OVR to trip 
after being applied for an infinite time. 

Er=the transient rms voltage. Only the 
region E7> UTP is of interest. 

T=time elapsed in seconds between the 
application of E7 and the energizing 
of the OVR relay. 


Values of UTP and K will vary some- 
what depending upon whether one, two, 
or three phases are high. If a constant 
value of EZ; is considered, then the settings 
for the Electra are 


(E7,— UTP) =10 volts 
K=4.5 volt-seconds 


with three phases high. These values 
represent the minimum that can be tol- 
erated without risking nuisance tripping. 
Current for the bias winding F3-F4 is 
obtained from the voltage reference tube 
V1 through current-limiting resistor R15 
(in actual practice the OVR bias winding 
is in series with the UVR bias winding and 
the bias current is obtained through R14 
and R15). The ultimate trip point is set 
by R2 and the time constant by R6. 
The OVR relay is de-energized at normal 
voltage and energized by overvoltages. — 
By referring to Fig. 19, it will be seen 
that the overvoltage protection is accom- 
plished in a manner similar to under- 
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voltage protection, in that a set of OVR 
contacts is used to energize the LOR, 
which in turn de-energizes the generator. 
Opening and then closing of the GCS 
will reset the protective circuitry and re- 
energize the generator. However, if the 
overvoltage fault remains, the overvolt- 
age relay will again trip and de-energize 
the system. 


UNDER- AND OVERFREQUENCY RELAY 


Engine speed in flight is normally con- 
stant at 13,800 rpm. However, for 
ground idle the engine speed is reduced 
to 10,000 rpm. Therefore, in order to 
supply essentially constant frequency 
power for all conditions, a 2-speed gear- 
shifting device is incorporated into the 
airplane. Co-ordination with the gear- 
shifting operation requires the incorpora- 
tion of the time delay TDR3. 

Fig. 21 shows the frequency-sensing 
circuit used to control the under- and 
overfrequency protection circuitry. 
Essentially the circuit consists of a 
magnetic amplifier operated under- and 
overfrequency relay (UOR), two fre- 
quency-sensitive networks (FSN no. 1 
and FSN no. 2) and a reference network. 
The difference between the FSN’s and 

-the reference network outputs are fed 
through blocking rectifiers R16 and R26 
to the two control windings of the mag- 
netic amplifier. When no current flows 
in either control winding, which will be 
the case when the frequency is within the 

- 360-425-cps band, the UOR relay will be 
energized. Outside this band, current 
will flow in one or the other winding and 
the relay will be de-energized. Fre- 
quency values at which current will start 
flowing in the control windings are deter- 
mined by the settings of R26 and R27. 

Two FSN’s are used because of the 
relatively wide band of frequencies over 
which the system must operate. If only 
one FSN were used, the curve of Zout/Ein 
versus frequency would have to be rela- 
tively flat to include both extremes. This 
would result effectively in a low milli- 
amperes-per-cycle gradient for the mag- 
netic amplifier control winding with a 
consequent large differential between re- 

lay pickup and dropout. With two net- 

works, each one can be designed sep- 
arately to give a high gradient in the relay 
trip region. Frequency response curves 

for both networks are shown in Fig. 22. 

Consider now the operation of the UOR 
as frequency is varied from below 360 cps 
to above 425 cps. Starting below 360 cps, 
the output of FSN / and 2 will be greater 
than the output of the reference network. 

Hence current will flow through blocking 

rectifier REC16 and winding F3-F4. 
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UOR relay will be de-energized. No 
current will flow in F1-F2 because of the 
position of REC26. Above 360 eps, the 
output of FSN 1 will be less than the out- 
put of the reference network and no cur- 
rent will flow in F3-F4. The output of 
the reference network will still be less than 
that of FSN 2 so no current will flow in 
F1-F2. The UOR relay will now be 
energized. Above 425 cps, the output 
of the reference network will be greater 
than that of FSN 2 and current will flow 
through blocking rectifier REC26 and 
winding F1-F2, thus de-energizing the 
UOR relay. 

The protective circuitry is shown in Fig. 
19. It will be noted that a set of nor- 
mally open UOR contacts and a set of 
normally closed auxiliary frequency 
relay (AFR) contacts are in series with 
TDR3 coil. The TDR3 relay is of the 
thermal timer type. Assuming that the 
UOR relay is initially de-energized, both 
the TDR3 and AFR relays are de- 
energized. The AFR contacts in series 
with the output to the GCR coil will be 
open and the generator will be de- 
energized. Energizing the UOR will 
apply current from the PMG TR to the 
TDR3 coil. After the 3 seconds’ delay 
the TDR3 contacts in series with the AFR 
coil will close. The AFR will be energized 
and lock itself in through its normally 
open contacts, at the same time, it will re- 
move current from the TDR3 coil allow- 
ing it to cool off and reset. The AFR con- 
tacts in series with the GCR coil will close 
and (assuming the GCR is closed) allow 
the field to be flashed. 


FIELD FLASHING 


Since the generating system is com- 
pletely self-excited, a “flashing” source 
must be provided for initial generator 
buildup. The source of the flashing 
power is the PMG. The flashing cir- 
cuitry is shown in Fig. 19. 

Alternating voltage from the PMG is 
rectified by transformer 76 and rectifiers 
REC20 and REC29 which produce a full- 


wave rectified signal of approximately 28 | 


volts d-c at 6,000 rpm. Assuming that 
the generator is up to speed, the LOR 
is not energized, and the GCR is closed. 
current from the transformer-rectifier will 
flow through the GCR, normally closed 
LOR contacts and normally open AFR 
contacts to the GCR coil. This will lift 
the short circuits from the exciter SCPT 
potential windings and permit the exciter 
to function. Current for flashing will be 
fed to the generator field through current 
limiting resistor R20 and the normally 
closed ACR contacts. As soon as the 
line voltage rises high enough to energize 
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Fig. 22. Response of under- and overfre- 
quency relay 


the UVR, the ACR will be energized and 
lock itself in thus removing the flashing 
power from the field. Blocking rectifier 
REC27 is used to prevent the possibility 
of the field voltage feeding back to the 
GCR when the LOR is energized and the 
ACR is de-energized. 


Product Design of Electra Controls 


It is not merely outstanding electrical 
performance that makes a unit acceptable 
for use in a modern aircraft, but reliability 
light weight, and maintainability as well. 
A major factor contributing to successful: 
equipment embodying these character-. 
istics is the simultaneous consideration of 
the problem of both installation and prod-. 
uct design thereby providing the best. 
over-all compromise. Major components. 
within a unit usually determine its. 
optimum shape and size. The shape, 
however, may or may not provide the 
optimum over-all result and, therefore, 
should be considered together. In addi- 
tion, a willingness on the part of both 
equipment manufacturer and user to 
make modifications as required to acquire- 
this goal is a must. The design of the 
equipment for this system is an example- 
of this type of co-operation. 

The static exciter weighing 241/s. 
pounds presented a major problem in 
face of the requirement that no shock 
mounts be used in meeting the specifica- 
tion vibration environment of 10 g up to 
250 eps. The philosophy of design of a 
unit of this weight and size was to 
utilize the relatively stiff construction of 
the oblong-shaped SCPT as a backbone. 
from which the few remaining com- 
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Fig. 23. Static exciter 


ponents could be supported; see Fig. 28. 
This is in contrast to the usual scheme 
of building a chassis onto which the com- 
ponents are mounted. The SCPT utilizes 
C-type cores banded securely into a U- 
shaped member which runs from front to 
back. The terminal board is mounted on 
the top of this member and with the 
connections to the transformer make an 
integrated assembly. Because of its 
location in the main bus of the system, 
maximum protection from line faults 
within the exciter is provided. This is 
accomplished by using a rigid copper bus 
assembly flat against the U-member and 
sandwiched tightly between flat sections 
of silicone-glass laminate which insulate it 
from ground and against faults caused by 
foreign objects falling against it. Full- 
height barriers for all terminal boards are 
-provided for the same reason. 

The six silicon rectifiers are mounted 
onto flat radiators which in turn are 
‘mounted horizontally along the side of 
tthe transformers assembly adjacent and 
‘below the bus bars. Thus, with the 
‘perforated cover removed, all rectifiers 
-and the bus assembly are readily accessi- 
‘ble. The three linear reactors are 
mounted on the same member as the 
‘transformers, adjacent to one another 
across the front. The control and field 
‘terminal boards are mounted on the front. 
“The main terminal boards on the exciter 
-are made such that the cables to the 
‘transfer box can be connected from either 
-right or left, thereby allowing identical 
“units to be used for both sides. 


Fig. 24. Control unit 


-332 


An example of the afore-mentioned 
modifications to meet the desired over-all 
objective was a change at the prototype 
stage from an exciter having the main 
terminals at the front and ATR-type 
mounts to the foregoing design. The 
ATR mounts with pins in the rear and 
clips in front were abandoned as being 
inadequate for holding down an unshock- 
mounted unit. They imposed an undue 
weight penalty as well in this application. 

The control unit is much more con- 
ventional in design; see Fig. 24. This 
unit which resembles electronic rather 
than power equipment, also must survive 
in a 10 g up to 250-cycle environment 
without shock mounts. ; 

The best technique for accomplishing 
this is the putting of complete functions 
into sturdy modules. This was con- 
sidered but not used because of the 
economies of replacement; a $25 to $50 
limit on unrepairable subassemblies being 
imposed by the user airlines. 

Printed circuits were also considered 
and a prototype was built which used two 
8-inch by 5-inch boards; however, this, 
too, was abandoned because the large 
number of bulky components such as 
relays, transformers, magnetic amplifiers, 
etc., made a dense package difficult. The 
problem of damage to the print circuit 
during component replacement was also a 
factor in the decision. 

The construction used involved three 
full-length pan-type chassis, one on each 
side and one at the bottom. These com- 
bined with a U-shaped top cover and a 
flat bottom cover comprise rigid box mem- 
bers which withstand the vibration. Each 
chassis contains one or more complete 
functions such as an overvoltage relay 
assembly which expedites trouble-shoot- 
ing or replacement. Solder terminal 
boards are provided on each panel for this 
purpose. Plugs, while of greater con- 
venience, are not used because of their 
lesser reliability. 

Components are mounted on the pan 
chassis in the conventional manner but 


_ with the wiring portion facing the out- 


side where it is completely accessible when 
the covers are removed. Each chassis 
can be swung out at right angles to the 
panels main axis for access to both sides 
since the wiring harness feeds to a single 
terminal board on each end. Important 
test points are brought out to their same 
terminal board. 

Over-all dimensions of the control unit 
are 6 by 7 by 118/, inches and it weighs 
13 pounds; see Fig. 25. 

The small size of the regulator (6 by 6 
by 51/2 inches and 51/2 pounds) allows 
use of a still more conventional pan-type 
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Fig. 25. Voltage regulator 


chassis although it is made L-shaped to 
give greater mounting area and rigidity. 
The terminal board is the same as used on 
the front of the exciter. . 


Appendix. Solution for 
Optimum Xq 


Xa*(Xata)=b 


Since 


(a is always +) then: 


rae ary cot 26. 


where 


tan ¢?= (tan y) 1/3 


For small values of p (i.e. small a), 
tan 2y—2y 


and so 


4a8 1.) /3N8 
Qy — ae =>_ = 

2762 b a 
Then by trigonometric identity: 


1tantd sy da (tan y)2/3 — 


t 26= = 
ie 2 tan ¢ — Q(tan y)/3 al 


So 
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Salient-Pole Permanent-Magnet 
Alternators for High-Speed Drive 


ALLEN T. PUDER 


NONMEMBER AIEE 


ODERN prime movers, especially 
turbines, and new applications 
such as missile auxiliary-power units, 
have established requirements for reliable, 
efficient, high-speed machines for the gen- 
eration of electric energy. The specific 
feature of the permanent-magnet alterna- 
tor, i.e., elimination of the wound field 
and, hence, external excitation and slip 
tings, makes this type of machine superior 
to conventional machines for these ap- 
plications. Reliability is enhanced by 
the elimination of arcing contacts which 
cause radio interference, brush operating 
difficulties at high altitudes, and explosion 
danger in confined, fuel-laden atmos- 
pheres. 

This paper is concerned with a descrip- 
tion and the design problems of some of 
the more recent units which have been 
built and tested in production. Rated 
outputs up to 10 kva have been realized at 
speeds to 24,000 rpm. Greater outputs 
and higher speeds have been achieved in 
experimental machines. 


Nomenclature 


By =air-gap flux density 
~ Bom=air-gap flux density reduced to magnet 

area f 

Bse=air-gap flux density at short-circuited 
stator winding 

B;s,=flux density of magnet at point of 
stabilization 

Cm =armature reaction factor! 

Cp=ratio of average to maximum of the 
field form 

C,=ratio of the fundamental to the actual 
maximum field form! 

D=stator outside diameter 

d, =rotor diameter 

£,=alternator line voltage 

E=alternator electromotive force (emf) per 
phase 

Es-=alternator emf at short circuit 

Fam=armature reaction, ampere-turns per 
pole 

e=effective air gap 

Hasc=demagnetizing force of stator field 
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(ampere-turns per inch magnet 
length per pole) at short circuit 

Hs:=demagnetizing force in the magnet 
(ampere-turns per inch magnet 
length) at the point of stabilization 

h=width of stator core 

sc =Stator current per phase at short circuit 

k=design constant 

ka=distribution windings factor 

ki, kg=proportionality factors 

1=axial length of stator iron 

m=number of phases 

Ne =total number of effective stator conduc- 
tors 

P,=ait-gap permeance 

Pge=combined permeance of air gap and 
stator core 

P;,=in-stator leakage permeance? 

Pm=spatial permeance of permanent mag- 
net? 

P,=out-stator permeance? 

p=number of poles 

r =resistance of stator winding per phase 

x,=stator leakage reactance per phase 

Zsc=stator short-circuit impedance per 
phase 

6 =angle of stabilizing shearing line 

y =angle of working shearing line 

6=angle of “‘in-stator’”’ shearing line 

be = effective permeability 

bust =slope of stabilizing shearing line 

yp = permanent permeability, slope of minor 
hysteresis loop? __ 

o=stacking factor of stator laminations 

7=ratio of reluctances of back iron and air 


gap 
Mechanical Design 


Basic design objectives for developing 
the permanent-magnet alternator for 
high-speed applications are 


1. Maximum reliability under extreme 
storage and operating environmental con- 
ditions. 


2. Minimum weight and space for a maxi- 
mum output. 


With these objectives in mind, alterna- 
tors have been designed to coupte directly 
to high-speed prime movers. This ar- 
rangement eliminates the requirement for 
any complex power transmitting com- 
ponents and minimizes the number of 
supporting bearings required. 

These alternators are radial air-gap 
machines, of compact design and high 
efficiency. The stationary armatures of 
the machines are of conventional type, 
with single- or multiple-phase windings. 
The rotating fields utilize high-energy 
Alnico V permanent magnets. Fig. 1 
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shows a typical rotor construction, 
designed in a basic cage-type structure, 
which is die-cast with an aluminum alloy. 
The cage structure is built up of stainless- 
steel (nonmagnetic) plates, with rivets 
holding the laminated pole tips, Almico V 
permanent magnets, and an inner mag- 
net tie block in place around the shaft.® 
In a 2-pole rotor structure, the inner mag- 
net tie block and through shaft are 
eliminated and flanged drive hubs are 
used, as shown in Fig. 2. 

An interference fit is used in the cage 
assembly to support the magnet and to 
maintain a tight magnetic circuit. The 
magnet is used as a structural member in 
compression only, since Alnico V, with 
its exceptionally good magnetic proper- 
ties, is a hard and brittle material with 
low tensile strength. 

Die casting of the preheated rotor 
assembly is performed using a special cast- 
ing die into which molten aluminum is 
forced from one end of the die to the other. 
High die-casting pressures ensure filling 
the mold and all internal voids, including 
the volume between the magnets and the 
damper-bar openings, with a dense 
material. Aluminum is used, since it is 
readily cast within the required tempera- 
ture range, has good mechanical strength 
properties, and is a good electric conduc- 
tor. Being an electric conductor, the 
aluminum serves as a closed turn, sur- 
rounding each magnet for the protection 
of the permanent-magnet field under 
transient short-circuit conditions. It also 
improves the waveform through the 
damper-bar winding and, in the case of 
an unbalanced load, reduces the un- 
balance of the phase voltages. 

All critical parts used in the rotor struc- 
ture are made from dies, in a punch- 
press operation, for economy in produc- 
tion quantities. The Alnico V magnets 
are cast in blocks, to provide maximum 
magnetic properties, and then ground to 
the finished dimensions. With all parts 
being identical for a given rotor diameter 
and number of poles, the stack height can 
be adjusted to meet a wide range of out- 
put ratings, using a minimum stock of 
parts and special dies. 


High-Frequency Alternator Design 


The output frequency of permanent- 
magnet alternators, operating at speeds 
up to 24,000 rpm and constructed as 
described, has been limited in a small 
rotor by the impossiblity of magnetizing 
many closely spaced poles of opposite 
polarity. This limitation is eliminated 
by the unique rotor construction shown in 
Fig. 3. By alternating the permanent 
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STAINLESS STEEL PLATE 


Twenty-pole rotor construction with alternate per- 
manent magnet and soft-steel poles 


load demagnetization, there will be no 


gerenen beset idals eyes Eight-pole = rotor, further decrease in the operating voltage, 
sectioned to show  nless the alternator is disassembled. 
PERMANENT MAGNET parts of typical 
cage structure with = Dpcicn CALCULATIONS 
hollow shaft 


magnet and soft-steel poles around the 
rotor circumference, so that the per- 
manent magnets are of the same polarity, 
the entire rotor can be magnetized by a 
unidirectional radial field. The soft- 
steel poles are saturated during the mag- 
netizing impulse and immediately change 
to their proper polarity, becoming poles of 
a normal fully magnetized rotor. A 
typical small rotor of this construction, 
with its magnetizer, is shown in Fig. 4. 


Stabilization 


The permanent-magnet field of the 
alternator must be stabilized in order to 
avoid any voltage change subsequent to 
the application of a specified load condi- 
tion. Stabilization methods commonly 
used, and used in the salient-pole alterna- 
tor, are: 1. load stabilization, 2. short- 
circuit stabilization, and 3. air stabiliza- 
tion. The method or degree of stabiliza- 
tion used depends upon the requirements 
of a particular application. A _ brief 
description of each method follows. 


LoAD STABILIZATION 


Load stabilization is used in applica- 
tions where weight is of utmost impor- 
tance. Minimum weight is achieved by 
retaining the maximum generating flux. 
To accomplish this the rotor is assembled 
by means of a special magnetic keeper and 
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. mounted on a through shaft; 


Fig. 2 (left). Two- 

pole rotor, sectioned 

to show flanged 

drive hub and other 

parts of cage struc- 
ture 


then stabilized by applying the specified 
maximum load. Loads exceeding this 
stabilizing load will continue to decrease 
the operating voltage until a short-circuit 
condition is reached, beyond which no 
further demagnetization can take place. 


SHORT-CIRCUIT STABILIZATION 


Where a short circuit may accidentally 
be applied to the alternator, short-circuit 
stabilization is used. The rotor is 
assembled as described in the foregoing 
under “Load Stabilization.’”’? A sudden 
short circuit is then applied to the arma- 
ture winding, while the alternator is 
operating at rated speed. Since a sudden 
short circuit causes the greatest possible 


Fig. 4. Twenty-pole rotor with 
magnetizer which produces 
unidirectional radial magnetiz- 
ing field. Alternator is 100 
watts, 4,000 cycles per second, 
24,000 rpm, designed to be 


rotor weight=12 ounces 
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The point of stabilization on the de- 
magnetization curve of the permanent 
magnet, as well as the air-gap density, can 
be obtained by consideration of the follow- 
ing conditions: 


1. The magnetomotive forces of rotor and 
stator must be in balance. 


2. The sum of the voltages in the short- 
circuited stator winding must be zero. 


As shown in the appendix, the air- 
gap flux density at no load, reduced to the 
magnet cross section, can be expressed by 


PB 
Bie ae Ho+wst 


Sn 1 
Bst PotPitupPm " 


where the slope ys; of the stabilizing shear- 

ing line is ; 
_PitPao PitkzZse 

on Pin PitPgt kee 


(2) 


and the constant & is 


945Cym 


*= CG Gika®(0/100)? (rpm) /1,000 (3) 


Three-phase short-circuit stabilization 
of 2-pole machines frequently results in 
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Fig. 5. Woltage-versus-current characteristic 
curves for a 1.5-kva 3-phase permanent- 
magnet alternator. Power factors: 


A—0.95 leading 
B—unity 
C—0.95 lagging 


D—0.80 lagging 
E—Zero lagging 


PHASE 


s/ 


OUTPUT VOLTAGE IN VOLTS 


OUTPUT POWER IN KILOVOLT-AMPERES 


Fig. 6. Woltage-versus-power characteristic 
__ curves for a 1.5-kva 3-phase permanent- 
magnet alternator. Power factors: 


A—0.95 leading. D—0.80 lagging 
~ B—Unity E—Zero lagging 
C—0.95 lagging : 


a low stabilization point, because of the 
low in-stator permeance P; In such 
cases, it is recommended that the poles be 
provided with an additional leakage field, 
as shown in Fig. 2. The magnetic stabil- 
ization by short circuit renders the output 
voltage independent of demagnetizing 
effects of switching operations. This ad- 
vantage, however, is only obtainable at 
the expense of increased weight. 

For example, if the rotor has been mag- 
netized in the stator, the initial working 
point would be located at the intersection 
of the line ws:=(PitPy,)/Pm, with the 
demagnetization curve. Application of 
load would bring the origin of the minor 
hysteresis loop to a lower point on the 
demagnetization curve. The exact loca- 
tion of this point depends upon the mag- 
nitude and the phase angle of the current. 
In the case of stabilization by short circuit, 
it is obvious from equation 2 that the 
stabilizing point on the demagnetizing 
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Fig. 7. Variation with temperature in residual 
induction of typical Alnico V permanent 
magnet 


NO-LOAD VOLTAGE IN VOLTS 
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Fig. 8. Magnetic temperature compensation. 
No-load voltage over a temperature range of: 


A—Overcompensated rotor 
B—Noncompensated rotor 


curve moves downward until the afore- 
mentioned condition of balances between 
magnetomotive forces and between volt- 
ages is reached. Thus, the useful air-gap 
flux and, consequently, the voltage output 
will be reduced. To maintain the rated 
output characteristic of a machine not 
stabilized, an increase of the rotor volume 
will be necessary. 

If asudden short circuit is applied, the 
subtransient component of the short- 
circuit current will decrease the stabilizing 
point below the value expressed by equa- 
tion 2. The degree of the change de- 
pends upon the leakage reactance of the 
damper winding, which should be kept at 
atminimum. A carefully designed alum- 
intum structure, completely surrounding 
the magnets, can reduce the effect of the 
transient demagnetization to less than 
3% of the output voltage of a machine 
stabilized by steady-state short-circuit 
current. 


AIR STABILIZATION 


_ Air stabilization is used in applications 
where frequent disassembly of the alterna- 
tor is required without special tools. An 
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Fig. 9. Characteristic curve for typical tor- 
cidal back winding of no-load output voltage 
versus control direct current 


air-stabilized rotor can be readily removed 
from the stator without a special keeper 
and yet maintain its output voltage after 
reassembly. A size and weight increase 
of 20 to 40% can be expected for an air- 
stabilized alternator having the same out- 
put characteristics as one which has been 
short-circuit stabilized. 


Voltage Regulation and Control 


Voltage control of small high-speed 
permanent-magnet alternators is a design 
problem because, in general, conventional 
types of control equipment have not been 
decreased in size and weight as rapidly as 
the alternators. Where feasible, the first 
design objective is to utilize the inherent 
regulation of the alternator. This ap- 
proach eliminates all external controls. 
However, for lagging power-factor loads, 
or where close voltage control over a 
broad output range is required, the weight 
of the alternator with inherent regulation 
may become excessive, making external 
controls necessary. Figs. 5 and 6 show 
typical inherent regulation curves, based 
on a nominal rating which varies in ac- 
cordance with the demands of a given 
application. Close inherent voltage con- 
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Fig. 10. Automatic control system using 
toroidal back winding for voltage control of 
permanent-magnet alternator 
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trol can be maintained over a maximum 


load range by: 1. establishing unity, or 
slightly leading, power-factor loads, or 2. 
increasing the power factor as step loads 
are applied. In the salient-pole alterna- 
tor, temperature compensation and 
toroidal back winding are used for voltage 
control. 


TEMPERATURE COMPENSATION 


The output voltage of a permanent- 
magnet alternator using A/nico V magnets 
increases with decreasing temperature. 
This increase is of the order of 6% over 
the temperature range from +150 de- 
grees centigrade to —73 degrees centi- 
grade, corresponding to an equivalent 
increase in the residual induction (B,) of 
the magnet (Fig. 7). In applications 
where the inherent voltage regulation 
must be maintained within close limits, 
the alternatoris temperature-compensated 
to eliminate this voltage change. 

The temperature compensation is ac- 
complished by substituting a temperature- 
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Fig. 11 (left). 
Pockette power 
plant; a minia- 
ture, 100-watt 
800 - cycle - per- 
second 12,000- 
rpm __semidiesel 
engine - gener- 
ator unit. Weight 
12 pounds in- 
cluding fuel for 8 
hours 


Fig. 12 (below, 
left). Accessory 
power supply; 
4.0 - horsepower 
650-watt 400- 
cycle-per-second 
24,000 - rpm 
liquid - monopro- 
pellant-fuel hot- 
gas -  turbine- 
alternator —_ unit. 
Weight 47 
pounds including 
fuel for a 60- 
second run 


Os AT4GNS wince 914139" 


Fig. 13. 


Fig. 14 (right). 
Auxiliary power 
unit; 1,500-watt 
400 - cycle - per- 
second 24,000- 
rpm compressed- 


gas -  turbine- 
alternator —_ unit. 
Weight 17 


pounds (dry) 


sensitive (magnetic) metal for a portion of 
the stainless-steel (nonmagnetic) plates 
used in the rotor-cage structure. The 
function of this temperature sensitive 
(‘‘thermomagnetic’’) alloy is to control, or 
shunt, a given amount of the usable gen- 
erating flux. By providing a magnetic 
shunt made of a carefully selected thermo- 
magnetic alloy®, it is possible to com- 
pensate fully for the foregoing tempera- 
ture effects. An alternator so com- 
pensated delivers a voltage which is 
essentially independent of temperature. 

In practice, it is actually preferable to 
overcompensate in order to allow for the 
decrease in shunt resistance of the stator 
winding at low temperatures. Fig. 8 
compares the no-load output voltage of an 
overcompensated rotor with that of a 
noncompensated rotor over a given tem- 
perature range. 


TOROIDAL BACK WINDING 


In applications where the inherent volt- 
age of the alternator cannot be held within 
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Auxiliary power unit; 500-watt 400-cycle-per- 
second 12,000-rpm solid-propellant hot-gas-turbine-alter- 
nator unit. Weight 40 pounds with fuel for a 90-second run 


the required limits, a toroidal back wind- 
ing is used for voltage control. This 
control winding is wound as a uniform- 
series toroidal winding around the arma- 
ture core. The application of direct cur- 
rent to this winding causes a unidirec- 
tional field to be superposed on the alter- 
nating field in the armature core. As 
the superposed direct field is increased, 
the reluctance of the core increases, 
thus lowering the generated voltage. 
As shown in Fig. 9, the change in gen- 
erated voltage is practically linear with 
the applied control current. Maximum 
control excitation is required under 
minimum or no-load conditions, Con- 
sequently, there is no increase of the 
armature heating, or decrease in the 
efficiency, under full load, as is the case 
in conventional alternators with field 
windings. 

A typical automatic control system 
using the toroidal back winding is shown 
in Fig. 10. Static control systems of this 
type have been used to control the average 
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value of the 3-phase output voltage 
within 1% over the complete load range. 


DESIGN OF TOROIDAL BACK WINDING 


It has been shown in the case of an air- 
stabilized machine,? that the density of 
the portion of the permanent-magnet 
flux crossing the air gap can be expressed 
by the equation 


Py PotupPm 


Bon 
Dom eB: EPs Pa (4) 


where the air-gap permeance is 


(S) 


The value ge in equation 5 is a function 
of the air gap and the equivalent path 
of all soft-iron components of the mag- 
netic circuit. Generally, the latter is so 
designed as to work essentially in the 
linear range of its magnetic characteristic. 

If a direct magnetic field is superposed 
on the alternating field in the core of the 
stator, the permeance of the iron path will 
decrease. 
the air gap to the permeance of the 
stator core may be expressed as 


+t=P,/Po (6) 


where the permeance P, of the stator core 


- ean be calculated by the equation 


6. 
pu 8:38 
TT 


holp 
He Dh (7) 
where ue represents the effective perme- 
ability of the stator core iron. 

Substituting equations 5 and 7 in 


Z equation 6 yields 


Cpd;(D—h) 


7=2.45 
HeSehap* 


(8) 


Replacing the air-gap permeance Py in 
equation 4, by the equivalent permeance 
of air gap and stator core, Pye=P,/(1+ 


Fig, 15. 
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The ratio of the permeance of 


Graphic representation of permanent-magnet circuit for 
stabilization by short circuit 


tT), results in the reduced air-gap flux 
density at no load of 
ie P 
pte oo Foren (9) 
Po Pgt+(1+7)(PitupPm) 
Similar, for the case of short-circuit 
stabilization 


Pg Mp tbst 


Bom=Bs1 
Ks Pot(1+7)(PitupPm) 


(9A) 


The introduction of the effective perme- 
ability we in equation 7 necessitates an 
explanation. 

Upon entering the core, the rotor field 
subdivides in two opposite directions. 
Since the superposed direct field is uni- 
directional, the total field must be either 
the sum or the difference of the two, as the 
case may be. However, due to the 
nonlinear magnetic characteristic of the 
soft iron core, one half-wave of the re- 
sultant (polarized and synchronously 
rotating) flux is peaked and the other 
half-wave is flat-topped.6 In addition, 
the rotating fie'd in the air gap is far from 
sinusoidal in shape. Consequently, the 
required values of effective permeability 
must be determined from tests on a 
typical machine. The values thus ob- 
tained can be applied to design calcula- 
tions of other machines if their core mate- 
rial is identical and the general geo- 
metrical configuration of their magnetic 
circuit is similar to that of the test ma- 
chine. 

The vectorial sum of the induced volt- 
ages in the conductors of the back winding 
is zero under ideal conditions. Irreg- 
ularities in the winding and small unsym- 
metries in the magnetic circuit, however, 
may cause the build-up of a residual alter- 
nating voltage on the terminals of the 
direct back winding. This fact must be 
considered in connection with the design 
of the control circuit. 


STABILIZING FLUX DENSITY B,, 
IN KILOMAXWELLS/‘ SQ IN 


Applications 


As a component in various types of 
power supplies, the salient-pole perma- 
nent-magnet alternator provides simple, 
rugged construction and the following 
significant advantages: 1. reliability with 
minimum weight, 2. high efficiency, 3. 
positive excitation, and 4. the absence of 
external excitation, which eliminates prob- 
lems associated with moving contacts. 
Typical fields where these characteristics 
are required are in guided-missile auxil- 
iary-power units, ground-support power 
supplies, emergency power supplies, and 
electric conversion units. 

Fig. 11 shows a miniature, semidiesel 
engine-generator unit, using a small 
permanent-magnet alternator. When 
coupled directly to the engine crankshaft 
as a flywheel, a rugged and compact 
alternator rotor construction is essential. 

A liquid-monopropellant-fuel hot-gas- 
turbine-alternator power supply is shown 
in Fig. 12. With the rotor directly 
coupled to the turbine, miniaturization 
is realized through high-speed operation. 
Operating on a monopropellant fuel, this 
unit provides electric and mechanical 
power completely independent of the 
missile’s main power plant and fuel sys- 
tem. By temperature compensating the 
alternator rotor, the electric output volt- 
age is held relatively constant over the 
extreme temperature conditions imposed 
by high-speed and high-altitude flight. 

Another hot-gas  turbine-alternator 
power unit, which uses a solid propellant, 
is shown in Fig. 13. This unit is a light- 
weight source of electric energy for air- 
borne applications. It consists essen- 
tially of a solid rocket propellant, an im- 
pulse turbine, an alternator, and an 
electromagnetic control system able to 
withstand long-term storage and insensi- 
tive to vibration, shock, and all normal 
air-borne environmental conditions. 

A compressed-gas_ turbine-alternator 
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Fig. 16. Demagnetizing curve for Alnico V, represented as 


function of magnet flux density and slope of shearing line 
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power supply is shown in Fig. 14. Opera- 
tional features of this power supply consist 
of close regulation of the speed and output 
voltage through the use of an electro- 
magnetic speed-control system and the 
automatic toroidal back winding voltage- 
system. 


Appendix 


Air-Gap Flux Density for Short- 
Circuit Stabilized Machine 


Fig. 15 represents the geometry of the 
permanent-magnet circuit.2 It is assumed 
that the permanent magnets are stabilized 
on the demagnetization curve at the point 
Bs, Hs. The distance from this point to 
the intersection of its ordinate with the 
leakage line P; is proportional to the air-gap 
flux density at short circuit Bsc. 

Then, from Fig. 15 


Bsc=Bs,—Hs, tan 6 (10) 


and the magnet flux density at the stabiliza- 
tion point is 


Bs1=(Hst—Hase) tan y (11) 


where Hgse represents the demagnetizing 
stator ampere-turns per-inch magnet length 
in short circuit. 


Substituting 
Bst 
Mst= a (12) 
in equations 10 and 11 gives 
Bsc =Bs1,(1—tan 5/pst) (13) 
and 
Bsi= Hascust tan y/(tan y— pst) (14) 


The hypothetical total magnetic flux in 


the air gap can be expressed by the equa- 
tion® 


6,000 #105 
= Bd-r)=——__—— 15 
or gar 7 Cyne (rpm) ( ) 
where 
E.Cika 
=———_— 16 
Oe Sis Ge 


In the case of symmetrical short circuit 
(Ep=Es), the flux density Bse corresponds 
to the remaining air-gap flux density, 
reduced to the magnet area, 


Cpdrml } 
Bse=B 17 
0 Oplyb ve 
Thus, from equations 15 through 17 
8,450 Cpm108 
= eee 3 = hi EB 18 
sc bplpb Cikane(rpm) SC 1436 ( ) 


The induced emf Es, must balance the im- 
pedance drop at short circuit 


Ese=V 1?-+Xs0? Isc = 2sclse (19) 


The armature reaction can be expressed by! 


Fim =0.45nel sc Cnka/b (20) 


Substituting Fam = Haschp,the stator current 
can be written 


hoy hpb/ (0.45%eCmka)Hase =k2Hase (21) 


Combining equations 18, 19, and 21 yields 
Bsc = kikotscHase (22) 


Equating equations 138 and 22 and sub- 
stituting equation 14 gives the slope of the 
stabilizing shearing line at short circuit 


tan 6 tan y+ikezsc tan y 


2 
tan y+hikogsc ee 


Bst= 


Introducing the following equation 


A Method of Fault Analysis for A-C 
Aircraft Electric Power Systems 


L. J. RINDT 


NONMEMBER AIEE 


HE increasing electric power require- 

ments in today’s aircraft make neces- 
sary the continual search for better 
methods of protection against faults which 
may cause the loss of electric power or 
otherwise endanger the mission. Power- 
system studies have been made in the past 
using a mock-up of the electric system 
composed of actual components, and have 
proved quite successful. However, it is 
desirable to obtain information faster, and 
before the development of complete 
apparatus. Parameters such as line volt- 
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ages and currents, positive-, negative-, and 
zero-sequence voltages and currents must 
be known in order effectively to apply sys- 
tem protection, and they are of much 
value in regulator design. Faults oc- 
curring where they produce the same 
effect on all regulators, such as at the bus, 
can be calculated very simply by the 
method of symmetrical components. A 
means for detecting such faults by use of 
negative-sequence voltage is pointed out 
in another paper.! However, in multi- 
generator systems, load-division circuits 
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k=hikoPm | 
- GameTime 

and substituting 

tan 6=P;/Pm (25) 

tan y=Pi/Pm+P/Pm (26) 

gives 


The stabilizing flux density Bs; can be 
found directly for Alnico V from Fig. 16 
after computing ws: from equation 27. 

Equation 4 has been derived on the basis 
of air stabilization at the outstator perme- 
ance, Pp» =Pm tan 6. For stabilization at 
short circuit, equate Pp=ys;Pm and obtain 


Py Pp+ust 
Back eee (28) 
OS at. Bok Pre ugh me ¢ 
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are employed in order that the load cur- 
rent may be properly divided between 
generators. Generator currents are usu- 
ally sensed in a single phase through a cur- 
rent transformer; consequently, genera- 
tors are forced to divide load current rela- 
tive to the current in the current trans- 
former associated with a particular gener- 
ator feeder. Should a fault occur on the 
load-division phase at a point between a 
generator and its load-division current 
transformer, as shown in Fig. 1, that 
generator would become overexcited and 
supply practically all of the fault current. 
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Such a condition would be very difficult 
to calculate by ordinary methods. 

The method of analyzing this type of 
system as presented here is to set up 
passive elements of an a-c calculating 
board to represent the elements of the 
power system and to use an electronic 
differential analyzer to represent the 
regulators of this system. Although 
there are transients which occur be- 
tween the time the regulators are told to 
change until they have completed their 
change, the final steady-state conditions 
are the significant ones. At this steady- 
state point, the magnitudes and phase 
angles of the positive-, negative-, and zero- 
sequence components of the generator 
currents and voltages are needed. From 
these values, the generator power, volt- 
__ages, and line currents can be computed. 

In addition to evaluating this method, 
the effects of faults on a power system 
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Fig. 1. Diagram of regulated 


system 


may be analyzed. With various system 
loadings, the effects of the following faults 
have been analyzed. 


1. Single line-to-ground faults: The fault 
location is on the load-division phase at a 
point between the generator terminal and 
the load-division current transformer, as 
indicated in Fig. 1. The regulator receives 
its voltage signal from the load bus. Sev- 
eral different values of fault impedances are 
analyzed but in all cases the fault impedance 
is purely resistive. 

2. Line-to-line faults: The fault location 
and impedances are the same as in the case 
of the single-line-to-ground fault. One of 
the faulted lines is the load-division phase. 


8. Open-phase faults: The fault location 
is at a point between a generator and the 
load bus. This type of fault is applied to 
each phase with various amounts of load. 


An analog-computer study has been 
undertaken to obtain data necessary to 
analyze these and evaluate the method. 


Xq 
(n-1) 


Fig. 2. Three sequence networks of power system 
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Assumptions and Limitations 


To set up the power system problem for 
analysis it is necessary to make certain 
assumptions and define limits imposed on 
certain parameters. 


1, Saturation is neglected. 


2. The exciter is assumed to be capable of 
supplying generator excitation demanded by 
the regulator sensing circuit from zero to 
ceiling. 


8. Ceiling excitation voltage is assumed to 
be the same for all conditions. 


4. The generator is driven through an 
overrunning clutch which does not allow the 
prime mover to take power from the electric 
power system. It is, therefore, assumed 
that the maximum power taken from the 
system-is 0.05 per-unit power, required to 
drive the clutch. 


5. In any case where a generator is being 
motored and sufficient power cannot be 
supplied from the line to maintain synchro- 
nism, the generator is replaced by a constant 
impedance. 


6. Frequency and temperature are assumed 
to be constant. 


Nomenclature 


G,=unfaulted generator; represents (7 —1) 
generators 

Gy=faulted generator 

n=number of generators in system 

Eyq=quadrature voltage of Gy 

Euqg= quadrature voltage of Gy 
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(B) 


Fig. 3. Excitation phasor diagram 


A—Maximum excitation 
B—Minimum excitation 


€g=quadrature voltage of generator 
éqg=excitation voltage of generator 
é;=terminal voltage of generator 
Vi = positive-sequence voltage at load bus 
V2=negative-sequence voltage at load bus 
Vo=zero-sequence voltage at load bus 
Va, Vz, Vc=load-bus phase voltages 
Ey=reactive load-division correction volt- 
age for Gy 
Ey»o=reactive load-division correction volt- 
age for Gy, 
Ey, =regulated reference voltage for Gy 
Ey, =regulated reference voltage for Gy, 
Ip, =positive-sequence current of Gy 
I. =negative-sequence current of Gy 
Ig =zero-sequence current of Gy 
I= positive-sequence current of Gy current 
transformer 
Iy2=negative-sequence current of Gy, cur- 
rent transformer 
Ijo=zero-sequence current of Gy current 
transformer 
I, = positive-sequence current of Gy 
Iy.=negative-sequence current of Gy, 
Ing =zero-sequence current of Gy 
I ya,1 7o,J po= phase currents of Gy 
Iyia=phase A current of Gy current trans- 
former 
Tua Iw, Tuc = phase currents of Gy, 
J, =positive-sequence current of generator 
Zq=quadrature reactance of generator 
Z2,=negative-sequence impedance of gener- 
ator 
Zo =zero-sequence impedance of generator 
Zz,=\oad impedance 
Zys=sequence representation of fault im- 
pedance 
Xq=direct-axis reactance of generator 
Xq=quadrature-axis reactance of generator 
6=angle between e, and 
M=vyoltage-zregulator constant of per-unit 
b ge voltage/per-unit current 


All sequence current and voltages refer 
to phase A quantities. 
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Representation of Power System 


In this method of analysis, the power- 
system portion is set up on a single-phase 
basis using the three sequence networks, 
as shown in Fig. 2, For simplicity and 
because of their smallness, the line imped- 
ances are neglected in the case presented 
here. However, they may be added if 
their size indicates they will have a signifi- 
cant effect on the results. The genera- 
tors G;and G, supply the voltages Ey, and 
Exuq, behind quadrature reactance. This 
particular representation was chosen be- 
cause of two factors: 1. The generator can 
be represented by a single reactance and 
a single voltage source. 2. The voltage 
source used has the same phase angle as 
the excitation voltage, thus simplifying 
the calculations needed to determine the 
excitation voltage of the salient-pole ma- 
chine.2 A phasor diagram showing the 
relationship of the different voltage and 
voltage drops is shown in Fig. 3, and the 
method used to evaluate the excitation 
voltage is discussed under “Results.” 

As is often done in power-system anal- 
ysis, the machine saturation is neglected. 
This will have no effect on the results 
where the system regulates within the 
range of the excitation voltage, but it will 
have some effect on the results where the 
upper limit of this range is reached. 
However, it is felt that this effect is not 
important enough to justify the additional 
refinement needed to take saturation into 
account. 

The various connections that have to 
be made to represent the different faults 
are shown in Fig. 2. The currents and 


- voltages which need to be measured and 


fed to the electronic differential analyzer 
are also shown here, and are read with 
respect to ground. To make this possi- 
ble transformers are inserted in the nega- 
tive- and zero-sequence networks to iso- 
late the load-bus voltage from ground. 
Since the electronic differential analyzer 
operates from voltages, suitable dropping 
resistors and isolating transformers are 
inserted to give voltage drops proportional 
to the currents to be measured. As can 
be seen from the polarity markings on the 
transformers, points 5, 6, and 7 represent 
positive currents, while points 4, 8, 24, 51, 
52, and 53 represent negative currents. 
The reason for this is made apparent in 
the appendix. 

Using a 40-kva base in this study, the 
basic per-unit values are as follows: 


System Values Board Values Per-Unit Values 


120, voltae on nee TOWOlES fie ate cians are 1.0 
1.08 ohms?) leon LT OO0lORmS: sa c.n cee oO 
111 amperes..... 0.01 ampere.........1.0 
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Representation of Regulators 


The regulators represented here are 
both a speed and a voltage regulator. 
The speed regulator makes use of a single- 


phase voltage and a single-phase current 
The voltage — 


for real load division. 
regulator uses the 3-phase voltages and 
the single-phase current from each genera- 
tor through a reactive-load equalizing 
circuit. A description of these regulators 
appears in the appendix. 


Procedure 


In general, the procedure used in each — 


of the studies is as follows: With no load 
or fault on the system, both generator 
voltages are brought in phase and set equal 
in magnitude to 1.0 per unit. This condi- 
tion gives a bus voltage of 1.0 per unit 
with nocurrent flowing between generators. 
Under this condition, voltage references 
Ey and Eyr, Fig. 4(E), which the volt- 
age regulators attempt to hold constant, 
are established. As a check, the speed 
regulator should indicate zero. These 
reference points are used througout all 
of the studies to indicate whether a 
regulated condition exists. The next step 
is to add the required load to the system. 


The voltages of the two generators are — 


then readjusted until the two voltage- 
regulator signals have returned to their 
original reference points. Since the load 
is applied to the bus, and the generator 
voltages are initially in phase, no phase- 
angle adjustment is required. 

The next step is to apply the fault to the 
system and to incrementally adjust the 
voltages and phase angles of the genera- 
tors until the regulator signals return to 
their original reference. This return to 
the original reference in some cases will 
not be complete because of other limita- 
tions of the system which occur first. 
These limitations are the maximum and 
minimum excitation voltages, and a maxi- 
mum amount of power that can be taken 
into any machine. These limitations are 
discussed more in detail in ‘“‘Results.’”’ 


When the original references are 


reached and/or the other limitations satis- . 


fied, a steady-state condition exists in the 
system. At this point readings are taken 
and the pertinent points recorded. 


Results 


Although several types of faults have 
been analyzed, the results discussed here 
are confined to the case of a single line-to- 
ground fault, which is presented as an 
example. As many deduced from the 
system diagram, Fig. 1, faults occurring on 
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Fig. 4. Representation of regulators 


A—Phase currents from sequence currents 

B—120- and 240-degree rotation of sequence voltages 
C—Voltage-regulator correction signals 

D—Corrected phase A voltage; phase voltages from sequence voltages, excitation component 
E—Voltage-regulator signal to exciter 

F—Speed-regulator signal 
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Table I. Line-to-Neutral Fault on 2-Generator System With No Load* 

Value Zits = 3.0 Zjst =1.0 Zist =0.6 Ztst=0 
Efg «(bs OS SZ AQ aac ceed pao: 2 68.20, TEAS PZ) Ol Oas ceded Bee 
EGG ss) tars athe ads QO. 985" Ze 2 aera neere 0.855 Z 27... On OG 2. 27, 
Vi. i OVQObARZb; terre te OUO8E wAP 2b eS. e nee. ON8b5inL 2 iene O5225.22Z) ale0 
Wade oo..teeum OL0252/ 227 Rane pace ae 0.068 2270.5.. ..0.100 2268.5.. ..0.190 2187.3 
Vo. . .0.0035 2261.8... 0.00962260 ... ..0.01422258 ... ..0.027 2176 
VA 2 O90 6 L255 tetas. =e 5 ONO e222 2a sae YS ADs GE . 0.0225 2292.3 
VB a OL98 eLeOd mat cets. 02905: 2270" 7 .0V92"" 2273.5... ..0.3845 2265 
Ve. SRO Pe ZA Tin oans 0.995 2148.4... ..0.95 2149.6.. ..0.38 2100 
Tfn. 2:0) 06) 2354.55.02. -2.20.086 (2818/8) - ..0,236 2312.5... ..0.396 2316.7 
b 57 ecko Mano: Ores G-TG4S A207) We. foes OW456) 2202). Wharton 0.66 2200.2.. *. L2k § Zavay2 
Peete aon eee re 3 OMG8eZ206 hae. ckerm eee OF4GO 22080 ricci itne as 0.66 2200.6.. melon Ua Ao) 
Pg Se ae OnOGI ZU (4 one eeae on Oel30! 21388). Sam ..0,236 2032.55, ..0.396 2136.7 
BET, aaa CeCe OAC AMAR AT. Fox saccade: OV456)"2.. 22.075 = O66 25 )20i5 25 1,27 2295.2 
FET eugene ape vi ORGS a Z0 267. Sites en ae OS4GORZALS. wactacctne tate 0.66) -Z 20. Goneeos eae 1.27 2295.8 
ESS ects a UGS Lay: SY 2 OS eee O°980" 4d6 be cee. 1.46 ¢Z T2eS reer 2.86 2299.3 
Ife. OU Ones DOM pen tant catsce ': 0.466 Z 22.7.. . 10.568, “Zat2O sine 1.3.0 2296.5 
Ifo. MORI mee DOO. cena OVAG2 62: (225 Veer even taete O67 52.20) Siete tenn 1.28 4296.2 

Regulates eas-.......... Regulates eas-.......... Regulates eas-.......... Unfaulted 

ily; unfaulted ily; unfaulted ily; unfaulted generator’s ex- 

generator generator generator citation goes 

motors 2 kw motors 2 kw motors 2 kw to zero and 


* All values are per-unit quantities. 


machine is re- 
placed by an 
induction- 
motor equiva- 
lent of 0.4+ 
j0.4  per-unit 
ohm. Faulted 
generator’s ex- 
citation goes 
to maximum 


+ For this case, Zfs is equal to three times the fault impedance. 


the load division phase cause generator 
Gy to supply practically all of the power 
absorbed in the fault. Table I shows the 
values of sequence voltages and currents 


obtained for the line-to-neutral fault on a 


2-generator system at no load with various 
values of fault impedance. Table II 
shows similar results for a 2-generator 
system initially supplying 1/2 rated load. 
From the data contained in these tables, 
curves may be constructed to show volt- 
age and current characteristics desired. 
For example, generator phase currents and 
bus phase voltages are shown in Fig. 5 
as functions of fault current. 


The last lines of Table I and Table II 
give some remarks concerning the partic- 
ular condition. The following is a brief 
discussion of these remarks. 


1. The term “regulates easily’? denotes 
those cases where the regulator signals, 
with a minimum of oscillation, returned to 
their original references, or approached 
these references within the other limitations 
imposed on the system. In the cases where 
any of the limitations were reached, these 
were also noted. 


2. During the course of the incremental 
adjustment of the two generators, the 
minimum and maximum excitation voltage 
on each machine was checked. This ex- 
citation voltage was eg=eg+lh(Xa—Xq) sin 
§, the minimum being zero and the maxi- 
mum 4.85 per unit. When either of these 
limits was reached, the excitation voltage 
was held constant but the other variables 
were changed until the original reference or 
some other limitation was reached. 


8. Another of the limitations reached was 
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the condition where a generator motored 
power. It was determined from the actual 
machine and drive that the maximum 
power intake by a generator would be 0.05 
per-unit power to drive the clutch and the 
shaft. In many cases. the speed regulator 
signaled one of the generators to slow down 
considerably, causing an increase in the 
phase angle between generated voltages. 
In the process of increasing this phase angle, 


a point was reached where the generator 
was taking in 0.05 per-unit power and the 
speed-regulator signal still called for a 
further increase in phase angle. At this 
point, the power intake to the generator was 
held constant while the voltages were 
regulated. 


In some of the cases studied, the regula- 
tor signals called for the excitation voltage 
to go to zero and for a considerable in- 
crease in phase angle between generated 
voltages. The terminal voltage in these 
cases was quite small. An analytical in- 
vestigation of the terminal and excitation 
voltages of the circuit involved showed 
that the bus could not supply the genera~- 
tor with enough power to drive the shaft 
and clutch. This indicated that the gen- 
erator pulled out of step and operated as 
an induction motor. Even with the 
generator replaced by an induction-motor 
equivalent, the necessary power could be 
be taken from thesystem. It was decided 
that under these conditions the effect of 
changes in the induction-motor equiy- 
alent would be small on the total system. 
Also the representation of less than 200% 
slip would become quite involved. Asa 
result, the induction-motor equivalent 
was set at a fixed value of 0.4+-0.4 per- 
unit impedance for all cases of this type. 

The significance of the conditions 
studied is that these particular faults do 
not show the fault as an additional load 
to the regulator. In the single line-to- 
ground and line-to-line faults, the portion 
of the fault current supplied by the un- 


Table Il. Line-to-Neutral Fault on 2-Generator System With 1/2-Rated Load* 


Value Ztst =3.0 Zist=1.0 Ztst =0.6 Zist=0 | 
Bpaisiivg eae L882 14 (bk. canta ZL. (OTs 4 ere 196) ZA e722 Sra eee PRB e 7S evil 
OTT ee ote a os Usd 8 GZ 27 caver, tee OS) m2) Oth. Be eee 0.945 Z 27 
Vie. tiegeutene 0.975) 223). 58 ie sae 000), Zee tec 3) OF BOD ZU 2ts naa ee 0.197 2359 
Visco ccott as tee 0). 0231 Z260.6i one ee 0.066 2268.5.. . .0,0995 2 266.7.. ..0.163 2184.6 
Voice sieure ates 000352260) Truaaseane 0.0098 2259.6.. . .0.0148 2 257.7.. . 0.0246 2175.3 
VAG tiaectaies ODS) S228 0eee een 0.985 Z 22.5... SONS! 2 W203 Pen coe 0.02 £291.4 
VB 2 £0597 GZ2607 its see 0.9385 2269.5.. «530.868 (E2724, octet. 0.30 2262.1 
Vii iial Gia sa Vs Oy) RAAB ER ete VsOl VZI48" eee 0.985 2148.8.. -0,325 Z, 97.6 
Ifu. enn! Foe PLS SO ad oe wttneces 0284; “2857 o aaa oes 0.85 2350.2.. . 0.536 2313.6 
ES (aite aces alamo OLA PL 20T Settee 0.498 2205 .......... ONT aor 2202 etek ene 1.24 “2117.3 
If to. +.0,164 (22052525 onan sas O:474 220306), ote 0.200 2201 2 ee lily Zits 
BUS os sas eee O2316) 22064 viet mee O. 2172281). 82 eee 0.095 2260 .. ..0.3844 2133.5 
Piss wee eee eA OP T56: Zu 223 oceans 034542. 20.8.2 case. 0.67 24 18.5... --1,15 £298 
Dttoa.s sycisvsie nts thexs O 1632228. Gidea ae ects 02466: 222-2. ace ee ONGO'< ZAZORS i aarti ee L162 29500 
PRS c beg ec reshe VOB Zee ToS stynetes ok iO) ely 1k) Ane oe DG tLs LO ete aries 2.8 2302 
Dfaats ocean etas OLTG2 2221 seene 0.458) -Z 120.5 cnn « OIGTA 2 LS voce ae 1.13 £298.5 
Def Oiske eves tiavereaece. fa 0.16752 23.1.0.5.6555 0.474 222 tea OO GOmE Ze 20) ae 1.16 - 2295.3 
Regulates eas-.......... Regulates eas-.......... Regulates eas-.......... Unfaulted 
ily ily; unfaulted ily; unfaulted _generator’s ex- 
generator generator citation goes 


motors 2 kw . 


motors 2 kw to zero and 
machine is re- 
placed by in- 
duction-motor 
equivalent of 
0.44 30.4 per- 
unit ohm. 
Faulted gen- 
erator’s exci- 
tation goes to 
maximum 


* All values are per-unit quantities. 


t For this case, Zfs is equal to three times the fault impedance. 
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Fig. 5. Generator current and voltage characteristics with line-to- 


neutral fault on 2-generator systems 


A—No load 


faulted machine G, appears as current 
flowing into the faulted machine Gy. 
This effect, in general, causes the faulted 
machine to tend to speed up and supply 
nearly all of the fault current. As load 
was added to the bus, there was a tend- 
ency for the load current to be shared by 
the generators. In this case, and with a 
high-fault impedance, the unfaulted gen- 
_ erator carried some load. With lower 
values of fault impedance, the unfaulted 
generator tended to slow down until it 
was motoring. 

Fault current flowing through the cur- 
rent transformer of the faulted machine in 
a reversed direction indicated to the 
faulted machine that it was taking in 
reactive power. This caused the faulted 


~ machine to increase its excitation con- 


siderably. In many cases the faulted 
machine reached maximum excitation. 


Conclusions 


This study shows that an analysis of 
this type of system can be done by this 
method. The limitations are few and do 
not appear to seriously handicap the 
study. Limitations do occur in the cases 
where a generator needs to be represented 
by an induction motor or an induction 
generator. These conditions are extreme, 
but if their effects are deemed important, 
a proper analysis of the necessary data on 
the machine should make a representa- 
tion of these conditions possible. 

The time to make the studies would be 
another factor in evaluating this method. 
The original setup time on the computers 
was2days. The time for a run averaged 
about 90 minutes. However, both of 
these times could be shortened under the 
proper conditions. A considerable part 
of the setup time was used in calibrating 
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B—1/9-rated load 


the various circuits on the electronic 
differential analyzer. If the various cir- 
cuit elements could be retained from one 
setup to the next, this calibration would 
not be necessary. Only a quick check 
of it would suffice. 

The use of a wattmeter to check the 
power intake on the motoring machine 
would speed up all of the runs of this type, 
since a visual indication of this point 
would save much time consumed in 
adjusting the generators. A method of 
giving a direct reading of the excitation 
voltage would also speed up the time for 
various runs. 

A complete evaluation of this method 
would involve a direct comparison with 
other methods of such factors as time and 
the cost of the necessary equipment. 


4 Appendix. Representation of 
Voltage and Speed Regulator 


Voltage Regulator 


To represent the regulator with the elec- 
tronic differential analyzer, the function of 
the regulator must be spelled out analyti- 
cally. In this case, the circuit of the voltage 
regulator indicates that the analytical ex- 
pressions which define the correction volt- 
ages supplied by the reactive-load equalizing 
circuit are as follows: 


1. Correction voltage for the unfaulted 
generator 


M Lua 
= —7—| Ir 
Ew Bh Al Sta ae] 


2. Correction voltage for the faulted 
generator. 


j(n—-1)M oF | 
— iT = 
Epo FS fta @=1) 


Ep=(1—") Ew 


The electronic-differential-analyzer cir- 
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Fig. 6. WVoltage-regulator phasor diagram 


cuits to represent the foregoing equations 
are shown in Figs. 4(A) and (C). The 
value of Eyo is developed first and then the 
value of Ey as (1—n)Ey. In Fig. 4(A), 
the three sequence components of the phase 
A current signals are added. It should be 
noted that by using the opposite polarity on 
the transformer supplying these quantities 
(see Fig. 2), the output of amplifier 1 repre- 
sents the positive value of Ty, and the out- 
put of amplifier 2 represents the negative 
value of Zug. Fig. 4(C) shows how these 
outputs are fed to the potentiometers, 
which represent the constants in the equa- 
tions, and then summed as the input to 
amplifier 7. The input to amplifier 7 is thus 
[M/n] [Ipta—Iua/(n—1)]. Amplifiers 7 and 
& each rotate this quantity —45 degrees for 
a total rotation of —90 degrees. This rep- 
resents the (—7) in the equation. The out- 
put of amplifier 8 represents the correction 
voltage Ey. Amplifier 9 multiplies the 
value of Ex,» by the constant (1—2) to give 
the value for E yo. 

To make use of these correction voltages 
Exo and Ey, it is necessary to have the phase 
voltages of the load bus. Fig. 4(B) indi- 
cates the method of rotating the positive- 
and negative-sequence voltages so that they 
may be combined to produce phase voltages. 
Amplifiers 12, 13, and 14 in Fig. 4(D) are 
summing amplifiers which combine the 
three sequence quantities to give the three 
phase quantities. Amplifiers 10 and 11, in 
this same figure, combine the phase A volt- 
age with each of the correction signals. 
Fig. 6 is a phasor diagram showing the rela- 
tionship of the various currents and voltages 
used in the voltage-regulator circuit. This 
diagram represents a typical case where 1 =2 
and an unbalance in reactive power exists. 
The dashed lines on this diagram represent 
the distorted set of voltages that determine 
the regulator sensing signal during the 
reactive unbalanced condition. Fig. 4(E) 
shows how this same set of voltages is 
applied to the bridge rectifiers in the same 
manner as in the actual regulator. The 
outputs of these rectifiers are the regulator 
signals to the exciter, Ey and Eur. 

The voltage regulator in this particular 
case has two limitations, maximum and 
minimum excitation voltage. This excita- 
tion voltage can be described by 


ea=e, t+ l(Xa—Xa) sin 0 


The phasor diagram representing this equa- 
tion is shown in Fig. 8. Angle 6 is the 
angle between the voltage eg and the current 
Ji. Since the voltage behind quadrature 
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reactance é, is used as the board source, the 
excitation voltage eg can be determined by 
evaluating the quantity, i(Xa—Xq) sin 6. 
As an aid in evaluating this quantity, the 
circuit shown in Fig. 4(D) involving sign 
changers 15 and 16 was used. The ampli- 
fication in these two stages serves to put this 
quantity on the same voltage base as the 
voltage eg. The maximum and minimum 
excitation voltage used inthis case was 4.85 
per unit and zero. 


Speed Regulator 


The circuit of the speed regulator indi- 
cates that the formulas for the power indi- 
cation and the regulator output signal are: 


1. Power indication for the faulted ma- 
chine 


Pp =|0.824T fat Val —|0.324 Iyta— Val 


2. Power indication for the unfaulted 
machine 

p, a |0-324 Tua 10.824 Tua 

ida? at aetna 2= Dy a: 


LATE DISCUSSION 


The following discussion was received 
too late to be included with the paper. 


Protecting A-C Motors with 
Low-Voltage Air Circuit-Breaker 
Series Trip 


Discussion of paper 56-652 by F. P. Bright- 
man, R. R. McGee, and P. J. Reifschneider, 
published in Applications and Industry, July, 
1957, pages 114-19. 


E. P. Ries (Shell Chemical Corporation, 
Martinez, Calif.): My comments are best 
presented by first briefly summarizing the 
electrical systems in our newer petro-chem- 
ical plants and then telling how the informa- 
tion presented in the paper affects us. 
Plants considered are characterized by con- 
tinuous process operations. Most equip- 
ment drivers range from 3 through 75 hp 
(horsepower) with a few at 100 hp and larger, 
Continuity of service to most is critical. 
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3. Output signal to the faulted machine 


_(w=1) 
Spr= a 


(P pr —Paur) 

4. Output signal to the unfaulted machine 
i! 

Sur = = (Par Pur) 


The electronic-differential-analyzer cir- 
cuit to represent these equations is shown in 
Fig. 4(F). Sign changer 17 is used only to 
change the sign of the bus voltage. Sign 
changers 18 and 19 are used to give the 
power indication Py, of the faulted machine. 
Sign changers 20 and 21 are used to give the 
power indication Py, of the unfaulted ma- 
chine. The input potentiometers and re- 
sistors of these latter four sign changers are 
used to set the coefficient of the current and 
to put it on the same voltage base as the bus 
voltage. The diodes in the feedback circuit 
introduce the absolute magnitudes. Ampli- 
fier 22 sums up these power indications, 
amplifies them to represent the constant 
(—1/n), and gives an output which is the 
power-regulating signal S,,. Amplifier 23 


a 


Single- or double-ended selectively co- 
ordinated unit substations supply all 440- 
volt loads. Motors of 8 through 75 hp are 
controlled by conventional general-purpose 
control centers supplied through a feeder 
circuit breaker. Motors of 100 through 150 
hp are controlled by individual large air 
circuit breakers. 

This is in contrast to the older systems 
where unit substations were equipped with 
manually operated instantaneously tripped 
feeder circuit breakers. Motors of 3 through 
75 hp were controlled by explosion-proof 
switchracks, each protected by a molded- 
case main circuit breaker. Motors of 100 
hp and larger were controlled either by 
means of high-voltage contactors or power 
circuit breakers. 


This means that we now expect the same . 


selective tripping or co-ordination with the 
low-voltage system that we previously ex- 
pected only from our higher voltage system. 

Associated with this concept are the fol- 
lowing problems which we feel deserve added 
attention: 


1. Motor heating curves to permit proper 
application of trips are seldom available or 
obtainable. 


2. Width of the trip tolerance band in some 


Late Discussion 


multiplies Sur by (1—2) to give an output 
which is the power-regulating signal Sy,. 
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cases makes proper application either diffi- 
cult or impossible. 


3. It is necessary to obtain special factory 
calibration when close co-ordination is re- 
quired. ; 


4, Test equipment for an initial field cali- 
bration check is not available at an econom- 
ical price. 


5. For the same reason it is not possible to 
check the calibration at routine intervals as 
is done with a relay. 


6. It would not always be possible to reset 


the trip properly in the field even if the 
necessary test equipment were available. 


I should like to suggest that effort be di- 
rected toward the following: 


1. Narrower trip tolerance bands. 


2. Field test exuipment that can be justi- 
fied by industrial users or redesign of trip 
units for use with doughnut-type current 
transformers so that normally available 
equipment can be used. 


3. Provisions for complete field adjustment 
of trip units. 


4, Publication of heating curves by motor 
manufacturers. ~ 


NOVEMBER 1957 


ee ae ee a rn eee rere vent. eee ae eee 


Wels oe sa paint 


er en ee ee 


aca Ge Wig GM ee SPP i I 


Re Dit e 


57-466 
57-529 
57-686 
57-655 
57-638 


- 57-637 


57-219 
57-653 
57-498 
57-486 
57-474 
57-650 
57-656 
57-660 
57-652 
57-719 
57-657 
57-636 
57-682 
57-633 
57-681 
57-691 
57-688 
57-687 
57-694 


Power Apparatus and Systems—October 1957 


2-Speed Consequent-Pole Polyphase Induction-Motor Winding. .Siskind .. . 
Modified Silicone Insulation Systems in Motors....... Mullen, Sheppard .. . 
Antifriction Bearings for Kaplan’ Haba iais ss ocnnhesas eb enes Donaldson ris 
Microwave Relaying................0. Berdy, Fiedler, Krings, McConnell . . . 
Paper Cable Saturants: European Preferences and Selection....Bennett . . . 
A New 69-Kv Dead-Tank Compressed-Air Breaker. ... Skillen, McKeough . . . 
Dynamic Balancing of Hydroelectric Units........ Hill, Barker, Murtland .. . 
The Electrical Features of the St. Lawrence Power Project....... Saloma... 
A High-Power-Factor One-Running-Capacitor 2-Motor System...Chang . . . 
Induced High-Frequency Currents in Squirrel-Cage Windings..... Alger... 
_Two-Reaction Theory of a General Induction Machine.........Ku, Shen .. . 
Remote and Local Back-up Relaying.............6. Kennedy, McConnell . . . 
A New Concept in Subtransmission Line Protection..... Brennan, Dewey . . . 
Temperature and Load Capability of Cable Systems. ...Neher, McGrath .. . 
Thermal, Mechanical Problems on 138-Ky Pipe Cable...Brookes, Starrs . . . 
Grounding of Single-Polarity D-C Structures......... Committee Report . . . 
Meeting Electrical Service Requirements.............++- Deloney, Davey . . . 
Corona Measurements on Oil-Insulated Transformers..Adolphson, Vogel . . . 
Solution of Power-Flow Problem with IBM 604 Computer....... McGillis . . . 
Charts for 3-Phase Circuits Under Balance Operation....... -Cox, Clarke . . 
Automatic Calculation of Load Flows..........+.sseeeeeee Glimn, Stagg .. . 
Determining Installed Generating Capacity Requirements..... Watchorn .. . 
Low-Cost Vertical Water-Wheel Generators............. Ritcey, Sargeant .. . 
Vertical Water- Wheel Turbine Clearance Adjustment...Venus, Sargeant . . 
Hydro and Thermal Power Resources in Alberta fece ees Cased Williams . 


Conference Papers Open for Discussion 


Conference papers listed below have been accepted for AIEE Transactions 
and are now open for written discussion until December 26. Duplicate 
double-spaced typewritten copies of each discussion should be sent to 


_ Edward C. Day, Assistant Secretary for Technical Papers, American Insti- 


tute of Electrical Engineers, 33 West 39th Street, New York 18, N. Y., on or 
before December 26. 

Preprints may be purchsed at 40¢ each to members; 80¢ each to nonmem- 
bers if accompanied by remittance or coupons. Please order by number 
and send remittance to: 


AIEE Order Department 
33 West 39th Street 
New York 18, N. Y. 


57-7177 Dynamic Representation of a Hydraulic Constant-Speed Drive 
eo he OMe a Peer rt Eby oe 2 Ee CR SET eR ere et Smith, Jr. 
57-778 Optimizing Control Systems..........-. ce -Cosgriff, Emerling 
57-1037 rs seia of Multiple Sampler Systems with Finite Pulse Width 
(Open Loop).....sceseceeeesececesereneeeeeences Farmanfarma 


Electrical Engineering 


Official monthly publication containing articles of bien d 
nical papers, and three news sections: Institute Activitie: 
terest, and Electrical Engineering Education. Automatically: 8 
members and enrolled students i in consideration of p 


: Subscript ion p hii waa: $1. 00 eaten! for foreign postage b 
advance in New 1 York exchange. 


Bimonthly Phiblicatiaial Ue ae 


Containing all officially approved technical papers collated with edgar " 
sion (if. any) in three broad fields of subject matter as follows: a Aes. 


; mimunication and Electronics 
f pplications and Industry 


ower Apparatus and Systems 
ie ? 


‘ 


ct to receive any one of the three bimonthly | publica, ny 
tion a of payment of dues without additional ae “dy 


AIMEE Transactions | a 


ut >in three parts containing all officially apna: ee 
nical papers wit seussions corresponding to six issues of the bimonthly 
publication of the same name bound in cloth with a stiff cover. __ 


PartI Communication and Electronics 
Part II Applications and Industry 
Part III Power Apparatus and Systems 


Annual combination subscription ‘to all three parts (beginning wih vol. . 
74 for 1955). 
Annual combination subscription to any two parts. 


** Subscription price and 75 cents extra for foreign postage both payablei in 
advance in New York exchange. 


*** Subscription price and $1.00 extra for forsigh postage both payable ah 
in advance in New York exchange. 
Electrical Engineering and Transactions 


An annual combination subscription to both publications (effective April 
1, 1955). 


§ Subscription price and $2.00 extra for foreign postage both payable in 
advance in New York exchange. 
AIEE Standards 
Listing of Seundentes test codes, and reports with prices furnished « on 
request. 
Special Publications 


Committee reports ‘on special subjects, bibliographies, surveys, and ‘a 
papers and discussions of some specialized technical conferences, as 


announced in ELECTRICAL ENGINEERING. 


Discount 25% of above nonmember prices to college and public libraries. 
Publishers and subscription agencies 15% of above nonmember prices. 
For available discounts on Standards and special publications, obtain 
price lists from Order Department at Headquarters. Send ne orders to: 


Order Department 
American Institute of Electrical Engineers 
33 West 39th Street, New York 18, N. xe 


